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Abstract: A space of infinitely differentiable functions defined on an open cone of R™ and
of prescribed growth near the boundary of the cone and at infinity is considered. The
problem of polynomial approximation in this space is studied. It is shown that every linear
continuous operator on this space that commutes with each partial derivative operator and
is not a scalar multiple of the identity is hypercyclic.
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1. INTRODUCTION

Let © be an open connected cone in R” with apex at the origin, Q be the
closure of 2 in R™.

Let (hm)3_; be a sequence of positive functions h,, € C(£2) such that for
all m € N there exists a,, > 0 such that for all z € Q)

() — Bomsr () > (m d(lx) >+ —

where d(x) is the distance from z € Q to the boundary 9Q of Q, t* =t for
t>0,and t™ =0 for t <O0.

Let (1¥m)SS_; be a sequence of positive functions v, € C(Q) such that for
each m € N:

(a) lim Ym(2)

€N, z—00 Hx||
(b) there exists b, > 0 such that for all x € Q

Um () = Ymy1(x) > In(1 + ||z]]) — by, -

= 400, where || - || is the Euclidean norm in R,
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Let o (2) = him(z) + Ym(z), T € Q, m e N.
For each m € N let

Em:{fEC’m(Q):pm(f): sup |(Daf)(ﬂ|<oo}.

2€Q, |al<m eXP(SOm (.’E))

Obviously, En41 C En (m € N).
o0
Let ¢ = {om}o0_; and £,(2) = () Em. Under usual operations of addi-

m=1
tion and multiplication by complex numbers £,(€2) is a linear space. Endow
E,(Q) with the topology of projective limit of the spaces &,,. Obviously,
E,(Q) is a Fréchet space. In view of condition (b) on the family (¢,)00_;
the space £,(2) is invariant under multiplication by polynomials. In Section
3 it is shown that linear differential operators with constant coefficients are
continuous on &,(£2).
In this paper the following two problems are considered:

1. approximation by polynomials in £,(€2);

2. hypercyclicity of linear continuous operators on £,(2) commuting with
each partial derivative operator.

The motivation to study the first problem is the following. In [10] M.M.
Mannanov has considered the problem of description of a dual space to a
weighted space of holomorphic functions on an unbounded convex domain
of C™ with given majorants of growth near the boundary and at infinity in
terms of the Laplace transform of linear continuous functionals on this space.
To solve the problem he used the known scheme of the proof of the Polya-
Martineau-Ehrenpreis theorem (see for details [7, Theorem 4.5.3]) and devel-
oped methods of the article [12]. Therefore he had to consider some space
of infinitely differentiable functions on an unbounded convex domain of R?"
with given majorants of growth near the boundary of a domain and at infinity.
But for this space approximation problems (for example, approximation by
polynomials or by a system of exponentials) have not been studied. There
was no need to study them to obtain the main result of [10].

Note that problems of approximation by polynomials in £,(£2) are studied
here under minimal conditions on weight functions h,, and 1,,. In Section 2
the following theorem is proved.

THEOREM 1. The polynomials are dense in £,(£2).
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From this theorem it easily follows that £,(€2) is a separable space.

Theorem 1 helps us to study the second problem. Recall that a linear con-
tinuous operator 7' on a separable locally convex space X is called hypercyclic
if there is an element x € X such that its orbit Orb{z, T} = {z, Tz, T?x,...}
is dense in X. Hypercyclic operators have been extensively studied since
the 1980’s. For background, development, the most known results of theory
of hypercyclic operators we refer the reader to the surveys of K.-G. Grosse-
Erdmann [5] (where, in particular, results on hypercyclicity of operators in
the real analysis setting are described), [6] and to the articles by R. Gethner
and J.H. Shapiro [2], G. Godefroy and J.H. Shapiro [3], A. Montes-Rodriguez
and N. Salas [11]. Note that C. Kitai [8] and R. Gethner and J.H. Shapiro [2]
provided a useful sufficient condition (the so-called Hypercyclicity Criterion)
for an operator to be hypercyclic. It was refined afterwards by many authors
(see [1], [5], [6]). In some cases it is convenient to use the following result
established by G. Godefroy and J.H. Shapiro [3] (see also [4, Corollary 1.10])
with the help of the Hypercyclicity Criterion.

THEOREM A. (GODEFROY-SHAPIRO CRITERION) Let X be a separable
Fréchet space and T : X — X be a linear continuous operator. Suppose that
U< ker(T = A) and U|y»q ker(T — A) both span a dense subspace of X.
Then T is hypercyclic.

In Section 3, Theorem 1 and Theorem A are used to prove the following
statement. For notation, see below.

THEOREM 2. Every linear continuous operator on £,(2) that commutes
with each partial derivative operator and is not a scalar multiple of the identity
is hypercyclic.

Let us fix some notation. For u = (u1,...,uy),v = (vi,...,v,) € R" (C"),
(u,v) = ujvy + -+ + upvy, and ||u|| denotes the Euclidean norm in R™(C").
For a = (a1,...,0n) €ZY, x = (21,...,2,) ER", 2= (21,...,2,) € C",

lal =a1+ ...+ ay, z® =it apn, 2% =22
D — glal D — glal
dx{t - Qxpm 20 0z

For multi-indices a = (a1,...,04),8 = (B1,...,Bs) € Z'} the notation f < «
indicates that 8; < o for j =1,2,...,n.
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b
For a positive function ¢ € C(Q) such that  lim (z)

—— = 400 we set
e, x—00 ||$||

b(z) == —;{relsf2 ((z,y) +2(y)), xz e R"

For the sake of simplicity, we put
Om () := exp(om(x)), x € R".
If S" ' ={x cR" : ||z|| = 1} we set
pr(Q) :==Qnsnt,
For each o € pr(2), let
Ym,o(t) == Ym(ot), t>0.

For a function u : (0,00) — R, let

For @ C R” and ¢ > 0, let Q) be the e-enlargement of Q.

2. ON APPROXIMATION BY POLYNOMIALS IN &,(£2)

For a lower semi-continuous function w : [0,00) — R such that

lim ulz) = +00 (1)
r—+00 I
let
u*(z) = sup (zy —uly)), >0.
y=>0
N . ut(x)
Note that u*(z) < oo on [0,00) and lim = +o00.

Tr—+00 €T

LEMMA 1. Let a lower semi-continuous function u : [0,00) — R satisfies
the condition (1). Then

(ule])*(x) + (u*[e])*(x) < zlnz —x, x>0.
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Proof. Let © > 0. There exist numbers ¢ > 0 and £ > 0 such that
(ule])"(z) = at — u(e"),
(w*[e])*(z) = 2€ —u*(e").
Thus,

(ule])*(z) + (u*[e])*(z) = ot — u(e') + x& — sup (5 —u(n)).

Hence, for each n > 0
(ule])*(x) + (u'[e])*(z) < xt —ule’) +2€ — e + u(n) .
Putting here n = e’ we have
(u[e))* (z) + (u*[e])* (z) < at 4 x€ — T
Consequently,

(ule])*(z) + (u[e])"(z) < sup (wy —e’)

< sup (xy—ey) =zlnzr—=x.
yeR I

Proof of Theorem 1. Let w be the function on R” defined as follows:

w(t) = ¢y exp (—ﬁ) for ||t]| < 1,
w(t)=0 for [|t|| > 1,

where ¢, > 0 is chosen so that / w(t)dt = 1.
Rn

For ¢ >0 let w.(t) = "w(t), t € R". For each v €N let

1
K, = {CL‘ €Q: ||z| <v, dist(z,00Q) > } .

14

Obviously, the closed sets K, are non-empty for v > vy (1 is some positive

integer) and K, C int K41 , UZ?O:VO K, =Q.
For v > vy let r, = %(% — V%rl) and

n(x) = / wr, (x —y)dy, r € R™.
K]SQTV)
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Obviously, n, € CF°(R"), ny(x) = 1 for x € K", n,(x) = 0 for = ¢ K™,
0 <ny(x) <1for x € R".
Since for each o € Z"}

« 1 o r—y n
000 = i [, 00 () @y, aern
Ty K7

Ty

we have for all x € R"

(D)@)] € e - sup (D)0 - (K27

potlel jegn

< o -u(K,EQ”))giMa(H”)n

n+|al n+|al ’
Ty Ty

where mg, = sup [(D%w)(t)|, My = 117(1571?1), I' is the Gamma-function and
teR™ 2

i denotes n-dimensional Lebesgue measure. Thus, for each o € Z7}
(D) ()] < Mad™ (0 1232l g e Y, (2)

where M, > 0 does not depend on v > vy.
Now let f € £,(€2). This means that f € C°°(§2) and for each m € N there
exists ¢, > 0 such that

(D)(@)| < cnbule),  x€Q, |a] <m. (3)

Let us approximate f by polynomials in £,(£2). There are three steps in the
proof.

1. For every positive integer v > vy let f,(x) = f(z)n.(z), x € Q.
Obviously, f, € £,(2). Note that supp(f,) C K,41.

Let us show that f, — f in £,(Q) as v — oo.

First note that for each m € N

wup L@ = F@] _ - 17(@)]

(1-
zeQ Om () €N O (2

sup
z€Q\ Ky 0771 ({L‘)

() _ /()
e <

< pm+1(f) + €Xp < sup ((Pm-i-l(x) - cpm(x))>

CEGQ\KU

Let T, =Qn{x e R" : ||z|| > v}, Sy, = Q\ (K, UT,), v > 1p. Since for each
m € N one has (see the properties of the families (h,,)7°_; and (¢,)50_;) that

90m+1(1‘) - Som(x) < —111(1 +l/) + am +bm7 T e Tua
Om+1(z) — om(z) < —Inv + ay + by resS,,
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then

exp (mesflll\pKV (ems1(z) — gom(az))> -0, v—=+4o0. (4)

Hence, for each m € N

sup @) = 1(a)]

—0 asv—o0. 5

Further, for € Q and « € Z7} with |a| > 0 we have

D(f(x) = fl@) = >, CRDfx)(D*Pn)(x) (6)
B<a, |Bl<|al
+ Y. DP@)(z) - 1),
B<a, |Bl<|a|

where C’aﬁ = H;L:1 05; and C’aﬁi are the combinatorial numbers.
Denote by F,(z) the first term of the right-hand side in (6). We have for
each m € N

Y. CAD @)D ) ()]

|Fy ()| B<a, |Bl<lal
sup < sup
z € Qm(l‘) z€ Ky \ Ky em(m)
1< ol <m 1< |af<m

With the help of the inequalities (2) and (3) we have for each s € N

sp @D 2 s () (£ 1P
pen Om(z) ~ e Kyar \ Ky e#m(®)—pms(T)
1<]al <m 1< el <m

(7)
Let R, = (Ku1\ K,) (1 {v < 1zl < v+ 1}, Py = (Kyi1 \ Ko) 1 {lJol] < o).
Note that for each k£ € N
or(z) — ppr1(z) > In(1+v) — ar — by, Tz € R,,
or(r) — ppa1(z) > Inv —ay, — by, xebh,.

Thus, for each s € N one obtains

sup |Fy ()| < 24 s () (v 4 1)3 2
veRy 1<jal<m Om(@) = (1+v)setm=—0mis—bm——bms ’
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(@) _ 274 s (f) (v + 1) 2
ySe=m = =Amts—bm——bmis

sup
z€P,, 1<|a|<m em(x)

Letting s = 3n+2m+1 we get from these two estimates and (7) that for each
m & N

F,
wp @)

—0 asv— 0. (8)
zeQ, 1<]a|<m Om ()

Now let us consider the second term in (6). For arbitrary m € N we have

(D2 F)() (1, () — 1) (D% f) (@)
A b () s O N 5
1< lal <m 1< ol <m

< pm+1(f)exp< sup (¢m+1(x)_¢m(x))>.

IEQ\KV

Using (4) we get

wp D@ () ~ 1)

—0, v—o0.
zeQ, 1<|al<m Om ()

From this, (8) and (5) it follows that py,,(f, — f) — 0 as v — oo for each
m € N. Thus, the sequence (f,)52, converges to f in £,(f2) as v — oo.

2. Fix a positive integer v > vg. Let h # 0 be an entire function of
exponential type at most 1 such that h € Li(R) and h(z) > 0 for x € R. For

2z

S =
example, we can take h(z) = Lf, z € C. By the Paley-Wiener theorem [9]
2

there exists a function g € C(R) with support in [—1, 1] such that

1
h(z) = /g(t)em dt, zeC.
1

From this representation it follows that for each k € Z

R ()] < 2 t R.
|h ()] < r‘ﬂgf\g()\, T € 9)

Let H(z1,22,...,2n) = h(z1)h(22) - - - h(zy,). It is an entire function in C".
From (9) it follows that there exists a positive constant C'ir > 0 such that for

each a € Z}
|(D*H)(x)| < Cq, zeR". (10)
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Let [ H(z)dx = A. Define a function f, on R™ as follows: f,(z) = f,(z),
R
z e f,(x) =0, 2 € R\ Q. Obviously, f, € C®(R").
For A > 1 let
_ N _
foa(z) = A foHA @z —y)dy,  xzeR".

It is clear that f,,7 A € C*°(R™). Moreover, f,,y » admits holomorphic continua-
tion in C". Note that for all a € Z" and x € R"

(D @) < 2 [ D)) HOE — ) dy
Rn
« )\n
< max [(D°£))| - [ HOG =)y
= max |(D*f,)w)]-

Let f, x be the restriction of fl,’,\ on . Obviously, f, € E,(£2).
Let us show that f, x — f, in £,(Q) as A = +o0.

Take an arbitrary m € N and let 7(\) = AT Tt (A > 1). Note that for all
a€Zl,x e

(D fun)(x) = (D f,) ()

=1 L (0 = (D ) @) HOG ) dy
Rn
A" ~ )
= — Da 9 _ DO{ Nz H A T — d
A /{yeR":Hyﬂgr(A)} ((D*F)(y) — (D f,) () H(A(z — y)) dy
An i ~
A Df)(y) — (Df,)(x)) HA(z — ) dy .
Ta /{yeR":nyxn»(A)} ((D*F)(w) = (D*f,) (@) HMz — y)) dy

Denote the terms on the right-hand side of this equality by I1 o(x) and I5 o (),

respectively. Let C,,,, = sup ‘(D/B fl,)(t)| Then
teR™, |B|<m+1
2/nCyCuym —_n
sup | Ina(z)| < W)\ erEs i
z€Q, |a|<m (2 + )

2 v,m
sup  |Iza(z)| < CT / H(u)du.

z€Q, |o|<m )
f[ul[>A2nF1
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From these two estimates it follows that

sup  [(D"fun)(x) = (D*fy))(x)] = 0O

z€Q, |a|<m

as A — 4oo. Hence, pn(fur — fu) = 0 as A = +oo. Since m € N was
arbitrary then f, x — f, in £,(Q2) as A — 4o0.

3. For fixed A\ > 0 and positive integer v > 14 let us approximate f,, x by
polynomials in £,(12).

For N € N let

oFH

T (0)ay,

UN($):H(O)+Z <ii< St .
k=1 |

For z € R™ we have

aN—i—lH
Do D s o (i iy,
H U < 1<i1<n IS”:N+1STL§€[O7I} x’b1 wZN+1
|H(z) — Un(2)| < (N +1)!
Using the inequality (10) we get
Crn™ ||V n
|H(z) — Un(2)] < Nt , x € R"™. (11)
Let 3

It is clear that Vi is a polynomial of degree at most N. We claim that the
sequence (Vy)X_; converges to f, in £,(2) as N — oo. Let m € N be
arbitrary. For a € Z} and x € {2 we have

«a «a A" ar
(D% fup)(2)=(D*VN)(2) = — Rn(D F) @) (HNa—y)-Un(Ma—y))) dy.
Using the inequality (11) and taking into account that f, has a bounded
support we can find positive constants C7 and Cs (depending on n, A\, v and
m) such that for all Ne N, o € Z7} with |a] <m, z € Q

C1Cg" (1 + =[P+
(N +1)!

(D fu2) (@) = (D*Viy) ()] <
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Thus, for each Ne N

C1Cy (1 + [N+
m\Jv. _V S .
prllir = VW) S N SR T aa)
Furthermore,
(1 + [N+ (1 + [N+
S el | VA S | VA
vetr On(z)  geh  evn@

= exp ( sup ((N + 1) ln(r + 1) - 1%(”)))

r>0,0€pr(Q)

"
< 9N+l exp (( sup ((N+1)Inr— wm(m))> )

r>1,0€pr(Q)

n
= 2N+l exp << sup  ((N +1)t - wm(eta))> )

t>0,0€pr(Q)

+
e o S — Ym0 (€
- ’ <<”€(p£)§2) <t>g ((N+ Dt = tma( )))> >

4
= 2N *lexp (( sup (Ym,ole])* (N + 1)) ) .
oepr(Q)

Now applying Lemma 1 we obtain

(L D™ v (1 (N + DV )

sup

2eQ O () inf _(¢5, ,[e])*(N+1)

6N+1 eo’Epr(Q)

Thus, for each Ne N

NoN+1 N+1
pm(for — V) < GG 2T e (1, vV + 1) ) . (12)

(N +1)! N1 ey Do D D

Since N! > ];[—Ii,v for all N € N, we get

ClcéVQN—H (N+ 1)N+l 010§2N+1

(VDT 1 ol i D = Wl G ol (VD)
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Note that uniformly for o € pr(2) one has
NCAEING
im ————=

Jim ¢ = +o0. (14)

This is so because for each o € pr(Q2)

(U ole)*(€) = &t — v 5(e"),  £€>0,t>0,

and

1/1;';170(4) = sup (etr — wmjg(r))
r>0

< sup (etr — wm(ra)) = sup (et||33H — 1/Jm(x)) .
r>0,0€pr(Q) xeQ)

Using (13) and (14) we have from (12) that p,,(f,x — Va) = 0 as N — oc.
From the conclusions of all three above steps, one derives that each func-
tion f € £,(Q2) can be approximated by polynomials in £,(€2). N

3. APPLICATION OF THEOREM 1 TO HYPERCYCLICITY
The following auxiliary results will be used in the proof of Theorem 2.
LEMMA 2. Partial derivative operators are continuous on E,(f2).

Proof. Let m € N be arbitrary. Since ¢, (z) —@m+1(z) > —an, — by, for all
x € Q, we get for each f € £,(Q), all o € Z7} with o] <mand j=1,...,n

that
(7 (o)) e

< P (f)efm @

< P (f)epm@Ham+bn zeQ.

Thus,
0
Pm (al‘f> < eam+bmpm+1(f) ) fe gga(Q) .
J

This means that the operators % are continuous on £,(£2). 1

COROLLARY 1. Let P(z) = Y, aqaz® be a polynomial in R" (N € N).
lo|<N
Then the operator ), anD® is continuous on E,().
la|<N
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Note that for each z € C" the function f,(§) := exp(i(&, z)) belongs to
E,(Q) since for each m € N

Pm(f2) < (L4 [l2[)™ exp (Zm(Imz)) .

So for each functional & € (£,(f2))" its Fourier-Laplace transform b(z) =
®(e62)) is well defined everywhere on C”.

LEMMA 3. Let & € (£,())". Then @ is an entire function on C*. More-
over, for each o € 2}

(D) (z) = qs((ig)ae“f@) . zecCm (15)

Proof. Fix @ as in the hypothesis as well as an arbitrary point { € C".
For each z € C" such that ||z — (|| < 1 let

92g(€) := &% — 80 (e, 2 — ()’ ®S g eR™ (16)
Using the inequality
(D)) < L+ 1D+ €]+ 1Pz = ¢lPe e a ezt

positivity of functions h,, and condition (a) on the system (t,,)5°_; for each
m € N we can find a constant C' > 0 depending on ¢ and m such that

pm(g=¢) < Cllz = ¢I”. (17)

Since @ is a continuous functional then @(g ¢) = o(||z —(||), z = ¢. And now
since @ is linear we get

B(2) = B(Q) = 3 0 (ige ) (= ) +ollz =<l 2 C.
j=1

Therefore, & is holomorphic at the point ¢. Since ¢ € C* was arbitrary, then
@ is an entire function.
The second part of the statement is evident. The lemma, is proved. [

LEMMA 4. Let O be a non-empty open set in C™. Then the system
{exp(i(&, 2)) }2eo is complete in E,(12).



88 I. KH. MUSIN

Proof. Let S be an arbitrary linear continuous functional on £,(€2) such
that S(ei<5’z>) = 0 for each z € 0. By using the Hahn-Banach theorem, our
task is to show that S is a zero functional. By Lemma 3 the Fourier-Laplace
transform S of S is an entire function on C". So by the uniqueness theorem
S(z) = 0 for each z € C". Now using (15) we get S(£) = 0 for all o € Z7.
Thus, S(p) = 0 for each polynomial p. By Theorem 1 polynomials are dense
in £,(£2). Therefore, S = 0 and the proof is complete. 1

Denote by L(E,(€2)) the set of linear continuous operators on £,(£2). Let
T € L(Ey(2)). Define the function Fr on € x C" by the rule Fr(§,2) =
T(f.)(€). For each fixed z € C" let f;.(&) := i&; exp(i(¢, 2)).

LEMMA 5. Let T € L(E,(2)). Then the function Fr is an entire function
in the second variable.

Proof. Let T' be a linear continuous operator on &£,(€2). Then for each
k € N there exist numbers ¢, > 0 and m € N such that for all g € £,(£2)

pi(T(9)) < cipm(g) - (18)

Let £ € Q, ( € C" be arbitrary points. For each z € C" such that
|z = ¢|| <1 consider the function g, ¢ (see (16)). From (18) it follows that

1T(9:,0)(€)] < capm(gzc)e?*®,  €€Q.

From this, the inequality (17) and linearity of T we get for each £ € Q
Fr(§.2) = Pr(&,0) = Y _T(£;)©)(z — ) +ollz =<, 2=,
j=1

Therefore, for each fixed £ € Q, Fp(€, z) is holomorphic at the point ¢ as a
function of z. Since ¢ € C" was arbitrary, then the assertion of lemma is
proved. 1

Proof of Theorem 2. Since T commutes with each partial derivative
operator, then for each z € C" and j =1,...,n

DjT(fz) = TDj(fz) = T(izjfz) = iij(fz) .

From this it follows that for each z € C™ there is a complex number ap(z)
such that

T(f:) = ar(2)f=- (19)
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Thus, for all z € C*, £ € Q we have Fr(¢,2) = ap(z)e!é?). Using Lemma
5 we get that ar is an entire function on C". Taking into account that T
is not a scalar multiple of the identity and Lemma 4 we conclude that ar
is not a constant function. Note that, if ) is a non-empty open set in C”,
then the system {T'(f,)}.cq is complete in E,(Q2). It is easy to show using
the representation (19) and Lemma 4. Consider the sets W; = {z € C" :
lar(z)] < 1} and Wy = {z € C" : |ap(z)| > 1}. They are open in C". Let
Xo be the linear span of the system {T'(f.)}.ew,, Yo be the linear span of
the system {T'(f.)}.ew,. The sets X, and Y are dense in £,(2). Therefore,

linear spans of the sets J ker(7'—A) and J ker(7'—\) are dense in £,(€2).
[Al<1 [AI>1
Thus, all the conditions of Theorem A are fulfilled. Hence, the operator T is

hypercyclic. |

COROLLARY 2. Let P(z) = >, aqx® be a non-constant polynomial in
la|<m
R™ (N € N). Then the operator | |Z aqD® is hypercyclic in £,(£).
ol <N
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