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Abstract: Using upper £p-estimates for normalized weakly null sequence images, we describe

(o0, 8)

a new family of operator ideals WDep with parameters 1 < p < co and 1 < ¢ < ws.

These classes contain the completely continuous operators, and are distinct for all choices
1 < p < oo and, when p # 1, for mﬁnltely many 1 < £ < w;. For the case £ = 1, there exists

an ideal norm || - |[(p,1) on the class WD oo:1)

prove that each space WD, wl)(X7 Y) is the intersection of the spaces WD ’5)(X, Y)
I £
over all 1 <€ < wj.

under which it forms a Banach ideal. We also
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1. INTRODUCTION

The roots of the theory of operator ideals extend at least as far back
as 1941 when J.W. Calkin observed that if H is a Hilbert space, then the
subspaces of finite-rank operators, compact operators, and Hilbert-Schmidt
operators all form multiplicative ideals in the space L(H) of continuous linear
operators on H ([7]). However, the concept of an ideal as a class of operators
between arbitrary Banach spaces developed more recently, with the first thor-
ough treatment of the subject, a monograph by Albrecht Pietsch, appearing
in 1978 ([15]).

In this paper we define and study a new family of operator ideals WD(OO $)
with parameters 1 < p < oo and 1 < £ < wy, where w; denotes the Frst
uncountable ordinal. For any fixed value of £, these ideals are distinct for
all choices of p, which is to say that for any 1 < p < ¢ < oo there exist
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Banach spaces X and Y for which the components satisfy WD%’ o (X,Y) #

WDE’ OO)(X ,Y). It remains an open question whether, for fixed 1 < p < oo,
the ideals are distinct for all choices of £&. However, we do obtain a partial
positive answer by finding, for any fixed p # 1, a sequence (&), of countable
ordinals 1 < &, < wi, n € N, such that, as classes,
WD ¢ WD &) ¢ Wpe o)

for all m < n. We shall also see that WD&ZO’@ always strictly includes the
ideal of completely continuous operators ¥V, which shows that they are distinct
from some other notable families of operator ideals with a parameter related to
the ¢, spaces. For instance, let N, Z,,, and II, denote the ideals of p-nuclear,
p-integral, and absolutely p-summing operators, respectively. Then

76
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(cf., e.g., Proposition 22 in [16] together with Theorem 2.17 in [9]).

Of special interest are the those operator ideals whose components are
always norm-closed. For instance, given arbitrary Banach spaces X and Y,
the compact, weakly compact, and completely continuous operators from X
into Y are always norm-closed in £(X,Y’), whereas the finite-rank operators
are not. We shall see that, when p # 1, there always exist separable spaces X
for which WDEO’E) (X) fails to be norm-closed in £(X), and when p # oo, we
can choose X to be reflexive. Nevertheless, in the case £ = 1, we can construct

an ideal norm ||-[|(, 1) for the class WDEEO’D so that it forms a Banach ideal,

that is, a “nice” norm assignment for each component space WDZO’D(X YY)
under which it becomes a Banach space.

The ideas for the construction of this family originate with [6] and [4]. In
[6], the authors defined the subset WS(X,Y) of (w,)-singular operators in
L(X,Y) as those operators T for which, given any normalized basic sequence
(zn) in X, the image sequence (T'z,,) fails to dominate (w,). Here, (w,) is
taken to be some normalized 1-spreading basis for some fixed Banach space
W. They showed that when (w,) is the summing basis for ¢y, the unit vector
basis for ¢1, or the unit vector basis for ¢y, the resulting classes WS are
the norm-closed ideals of weakly compact, Rosenthal, or compact operators,
respectively. Meanwhile, in [4] the authors constructed and studied classes of
operators based on Schreier family support. In particular, they defined SS¢,
the Sg-strictly singular operators, as the class of all continuous linear Banach
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space operators T for which if (z,) is any normalized basic sequence in the
domain space, for any € > 0 there exists some z € [z,] with support lying in
the {th Schreier family Sg, and satisfying || Tz]| < €| z||.

In this paper, we use similar ideas to produce operator ideals with certain
nice properties. However, whereas classes WS and SS¢ were constructed
using normalized basic sequences and singular estimates on their images, for
the classes WDE:O’O we instead use normalized weakly null sequences and
uniform upper estimates. Since continuous linear operators preserve weak
convergence, the choice of weakly null sequences in place of basic sequences
allows us to show that the classes WDE;O’S) are indeed multiplicative ideals
between arbitrary Banach spaces. The choice of uniform upper estimates
instead of singular estimates then gives us a natural way to show that each
class WDEZO’Q is closed under addition.

We shall also show that the ideals WDZO’Q are just quantized versions of
the ideal WDZO’M), in the sense that

WD (X, y) = [ WDEd(X,Y)
1<¢<in

for all choices of Banach spaces X and Y. Somewhat analogous results can be
found, for instance, in [3], where it was shown that whenever X is separable,

SS(X*Y)= ] 88:(x*,Y),

1<€<w

where SS denotes the ideal of strictly singular operators. Similar quantiza-
tions appeared in [6] for the weakly compact and Rosenthal operators. How-
ever the quantized classes do not always form operator ideals themselves. In
particular, in [13] the authors showed that SS; fails to be closed under ad-
dition, and hence is not an operator ideal. The results here can therefore be
viewed as somewhat nicer quantizations than have typically been obtained for
operator ideals.

Now we shall take a moment to recall some essential definitions and basic
facts relevant to our project. Let J be a subclass of the class £ of all continu-
ous linear operators between Banach spaces, such that for each pair of Banach
spaces X and Y, J(X,Y) := L(X,Y) N J is a linear subspace containing all
the finite-rank operators from X into Y. We call J an operator ideal if when-
ever W, XY, Z are Banach spaces and T' € J(X,Y), then for all operators
Ae L(W,X)and B € L(Y,Z) we have BTA € J(W, Z). An ideal norm with
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respect to an operator ideal J is a rule p that assigns to every T' € J(X,Y),
a nonnegative real value p(T'), and satisfying the following conditions for all
Banach spaces W, X, Y, and Z. First, p(z* ®@ y) = ||z*|/||y| for all z* € X*
and y € Y, where 2* ® y is viewed as the 1-dimensional operator = — z*(x)y
lying in J(X,Y); second, p(S +T) < p(S) + p(T) for all S,T € J(X,Y);
and third, p(BTA) < ||B||p(T)||A]| for all T € J(X,Y), A € L(W, X), and
B € L(Y,Z). A Banach ideal is then an operator ideal [J equipped with an
an ideal norm p such that all components 7 (X,Y') are complete with respect
to the norm on that space induced by p.

We will also need to use the Schreier families. These are denoted S¢ for
each countable ordinal 0 < ¢ < wy, and we must define them as follows. Put
So:={{n} :neN}U{0} and S; := {F C N: #F < min F'} U {0}. Now
fix a countable ordinal 1 < & < wy. In case & = ( 4+ 1 for some countable
ordinal 1 < ¢ < w; we define S¢ as the set containing () together with all
F C N such that there exist n € N and F; < --- < F, € S satisfying
{min F.}}_, € S and F = |J;_, Fx. In case £ is a limit ordinal we fix a
strictly increasing sequence () of non-limit-ordinals satisfying sup,, ¢, = &,
and define S¢ :=J,~ {F € S, :n < F}.

Usually in the literature, the family of finite subsets of natural numbers
is denoted [N]<*°, or P.(N). However, for convenience, let us abuse our
notation and write this family as if it were the “w;ith Schreier family.” In
other words, we set S, := {F C N: #F < oo}. This will greatly simplify the
writing.

The sets S¢ (1 < & < wy) have some very nice properties, most especially
that each is spreading. This means that if {m; < --- < my} € S¢ and
{n1 < --- < ny} satisfies m; <n; forall 1 <7 <k, then {ng <--- <ny} €S
also holds. They are also hereditary, which means that if ' € S¢ and ' C E
then F' € S¢. Contrary to what we might expect, though, the Schreier families
are not increasing under the inclusion relation. However, it is easily seen that,
for all 1 < & < wy, we have §; C S, and in particular we have {k} € S¢ for
all £ € N. Moreover, the Schreier families do behave somewhat nicely under
the inclusion relation in the sense that, if 1 < { < £ < w; are ordinals, then
there is d = d((,§) € N such that for all F' € S¢ satisfying d < min F' we have
Fe 85.

We will appeal several times to the Bessaga-Pelczynski Selection Princi-
ple. However, the version that we need is slightly stronger than typically
stated in the literature. More specifically, we need a small uniform bound
on the equivalence constant. The proof is practically identical to the stan-
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dard small perturbations and gliding hump arguments found, for instance, in
Theorem 1.3.9 and Proposition 1.3.10 from [1].

THEOREM 1.1. (Uniform Bessaga-Pelczynski Selection Principle) Suppose
X is a Banach space with a basis (e;), and corresponding coefficient functionals
(ef) € X*. Let (z,) C X be a sequence satisfying lim,_ ||z, = 1 and
limy, o0 €] (z,) = 0 for all i € N. Then for any € > 0, there exists a basic

subsequence (z,) which is (1 + €)-congruent to a normalized block basis

of (e;).

We divide the remainder of this paper into Sections 2 and 3. In Section 2
we define the classes WD(OO f), and establish that, for the nontrivial case
p # 1, they fail to be norm- closed, but as long as £ = 1 they form Banach
ideals. Then, in Section 3 we discuss the significance of the parameters p
and &.

2. THE OPERATOR IDEALS WDéf’f)

Let us state formally the definition of classes WDEZO’O.

DEFINITION 2.1. Let X and Y be Banach spaces, and fix some constants
0 <C <ooand 1 < p < oo, and some ordinal 1 < § < wy. Put A =
{(ar) € coo : supp(ax) € Sg}, the set of all scalar sequences with sup-
port in the £th Schreier family. Then we denote by WDES’ $) (X,Y) the
set of all operators T' € L£(X,Y) for which, given ¢ > 0, each normalized
weakly null sequence (x,) C X admits a subsequence (x, ) such that for all
(ar) € Ag, the estimate ||y apTwy, || < (C + €)|[(ar)lle, holds. Then we set

o0, C?
WD (X, Y) == Upsg WD (X, ).

Immediate from the definitions and the inequality |[(cx)l[¢, < ||(cw)lle, for
all (ax) € cpo and 1 < ¢ < p < 0o, we get the following relations.

PROPOSITION 2.2. Let X andY be Banach spaces, and fix some constants
0<C<D<xandl <q<p< oo, and some ordinal 1 < ¢ < wy. Then
WD (X,Y) € WD (X,Y) and WD (X, Y) C WD (X, V).

When checking that an operator satisfies the definition of WDES’ 5), the
following propositions will come in handy.
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ProprosiTION 2.3. Let X and Y be Banach spaces, and fix constants
0 < C < xand1l < p < oo, and some ordinal 1 < £ < wy. Then
T e WDéS’O (X,Y) if and only if for all ¢ > 0 and every seminormalized
weakly null sequence (x,) C X which admits a subsequence (z,) satisfy-
ing ||n,|| — 1, there exists a further subsequence (xy, ) such that for all

n

(k) € Ag, the estimate |3 apTx;, || < (C + €)||(ar)lle, holds.

Proof. We need only prove the “only if” part since the “if” part is obvious.
Suppose T € WDgf’ &) (X,Y). Let (z,) be a seminormalized weakly null
sequence with a subsequence tending to 1 in norm, and pick e > 0. Let 1 < § <
1+ 55, which gives us Cd+5 < C+¢, and pass to a further subsequence so that
|zn, || < 0 for all k. By definition of T" € WD(C’ 3 (X,Y) we can pass to yet a

further subsequence so that (”m ”) satisfies ||Z T || < (C+55) | () le,

[E28

for all (ay) € Ag. Since also (||xnk\|ak) € A¢ for each (ak) € A¢, we get

T
S o = [l 22

€
e < (€ 4 55) M,

< (054 3) @)l < (C + Ol@r)le,

PRrROPOSITION 2.4. Let X and Y be Banach spaces, and fix constants
0<C<ooandl <p<oo. If(x,) C X is a sequence for which (Txy,)
has a norm-null subsequence, then given ¢ > 0, there exists a further subse-
quence (&, ) for which the estimate ||y Ty, || < (C +€)|(ar)l|e, holds for
all (Ozk) € Cpo-

Proof. Pick a subsequence so that || Ty, || < €27% and hence, by Hélder,
if ¢ is conjugate to p so that % + % =1, I arTrn,| < el %)y <

el M), () g, < (C + )l (w)lle, for any sequence (ax) € cop. B

Recall that a linear operator between Banach spaces X and Y is called
completely continuous just in case it always sends weakly null sequences into
norm-null ones. We write V(X,Y) for the space of these completely continu-
ous operators. (As mentioned previously, V is a norm-closed operator ideal.)
Thus, Proposition 2.4 yields the following.

ProprosITION 2.5. Let X and Y be Banach spaces, and let 1 < p < oo,
0<C <o, and1<E<w. Then V(X,Y) C WDIT(X,Y).
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)

Let us observe, via several steps, that the class VVDZO’£ is indeed an

operator ideal.

ProrosiTION 2.6. Let W, X, Y, and Z be Banach spaces, and fix con-
stants 1 < p < oo and 0 < C < oo, and some ordinal 1 < & < wy.
Suppose T € WD"(X,Y) with A € L(W,X) and B € L(Y,Z). Then

rAe WDl M (W, y) and BT e wD{T1P19 (X, 7).

Proof. Let’s first show that TA € WDEPCHA”’E)(I/V, Y). Recall that an op-
erator is weak-to-weak continuous if and only if it is norm-to-norm continu-
ous. Thus if (wy) is a normalized weakly null sequence in W, we get that
(Awy,) is weakly null in X. If it contains a norm-null subsequence then so
does T'Aw,,, and so by Proposition 2.4 we are done. Otherwise, we can pass
to a subsequence if necessary so that ||Awy| — 0 for some 0 < § < [|4].
Hence [|[07'Aw,| — 1, and by Proposition 2.3 we get, for any ¢ > 0, a
subsequence (ny) satisfying ||> i T6 T Awn, || < (C + §)|(cw)lle, and hence
IS axTAwn || < (C5 -+ ) (@n)lle, < (CIA] + )l () e, for all (o) € Ae.

Next, we show that BT € WDESHB”’O (X,Z). Fix a normalized weakly
null sequence (z,) C X, and let ¢ > 0. To make things nontrivial, we may
assume B # 0. Then we can find a subsequence (x, ) such that for all (o) €
Ae we get ||>° apTay, || < (C + ”—g”)H(ak)ng and hence || aBTxy,, || <
IBIIZ arTzn, || < (CIIBIl + €)l(ar)lle,- 1

By “pushing out” a scalar sequence (oy) € Ag, and using the spreading
property of S¢, we obtain the following obvious lemma.

LEMMA 2.7. Let Y be a Banach space, and fix an ordinal 1 < £ < wj.
Suppose (yy) and (y;,) are sequences inY such that (y}.)k>m Is a subsequence of
(Yn)n>m for some m € N. If (o) € Ag satisfies min supp(ay,) > m then there

exists (Bn) € Ag¢ which satisfies ) oy, = > Bnyn and I(ar)lle, = 11(Bn)lle,
for all 1 < p < oo.

ProprosiTION 2.8. Let X and Y be Banach spaces, and fix constants 0 <
C,D < o and 1 < p < oo. Then for any S € WDES’Q(X,Y) and T €

WDE?’Q (X,Y) we have S+ T € WDES—FD’O (X,Y).

Proof. Let € > 0 and pick a normalized weakly null sequence (x,) C X.

By definition of S € WD@S’E)(X, Y') applied to § > 0 and (z,) we get a
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subsequence (z,, ) such that for all (ax) € Ag, the estimate ||> apSzy,| <
(C + $)ll(ar)lle, holds. Next, apply the definition of T" € WDéf’g)(X, Y) to
§ > 0 and (z,,) to find a further subsequence (k;) such that for all (o;) €
Ae we get |30 aiTay, || < (D + §)[(ei)lle,- Notice that since (zy, ) is a
subsequence of (z, ), then for each scalar sequence (;) € A¢, by Lemma 2.7,
122 i(S +T)any, || <1130 aiSen, | + 122 aiTen, | < (C+ D +e)f(ai)lle, 1

From Propositions 2.5, 2.6, and 2.8, it now follows immediately that
pro,g) is an operator ideal. In fact, the same combination of propositions

shows that WD&O’@ is an operator ideal, but it turns out that, using Propo-

sition 2.5 along with the fact that every family S¢ contains all the singletons,

regardless of our choice of p or £ we always get WDES’Q =, the completely

continuous operators.

Let us now construct two important examples.

ExaMPLE 2.9. Let X be a Banach space which fails to contain a copy of ¢;.
(This is true in particular if X is reflexive.) Fix constants 1 < ¢ < p < oo and

0 < C < o0, and some ordinal 1 < £ < wy. Then WDéf’E)(X, ly) = K(X, 4y).

Proof. Assume 0 < C' < oo. By Proposition 2.5 we already have (X, £,) C
V(X,4,) C WDES’Q (X, ¥¢,), and so it suffices to prove WDZC’S) (X, ¢,) contains
only compact operators. For suppose towards a contradiction that there exists
T e WDES’@ (X, £4) which is not compact. Then we can find a seminormalized
sequence (x,,) C X for which (Tz,) fails to have a convergent subsequence.
Since X fails to contain a copy of ¢1, we can apply Rosenthal’s /1 Theorem to
pass to a subsequence so that (x,) is weak Cauchy. Hence we can pass to a
further subsequence if necessary so that (z2, — zon+1) and (T'zoy, — Txop11)
are both weakly null and seminormalized. This means the sequence (z/,)
defined by z!, := (z2y, — Tan+1)/||T2n — Tan+1]| is normalized and weakly null,
whereas the sequence (T'z})) is seminormalized and weakly null. By passing
to yet another subsequence if necessary, by Proposition 2.1.3 in [1] we can
assume (T'z),) is K-equivalent, K > 1, to the unit vector basis of ¢;. Thus, by
this equivalence together with the definition of T' € WDgf’ & (X,Y), for any
€ > 0 we can find a subsequence (ng) such that ||(ax)|le, < K|S apTa;, || <
K(C+e)|[(ar)lle, for all (o) € Ae. Dueto Sy C S, the above inequality holds
also for all (ay) € Aj. Notice that every (8) € coo induces a corresponding
“spread out” sequence (ay) € Aj satisfying ||(ax)lle, = ||(Bk)|le, for all 1 <
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r < oo. Thus we obtain the impossible estimate |[(Bx)[le, = [(cax)lle, <
K(C+ e)l[(ar)lle, = K(C +e)[[(Br)lle, for all (Br) € coo- B

ExaMpPLE 2.10. Let X and Y be Banach spaces, and fix numbers 1 <
p < ¢ < oo and an ordinal 1 < & < wj. Suppose T € L(X,Y) is an operator
such that TX has a K-embedding, K > 1, into ¢;. (In other words, suppose

there is an operator Q € L(TX,¢,) which satisfies K~ !{|y|| < |Qy| < K|yl

for all y € TX.) Then T € WD "h9(X, ), and the same result holds

if 1 < p < oo and TX has a K-embedding into ¢g. Thus, for 1 < p <
g < oo we have WDgzo’g)(X,Eq) = L(X,4,;), and for 1 < p < oo we have

WD (X, cp) = L(X, o).

Proof. Fix a normalized weakly null sequence (x,) C X, and denote by
Q € L(TX, ) (resp., Q € L(TX,cp)) the K-embedding. If (T'z,) contains
a norm-null subsequence then we are done by Proposition 2.4. Otherwise let
€ > 0, and find a subsequence so that ||QT'zy, | — r with 0 < r < K||T'||, and
quickly enough so that by the uniform version of Bessaga-Pelczyriski combined
with Lemma 2.1.1 in [1], we can pass to a further subsequence if necessary so
that (1QT'2,,) is (1+ 75 )-equivalent to the unit vector basis of ¢, (resp. co).
This gives us, in the ¢, case,

HZ opTp,

1
=Kr Z ak;QTxnk

< Kr (142 ) l@wlle, < (K2IT) + )l
< (K2IT) + )l

<K HZ QT xy,

for all (o) € oo, and a similar inequality holds in the ¢y case. |

We must lay some groundwork aimed at showing that, in case £ = 1, the
class WDZO’I) forms a Banach ideal. We begin by defining a seminorm on the
linear space WD%:O’Q (X,Y).

DEFINITION 2.11. Let X and Y be Banach spaces, and fix a constant
1 < p < oo and an ordinal 1 < £ < w;y. For each T € WDESO’O(X,Y), we
define C(, ¢)(T) i=inf {0 < C < 00 : T € WD I (X, V) }.

ProrosiTION 2.12. Let X and Y be Banach spaces, and fix a constant
1 <p<ooandanordinal 1 < £ <wy. If T € WDZ;O’Q(X,Y) then T €
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WDEPC(”’Q(T)’O (X,Y). Furthermore, T' +— C(, ¢)(T) defines a seminorm on
the linear space WDESO’Q (X,Y).

Proof. The first part of the proposition is clear from applying the definition
of T e WDéS’O (X,Y) for C,, ¢)(T) < C < oo, and absolute homogeneity
is similarly obvious. The only thing nontrivial to show is that the triangle
inequality holds. Indeed, let S,T € WDg:o’S) (X,Y), and suppose (z,) is a
normalized weakly null sequence. Let € > 0. Then we can apply the definition

of § € WD(C(" o(5), )(X, Y) to (z,) and § > 0 to find a subsequence (ny)
satisfying H ZakankH < (Clp,e)(S) + §)ll(ax)lle, for all (ay) € Ae. Then,
we successively apply the definition of 7' € WD(C(” o8 (X,Y) to (zp,)
and § > 0 to find to a further subsequence (nk]) so that || ZajT:L‘nkj | <

(C(p,g)(T) + $)Il(a;)lle, for all (a;j) € Ae. Thus, by these facts together with
Lemma 2.7,

HZCKJ (S+1T) xnk

<[ S|+ [ St
= (Cip9(8) + 5) I@lle, + (Cp 0y (@) + 5 ) @)l

= (Cp.e)(9) + Cipey (T) +€) [l (@)l -
Thus, Cp, 6)(S +T) < Cp,6)(S) + Cp,e)(T), and we are done. 1

Next we show that WD(OO ®) fails to be norm-closed (as a class) whenever
p # 1. The main idea toward this end proceeds from the following lemma.

LEMMA 2.13. Fix constants 1 < p < oo and 1 < ¢ < oo, and an ordinal
1 < ¢ <w. Let (X,,) and (Y,,) be sequences of Banach spaces, and for
eachm € N, let T, € WDEEO’O (Xm, Ym) be an operator satistying ||T,,|| = 1.
If C(p,¢)(Tm) — oo then there exists a subsequence (m;) and a sequence

of operators S; € WDZO’Q(X, Y) for which S; — S € L(X,Y) but S ¢
WDESO@(X’Y), where we define X := (@‘;‘;1 Xm;)e, andY 1= (@?; Yo, )e,

Proof. Define the subsequence by letting (m;) be an increasing sequence
satisfying C; := C{,, 5)( i) > 427 for every j. Next, set S := @‘;‘;1 2_ijj €
L(X,Y). For each i, let P € L(Y) denote the continuous linear projection
onto the first ¢ coordinates of Y, and set S; := P;S. It’s easy to see that



CONSTRUCTING BANACH IDEALS USING UPPER Ep—ESTIMATES 83

Next, we claim that each \S; € WDE;VI“O (X,Y) C WD@:O’@ (X,Y), where
we set M; = ||(2*jCj)§-:1ng. Indeed fix any i € N, and let (z,,) be a nor-
malized weakly null sequence in X. Pick any ¢ > 0. For each j, let )Z'j
be the obvious isometrically isomorphic copy of X; contained in X, and let
Uj : X ; — X be the corresponding isometric isomorphism. For each n, write
xn = (znj); € X. Then (z, ), is a sequence in X; which is bounded by 1.
If (x1,j)n has a norm-null subsequence, then by Proposition 2.4 we can find a
subsequence (ng) such that, for all (ax) € coo,

Otherwise we can find a subsequence (ny) so that ||z, jllx, — 7 as k —
oo for some 0 < r < 1. Clearly, (x5 ;), is weakly null in X, and so by
Propositions 2.3 and 2.12, we can pass to a further subsequence if necessary
so that, for all (ay) € Ag,

xnkmj
E agTm; .
k

€29 €27

<r (04 ) Womaell, < (5+ 35 ) el

€27

< (&+ 5 ) Il (2.1)

E akTm]-xnk,j
k

=r

Zakijxnk,j
k

In either case, for each j and any subsequence of (z,;)n, we can pass to a
further subsequence so that the inequality (2.1) holds for all (ay) € Ag.

Thus, by successively passing to further subsequences for j = 1,...,14
due to Lemma 2.7, we get a subsequence (ng) such that (2.1) holds for all
j=1,...,iand all (o) € A¢. In particular, this means

i q\ V4
k j=1 k
, ‘ 1/q
~ i €2\ q - €y
<(Xre(o+m) e =|Ereram) | T,
j=1 ?
<

(leenial, + )G,

) [(ar)lle, = (Mi + )| (c) e,

£y
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which proves the claim that S; € WDZVI“@ (X,Y)C WDEEO’O(X, Y).

However, it cannot be that S € WDES’Q (X,Y) for any 0 < C < 0. To
show why not, fix i € N, and let (z,,) be a normalized weakly null sequence
in X;. Then let € > 0 be such that, for any subsequence (ny), there exists
(o) € Ag with |3, oD, || > (12" + €)|| (o) [|g,- Let Qi : X3 — X be the
canonical embedding of X; into X, and observe that (Q;zy), is a normalized
weakly null sequence in X. However, for every subsequence (ny) there exists
(ax) € A¢ with

It follows that S ¢ WDZ’ J (X,Y) for any 4, and hence S ¢ WDESO’E) (X,Y).
]

N

> SQixn,
k

Z Lo, T,
k

> 27 (12 4 ) (aw)le, > (i+27) (o) g,

EXAMPLE 2.14. Fix a constant 1 < p < oo and an ordinal 1 < ¢ < w;.
There exists a Banach space X for which WDET’Q (X) is not norm-closed. If
p # 0o, then we can choose X to be reflexive.

Proof. For convenience in writing, let us consider the case where p # co.
The case where p = 0o uses ¢g in place of £, and the resulting proof is nearly
identical, except that the resulting space X is not reflexive.

Let (ey) denote the unit vector basis of £,. For each finite £ C N, define
the functional fp € £, by the rule fg(e,) = 1if n € E and fr(e,) = 0
otherwise. Now, fix m € N, and define the norming set B,, := Bg; U{fe: FEC
N, #E = m}, where Bg;; denotes the closed unit ball of £; = £;. Notice that for
every E' C N of size m, we have |fp(>_ arer)| < ||[(ar)rer|le < m [(ax)lle,
so that || fg o < ml_%. So B,y is a bounded subset of £} containing Bg;. Due
to the identity ||z(|s, = sup ¢ By |f(x)|, we can now define an equivalent norm

|-[lm on £, by the rule ||z|,, = SUpfep,, |f(z)]. Put Xp, := (&, ]||lm), and
notice that for all n and E, we have |fg(e,)| < 1. Hence (e,,) is still normalized
in X,,, and weakly null since X,, is isomorphic to £,. Furthermore, this
isomorphism also means the identity map I, € £(X,,) is a norm-1 operator

which lies in WDé:O’E) (X)) by Example 2.10. However, we will show that

C(p,g)(Im) > ml %.
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Suppose C < ml_%, and let 0 < € < ml_% — C. Then, let (e, ) be any
subsequence of (e;), which we have previously observed is normalized and
weakly null in X,,,. Pick E=(m+1<m+2<---<2m) € S C & of size
m, and define F' := (npm41 < npmy2 < -+ < Nay). Since S¢ is spreading, we
have F' € S¢, and also of size m. Next, define (aj) € A¢ by letting oy, = 1 for

all k € F and «ap = 0 otherwise. Then
HZ ey || = ‘fp (Z Oékenk>‘ = |[F <Z en>
m nelr
(ar)lle, > (C + e)l[(ax)lle, -

11
7|l

=m

=m

Thus, the identity map I,,, does not lie in WDéC’g)(Xm), and C, ¢)(Im) >
1-1 . !
m P as claimed.
We have therefore constructed a sequence (X,,) of Banach spaces and a
corresponding sequence I,, € WDESO’O (X,,) of norm-1 operators with

Cp,00)(Im) — o00. By Lemma 2.13, there exists a space X for which

WDZO’Q(X ) fails to be norm-closed, and in case p # oo, we can choose
it to be reflexive. |1

Even though WDESO’S) is not a norm-closed operator ideal, when £ = 1 its
components are F,-subsets of £(X,Y"), as the following Proposition shows.

ProprosSITION 2.15. Let X and Y be Banach spaces, and fix constants
0<C<xandl <p<oo. Weconsider the case ¢ = 1. Then WDg’l)(X, Y)
is a norm-closed subset of L(X,Y).

Proof. Let (1) be a sequence in WDéf’l)(X ,Y) converging to some T €
L(X,Y). Fix any € > 0, and let (z,) C X be a normalized weakly null se-
quence in X. Without loss of generality we may assume ||T'—T}|| < €/(2j 1_%)
for all j. Let (zy, ) be a subsequence formed by a diagonal argument using the
Tj’s with § > 0. In other words, begin with a subsequence (z,, , ) given by the

definition of T} € WDES’U (X,Y), corresponding to § > 0. Then find a further

subsequence (Ty,,) C (¥n,,) given by the definition of T € WDES’ o (X,Y),
also corresponding to § > 0, and so on. Finally, for each k, put ny := ng .

Let (ag) € Aj, and set m := minsupp(ay) < #supp(ay). Notice that
(Tn, )k>m is a subsequence of (2, ;)i>m so that by Lemma 2.7,
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1T = Tl | -

HZ apl'cy,

<

§ akmenk
k

< (€ 5) el +m' ™ (= )@l

P

= (C+)ll(ar)lle,
|

DEFINITION 2.16. Fix Banach spaces X and Y, along with a constant
1 < p < oo and an ordinal 1 < ¢ < wy. We define the norm ||||(, ¢) on the

space WD ¥ (X, Y) by the rule | T|(y,¢) := 1Tl c(x.v) + Cope)(T)-

Notice that [|-[|(,¢) is indeed a norm on WDZO’@ (X,Y), as it is the sum
of a norm and a seminorm.

PROPOSITION 2.17. Fix 1 <p < co. In case { = 1, the rule ||||(,1) is an

ideal norm which makes WDgSO’I) into a Banach ideal.

Proof. As was observed earlier, that WDEOO’D is an operator ideal follows

P
from Propositions 2.5, 2.6, and 2.8. To show that ||-||(,1) induces a complete

norm on each component space WDéjo’l)(X, Y'), suppose (Ty) is a [|[[(p,1)-

Cauchy sequence. Then it is [|-[|(; 1)-bounded and hence C, ;)-bounded, say
by M > 0. It is also Cauchy in the operator norm so that 7,, — T for some
T € L(X,Y). By Proposition 2.12, every T,, lies in the set WDéﬁ/‘,’l)(X,Y),
which is closed under the operator norm by Proposition 2.15. Hence, T €
WDESO’U(X ,Y') as well, and it remains only to show that ||-||(, ) is indeed an
ideal norm.

Since any element of the form 2* ® y is rank-1, it is completely contin-
uous. By Proposition 2.5, this means C(,;)(z* ® y) = 0 and hence [lz* ®
Yl = 17" @ yllex,y) = subresy (@ @ y)(2)lly = supzes, [2"(@)|[lylly =

|2*[|x+[lylly- The triangle inequality follows from the fact that |||, ) is a

norm on each component space WDI(ZZO’D(X ,Y). That

BT Allp,1) < I1Bllev,2) I Tl o,y 1Al 20w, x)

forall T € J(X,Y), A€ L(W,X), and B € L(Y, Z), follows naturally from
Propositions 2.6 and 2.12. 1
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3. SIGNIFICANCE OF PARAMETERS

Let 1 < ¢ < p < oo. By Example 2.9 we get WDé:O’E) (£y) = K(£,), whereas

by Example 2.10 we get WDE:O’O(E(J) = L(¢;). Applying Proposition 2.2
therefore gives us the following.

ProPOSITION 3.1. Fix any ordinal 1 < £ < w;. For1 < ¢ < p < oo, the
norm-closed operator ideals WDE;O’@ and WDéjo’f) are distinct (as classes).

However, it is natural to also ask whether the classes WDEZOO’ ®) are distinct

as & ranges over 1 < ¢ < w;. Obviously, this is not the case for the trivial ideal
WDI(ZTO’O = L. The question remains open in general for 1 < p < oo, but in
this section we do give a partial answer by exhibiting, for each 1 < p < oo,
a strictly increasing sequence (&) of countable ordinals 1 < &, < &,41 < w1,
n € N, and a sequence (X,,) of Banach spaces, such that for all m,n € N with

m < n we have (00.61) (0006m)
WD, " (Xm) S WDy, ™" (Xim)

Our task requires a few preliminaries, which we proceed to lay out.

PROPOSITION 3.2. Let X and Y be Banach spaces, and fix a constant
1 <p<oo Letl <& < ( < wy beordinals, and 0 < C < oo. Then
WD (X, Y) C WD (X, ).

Proof. We may assume C' # oo. Suppose T € WDES’ ¢ (X,Y), and let
(z5,) be a normalized weakly null sequence in X, and ¢ > 0. Then there
exists a subsquence (ng) such that ||>° axTan, || < (C + €)|(ar)|l, for all
(o) € A¢. Let d = d(&,¢) be such that if £ € S¢ with min E > d then
E € S¢. Now, let (o) € S¢, and define the scalar sequence () as B 1= ag—qg
for k > d and B := 0 for &k < d. By the spreading property of S¢ we
have (B)) € Ag¢, and since also minsupp(8;) > d we have (8;) € A¢. Thus,
122 arTn, 4|l = 1122 BeT o, || < (C+€)[(Be)lle, = (C+ €)ll(ar)lle,- 1

Let 1 < £ < wy be a countable ordinal. A finite sequence (El)z:1 of
finite subsets of N is called S¢-admissible whenever Fqy < --- < E; and
{min Ei}gzl € 8. Then the Tsirelson-type space T[4, Se] is the comple-
tion of cpp under the norm ||-||7 uniquely defined by the implicit equation
|z|r = max {||ze.,3sup>;||Eiz|r}, where the “sup” is taken over all
Jj € N and all Sg-admissible families (Ez)f:1 Here we use the notation
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Ex = ZnEEi apey, for © := > ane, € cpo, where (e,) are the canonical
basis vectors in cpp. We also use the abbreviation T = T[3,S;] when the
ordinal ¢ is understood from context.

It is easily seen that the canonical unit vectors in cgy form a normalized
1-unconditional basis for 7. For 1 < g < o0, its g-convexification Tq[%,Sd,
where we again use the abbreviation Tj; = Tq[%,Sg], is then usually defined
in the literature by setting T, = Tq[%,Sg] = {(an) : (Jan|?) € T =T[5, 8]},
which is a Banach space under the norm |(ow)| 1, := ||(|an|q)||%,,/q, and with
the canonical unit vectors in ¢gg again forming a normalized 1-unconditional
basis. (Notice also that if ¢ = 1 then we get T3 = T'.) However, it will serve
our purposes much better to use instead the following equivalent construction
(cf. [11, p.1062]). We inductively define a sequence (||-||,) of norms on cgp.
Set [|‘]lo := |||le.. and define each successive ||||n+1 by the rule ||z||,4+1 =
max {||z| ¢, 2~ 1/a sup(ZiHEixH%)l/q}, where the “sup” is taken over all j € N
and all S¢-admissible families (Ez)z:1 Then |[|z||7, := limy, 0|7, defines a
norm on cgo. In fact, it is easily seen (cf., e.g., the kind of argument used in the
proof to Theorem 10.3.2 in [1}) that ||-||7, is the unique norm on cgo satisfying
the implicit equation ||z||7, = max {||z|¢,27/4 sup(ziHEiquTq)l/q}. The
space Ty is just the completion of cpp under this norm.

Due to this construction, |z|7, < |z, for each 2 € coo. Furthermore, T,
is known to be a reflexive Banach space which contains no copy of ¢;,. When
g = 1 this follows from Proposition 5.1 in [2]. In case 1 < ¢ < 0o, Remark T.1
on [11, p.1062] tells us that Tj, is an asymptotic ¢, space which contains no
copy of {4, and thus by Remark 6.3 in [12] it is also reflexive. Therefore
each dual space T} is a reflexive space which fails to contain any copy of £,
L4 1 _ 1 Notice that T q* can also be viewed as a completion of c¢yy under
some norm |||z, with the usual action f(z) = > anfy for f = (an) € Ty
and x = (By,) € 1y,

In [14] was given an implicit formula for the norm of T3 [3, S1]*. It is natural
to conjecture that a similar formula always holds for the norm of T,[1,Se]*,
but for our purposes we only need a crude estimate.

LEMMA 3.3. Let 1 <p < oo and 1 < g < co be conjugate, i.e. %Jr % =1.
Set 1 < ¢ <wp and Ty = Tq[%,Sg]. Then HJZHT; < 21/qH(||Ei1’HT;)
x € coo and Sg-admissible families (Ez)i:1 satisfying x = 22:1 E;x.

‘ 0 for all

Proof. Let y € T,. Since z = 30_, E;x we have x(y) = S20_, (Eix)(Eiy).
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Then by this fact together with Holder and the relation

j 1/‘1
9-1/q (j{:HEQyH§E> < lyllz,
i=1

(which follows from the construction of T}), we have

J J
()| =D (B j{: Eiyllr,
=1 i=1
j 1/q
< 0B, (zuayua) < 2 (1Bl Iy
i=1 |

LEMMA 3.4. Let T, = Ty[3,8¢], 1 < g < 00 and 1 < £ < wy, and let (uy,)
be any normalized block basic sequence in the dual space Ty (with respect
to the canonical unit vectors in cqo). Then for every (ay) € A¢ we have
1>° akugl|ry < 21/q||(ozk)ng, where 1 < p < oo is conjugate to g, that is,

1 1 _
14l

Proof. Write supp(ay) =: {k1,...,k;j} € S¢, and set E; := supp{uy,}
for each 1 < i < j. Then z := Y agup = Zgzl E;x, where ||Ejz|r; =
Hakiuki]T; = |ag,| for each 1 < i < j. Furthermore, due to k; < min
supp{ux, } = min E; together with {k1,...,k;} € S¢ and the spreading prop-
erty of Schreier families, we see that (El)z:1 is S¢-admissible. All of this
together with Lemma 3.3 means

| aw],. <2l UBwal )y, = 2 Mol = 2Nl
q

LeEMMA 3.5. Set T, = Tq[%,Sg], 1<g<oandl1 <{<wp. Let 1 <p<
oo denote the conjugate of q, that is, %4—% = 1. Then |z*||, < |lz*||l7; for all
x* € cqp.

Proof. Since cyg C ¢, = Z; with cgo dense in ¢4, for each € > 0 we can
find x € coo such that |z*(z)] > (||z*|le, — €)||z|ls,- Combining this with
the relation ||z||7, < ||z, (Which follows from the construction of T}) we get
|z*(2)| = ([l=*[le, —€Nhﬂe (Iz*lle, —)llzllz, and hence [[z*||; = [l2*[|s, —€.
Letting € — 0 completes the proof. |
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EXAMPLE 3.6. Set Ty = T;[5,8¢], 1 < ¢ < oo and 1 < ¢ < wy, and let T}
denote its dual. Let 1 < p < oo be conjugate to ¢, that is, % + % = 1. Then

(00, w1)

WD (T7) = L(T}), whereas WD, (I7) # L(T).

Proof. Consider the identity operator I : T — T,;. We claim that

I e WSZI/Q’Q (T7). Indeed, let (z,) be a normalized weakly null sequence
in 77, and let € > 0. By the uniform version of the Bessaga-Pelczyriski
Selection Principle, there exists a subsquence (z,,) which is (1 4 27/4¢)-
equivalent to a normalized block basic sequence (uy) of the unit vector ba-
sis. Thus, by Lemma 3.4, for every (ay) € A¢ we have |3 apzn, [y <
(1+27Y4e)|32 agugllTy < (29 + €)||(a)ll¢, , and the claim is proved.

On the other hand, we also claim I ¢ WDZO’M)(T;). Let (e,) be the
unit vector basis of T/, which is also weakly null since T is reflexive. Recall
from Lemma 3.5 that [|(an)lle, < |[(an)|l7y for all (an) € coo. Hence, for any
subsequence (ng) we have || agen, |lTx > [[(ax)|le,. Since T7 fails to contain
a copy of £,, then for any C' > 0 and € > 0 we must now be able to find some
(a) € coo with [|3° agen, [l7: = (C + €)|[ (o) le, -

Thus, WDEZO’M) (Ty) # L(T}), and it remains only to recall that the norm-

closure of a proper (algebraic) ideal in a Banach algebra is again a proper ideal
(cf., e.g., Corollary VII.2.4 in [8]).

At this point, we have shown that for every fixed 1 < p < oo and every

countable ordinal 1 < £ < wy, the classes WZO’Q and WZO’M) are distinct.
We can use descriptive set theoretic methods to improve this result. For this
purpose, we must recall some additional terminology.

Denote by N<N .= Unen N7, where N™ is the set of all sequences of elements
of N of length n € N, with the convention that N’ = {()}. We can define a
partial order < on N<N by writing s < t for s,t € N<N whenever s is an initial
segment of ¢, that is, whenever the elements of s are precisely the initial
elements of ¢, and in the same order. Write s < t when the ordering is strict.
Then we define a tree (on N) as a subset T of N<N which is closed under
taking initial segments, i.e. if ¢t € T and s < t then s € T. Notice that this
means () € T for any nonempty tree T. A sequence (j,)32, of elements in N
is called an infinite branch of T just in case every (jn)n<i € T for all k € N.
The tree T is called well-founded whenever it has no such infinite branches.
We define the derivative T' of T as the tree

lez{seT:s<tf0rsomet€T}.
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Then, using transfinite induction, we can define for each countable ordinal
1 < & < wy the iterated derivative T¢ of T as follows. If 1 < & < wy and T¢
has been defined then we set T¢t! = (T¢)!, and if ¢ is a limit ordinal such
that T¢ has been defined for all 1 < ¢ < ¢ then we set

T = () TS,
0<(<€

where by convention T° = T. In case T¢ = () for some countable ordinal
0 < ¢ < w; then we define the order, or ordinal index, of T, denoted o(T'), as
the least such ordinal; otherwise we write o(T') = w;. Also, by convention we
define o(0) = 0.

It is well-known that if 7" is a well-founded tree on N then o(T") < wy (cf.,
e.g., [10, p.4]). We also have the following fact (cf., e.g., Proposition 1.5 in
10]).

PROPOSITION 3.7. Suppose S and T are trees on N. Then o(S) < o(T)
if and only if there exists a map f : S — T such that for all s; < sp in S we

have f(s1) < f(s2).

Let us now give two successive propositions, the first of which is due to an
anonymous referee, and the second to Ryan Causey and Dan Freeman.

ProrosSITION 3.8. Let 1 < p < o0, and let X and Y be Banach spaces.
Then for each 0 < C' < oo we have

N wo&9(X,y)=wp“)(x,Y).

1<€<wy
Proof. We need only show that

N w9 y) cwpl&I(x,v),

1<€<w

since the reverse inequality holds by Proposition 3.2. So let us assume that
T ¢ WDgf’wl)(X ,Y)). Then we can find € > 0 and a normalized weakly null
sequence (xy,) in X such that no subsequence of (T'z;,) is (C + €)-dominated
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by the canonical basis of £,. Let us define a tree 7 on N by

r:{(k1<m<km)eN<N:

m e N,

m
E OéjTJ:‘kj
j=1

Notice that 7 must be well-founded, since otherwise we could find an infinite
branch (k;)72, such that

m
E ajTa;kj
J=1

for all m € N and (o) € cgo, violating the hypothesis that the canonical basis
of £, is not (C'+¢€)-dominated by any subsequence of (T'zy,). Thus, the ordinal
index of 7 is countable, that is, o(7) < wy. It follows that

<(C+ G)H(O‘j)?:luzp V(Oéj) € Coo}.
Y

<(CH+e)||(oy)fy Hep
Y

E:=o0(1)+1<w

as well.
Assume towards a contradiction that 1" € ng’ 5)(X ,Y). Then we can
find a subsequence (ny) such that

HZ apT'zy,

for all (ay) € A¢. Together with the spreading property of Sg, this means we
can define a map f : §¢ — 7 according to the rule

f((kl, .. ,k‘m)) = (Nkyy- -, Nk, )-

Recall that o(S¢) = w® (cf., e.g., Proposition 2.1 in [5]). Thus, by Proposi-
tion 3.7 it follows that

, S @+ ll(ar)lle,

€ <wt=0(S) <o(r) <¢
which gives us the desired contradiction. |

PROPOSITION 3.9. (Causey-Freeman) Let 1 < p < oo, and let X and Y
be Banach spaces. Then

M WoEo9(X,Y) = woo“)(X,Y).

1<€<wy
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Proof. Let us suppose

Te [ WD)
1<€<wn

By Proposition 2.2 we can write

N woYxy)= () Uwpdx,y),

1<¢<a 1<é<wy n=1

so that for each 1 < £ < w1 we have
T e WD (X,Y)

for some minimal ng € N. Then, due to Proposition 3.2 together with mini-
mality, we get ng < n¢ whenever 1 < ¢ < (¢ < wi.
We claim that (n¢)1<¢<w, is bounded. Indeed, suppose otherwise, towards
a contradiction. Then we can define a sequence (@)3’-‘;1 of countable ordinals
1 <& <wi, j €N, such that ng; — oo. Since
¢ :=supg;
JEN
is the least upper bound of a countable set of countable ordinals, we must
have { < wq. Thus n¢ exists, and due to (ng)i1<e<w, being nondecreasing in &
we get
00 > N Z Supng = 00,
jEN
which is impossible. This proves the claim.
Hence, there exists N € N such that ng < N for all 1 < § < w;. By
Proposition 2.2 we now have

T e WD I(X,Y)
for all 1 < £ < wy. Applying Proposition 3.8 it follows that
Te [ WDLYX,Y) = WD (X, Y) C WPV (X, Y)
1<€<wy

and hence
| WoEo9(X,Y) S WD) (X,Y).
1<é<w

The reverse inequality is immediate from Proposition 3.2. |
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Now we are ready to prove what we had originally set out to do in this
section.

ProproSITION 3.10. Fix a number 1 < p < oo. There exists a strictly
increasing sequence (&,) of countable ordinals 1 < &, < §,41 < w1, n € N,
and a sequence (X,) of Banach spaces, such that for all m,n € N withm <n

we have loot) o)
WDep - (Xm) & WDép - (Xm)

Proof. We will define (&,)°; and (X,)5 ; inductively, such that for each
n € N we have (00, Ert) (00.£1)
WD " (Xn) C WDy ™ (X ). (3.1)

By Proposition 3.2, this will be sufficient to complete the proof.

We begin by setting & := 1. Now suppose we have defined &, for some
€ N. By Example 3.6, there exists a Banach space X,, = Tq[%,Sgn]*,
+ = =1, such that

[ 3

1
q
WD (X)) G L(X,) = WD (X,,).
Then by Propositions 3.2 and 3.9 we can find &,41 > &, such that
WD) (X,) G L(X,) = WD (X)),

Recall once more that the norm-closure of a proper (algebraic) ideal in a
Banach algebra is again a proper ideal (cf., e.g., Corollary VII.2.4 in [8]).
Hence, the relation (3.1) holds for this n. |1

REFERENCES

[1] F. ALBiac, N.J. KALTON, “Topics in Banach Space Theory”, Graduate
Texts in Mathematics 233, Springer, New York, 2006.

[2] D.E. ALSPACH, S. A. ARGYROS, “Complexity of Weakly Null Sequences”,
Dissertationes Math. 321, 1992.

[3] G. ANDROULAKIS, K. BEANLAND, Descriptive set theoretic methods applied
to strictly singular and strictly cosingular operators, Quaest. Math. 31 (2)
(2008), 151 —161.

[4] G. ANDROULAKIS, P. Dopos, G. SIROTKIN, V. G. TROITSKY, Classes
of strictly singular operators and their products, Israel J. Math. 169 (1)
(2009), 221 -250.

[5] K. BEANLAND, An ordinal indexing on the space of strictly singular operators,
Israel J. Math. 182 (2011), 47-59.



CONSTRUCTING BANACH IDEALS USING UPPER fp—ESTIMATES 95

[6] K. BEANLAND, D. FREEMAN, Ordinal ranks on weakly compact and Rosen-

thal operators, Extracta Math. 26 (2) (2011), 173—-194.

J. W. CALKIN, Two-sided ideals and congruences in the ring of bounded op-

erators in Hilbert space, Ann. of Math. 42 (4) (1941), 839—873.

J.B. CoNnwAY, “A Course in Functional Analysis”, Second edition, Graduate

J.

P.

Texts in Mathematics 96, Springer-Verlag, New-York, 1990.

DiesTEL, H. JARCHOW, A. TONGE, “Absolutely Summing Operators”,
Cambridge Studies in Advanced Mathematics 43, Cambridge University
Press, Cambridge, 1995.

Dobpos, “Banach Spaces and Descriptive Set Theory: Selected Topics”,
Lecture Notes in Mathematics 1993, Springer-Verlag, Berlin, 2010.

W. B. JOHNSON, J. LINDENSTRAUSS, EDS., “Handbook of the Geometry

V.

E
D
A.
P

of Banach Spaces, Vol. 2”7, North-Holland, Amsterdam, 2003.

D. MILMAN, N. TOMCZAK-JAEGERMANN, Asymptotic l, spaces and
bounded distortions, in “Banach Spaces (Mérida 1992)”, Contemp. Math.
144, Amer. Math. Soc., Providence, RI, 1993, 173 —195.

. ODELL, R. V. TEIXEIRA, On S;-strictly singular operators, to appear in

Proc. Amer. Math. Soc., 2014.

. OJEDA-ARISTIZABAL, A norm for Tsirelson’s Banach space, Ertracta

Math. 28 (2) (2013), 235 245.

PIETSCH, “Operator Ideals”, Mathematische Monographien 16, Deutscher
Verlag der Wissenschaften, Berlin, 1978.

. WOJTASZCZYK, “Banach Spaces for Analysts”, Cambridge Studies in Ad-

vanced Mathematics 25, Cambridge University Press, Cambridge, 1991.



