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1. INTRODUCTION

Let H(D) denote the space of holomorphic functions on the unit disc D.
Suppose ¢ and v are holomorphic functions defined on D such that p(D) C D.
The weighted composition operator W, is defined as follows:

Wou(f)(2) = ¥(2) f(#(2)),

for all f holomorphic in D.

If we take ¢ = I, the identity function, or ¢» = 1, then we get the multi-
plication operator My, and the composition operator C,, respectively.

Weighted composition operators are a general class of operators and appear
naturally in the study of isometries on most of the function spaces, see [5].
Operators of this kind also appear in many branches of analysis; the theory of
dynamical systems, semi—groups, the theory of operator algebras, the theory
of solubility of equations with deviating argument and so on.

In this paper we plan to study the boundedness and compactness of
weighted composition operators in the Dirichlet space. We also find the es-
sential norm estimates for these operators. The essential norm of weighted
composition operators was recently studied in [2], [4] and [8].

Fix any a € D and let 0,(z) be the Mobius transform defined by

a—z

Ua(z)zl—az’ zeD.

Further, we have

1 Jaf?
I pu—
7 = T
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and
—al2)(1 — |22
1-fou(e)? = DD ool

for all a,z € D.

The Dirichlet space D? is the set of functions holomorphic in D having
derivatives belonging to the Bergman space .A42. We define the following norm
on D?%:

|mm:QmW+AquM@f,

where dA(z) is the Lebesgue area measure on D. Then D? is a reproducing
kernel Hilbert space and the reproducing kernel function in this case is given

by K,(z) = 1+log( L

1-wz |
2. ESSENTIAL NORM

In this section we study the essential norm of weighted composition oper-
ators.

DEFINITION 1. Takep > 1. A positive measure p on D is called a bounded
p—Carleson measure on D if

p(S(D) o)

< 00,

sup
rcop  |I|P

where S(I) ={ze€D : 1—|I| < |2| <1, |Z7‘ € I}, where I runs through arcs
on the unit circle.

DEFINITION 2. Take p > 1. A positive measure p on D is called a vanish-
ing p—Carleson measure on D if

L S()
1coD, |1|—0  |I[P

=0. (2.2)

Suppose p, 1 € D? be such p(D) C D and ¢’ € A% Define the measures
Hy and v, on D by

WMD:/ Wo'PdA  and %mmzf W2 dA,
P H(E) P~ H(E)

where E is a measurable subset of the unit disk D.



ESSENTIAL NORM OF WEIGHTED COMPOSITION OPERATORS 251

Again for ¢ € A2, we define the measure V2 on D by

Vo yp2(E) = / [P dA.
e (E)
Using [6, page-163], we can easily prove the following lemma.

LEMMA 2.1. Let ¢ be a holomorphic mapping defined on D such that
©(D) C D. Take v € D? such that ¢¢’ € A%. Then

/ gty = / o' P(gop) A and / gdvy = / 2 (goi) dA,
D D D D

where g is an arbitrary measurable positive function on D.

The following characterizations of Carleson measure was given in [1].

THEOREM 2.2. Let p be a positive measure on D. Then the following
three statements are equivalent:

(1) The inclusion map i : A?> — L*(D, du) is bounded.

(2) The measure u is bounded 2—-Carleson measure, i.e., there exists a con-
stant K < oo such that

u(S(I)) < KI7.

(3) There exists a constant C' < oo such that

/ ()2 du(z) < C
D
for all a € D.

THEOREM 2.3. Let p be a positive measure on D. Then the following
three statements are equivalent:
(1) The inclusion map i : A2 — L*(D, du) is compact.
(2) The measure yu is vanishing 2—Carleson measure, i.e.,

p(S1))

lim —==0.
1coD, |[11—0  |I|?
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(3) For all a € D, we have

. / 2 _
lim /D|aa(z)| du(z) = 0.

la|—1
The following lemma is easy to establish.

LEMMA 2.4. (]9, LEMMA 3.8]) Given 1 < p,q < 2, let ¢ be a holo-
morphic mapping defined on D with ¢(D) C D and ¢p € D? satisfy that
Wy - D? — D? is bounded. Then Wy : D? — D? is compact (resp. weakly
compact) if and only if whenever {f,} is a bounded sequence in D? converging
to zero uniformly on compact subsets of D, then [|[W, (fn)|/p2 — 0 (respec-
tively, {W.,(fn)} is a weak null sequence in D?).

THEOREM 2.5. Let € D? satisfy that ¢(D) C D and v € A% Suppose
that the induced measure v, y, 2 is vanishing 2—Carleson measure. Then W, ,
defines a bounded operator from D? into A%. Moreover, the operator W :
D? — A? is compact.

Proof. We prove compactness only. Let {f,} be a bounded sequence in
D? such that f, — 0 uniformly on compact subsets of D. Also suppose that
fn(0) = 0. Since the measure v, 2 is a vanishing 2-Carleson measure, we
}ﬁave [follz2@ v, — 0 as n — oo. Therefore, by using Theorem 2.1, we

ave

Woslhllae = [ [0P1ueela
2 2
= /D |fn| dV(p,w,Q = ||fn||L2(D’l,%¢72) — 0 asn— 0.
Thus, W, : D? — A? is compact. I

THEOREM 2.6. Suppose @, € D? be such that (D) C D. Again, sup-
pose that the induced measure v, y, is a vanishing 2—Carleson measure. Then
W, exists as a bounded operator from D? into D? if and only if W by
exists as a bounded operator from A? into A?. Moreover, Wy : D? - D? s
compact if and only if W,y : A% — A? is compact.

Proof. We prove compactness only. First, supppose W, : D? — D? is
compact. Let {f,,} be a bounded sequence in A? such that f,, — 0 uniformly
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on compact subsets of D. For each n, let us consider the function g, € D?
such that ¢/, = f, and g¢,,(0) = 0. The sequence {g,} also converges to zero
uniformly on compact subsets of D as n — oo. Further, W, : D? — D? is
compact, so [|[Wy 4 (gn)|lp2 — 0 as n — co. Again, by Theorem 2.5, W, 4 :
D? — A% is compact, so [|[W,y(gn)|| 42 also converges to zero as n — oo.
Also, we have

W (fa)llaz = 196 faopl 42
<Y frnop + ' gnogll a2 + 119 gnopl a2
= [[(¥gno®) llaz + W,y (gn)ll 42
S AWe(gn)llpz + [Wer (gn)llaz — 0 asn— oo,
Thus, W, 4 A% — A? is compact.

Conversely, suppose W, yr : A% — A? is compact. Again, by Theorem
2.5, Wy - D? — A? is compact. Let g, be defined as above. Then, we have

W (gn)llp2 = (¥ gno) || 42
= |9’ gp o0 + V' gnog|| 42
<N Woue (fr)llaz + Wy (gn)llaz — 0 asn — oo.

Thus, W, : D? — D? is compact. |

By using Theorem 2.2, Theorem 2.5 and Theorem 2.6, we can prove the
following result.

THEOREM 2.7. Let ¢, € D? be such that ¢(D) C D. Suppose that the
induced measure v, is a bounded 2—-Carleson measure. Then the weighted

composition operator W, is bounded on D? if and only if the functions ®
and V¥, defined by

_15[2)2 2
@(z):/DMdu%d,(w) and U(z) :/])Mdy%¢(w),

belong to L>* (D).

COROLLARY 2.8. Let ¢, € D? be such that p(D) C D. Suppose that
the induced measure v,y is a bounded 2-Carleson measure. Suppose the
weighted composition operator W, ,, is bounded on D?. Then

(1 = [z)¥e' (2)] (1= [z)¥'(2)]

sup < o0 and sup < 00
z€D 1 —|p(2)? D 1—|p(2)?
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Proof. First, suppose W, is bounded on D?. Then by Theorem 2.7, we

have
(1 —|al*)?lve' (=)
S ) < 2
and
(11— lal?)?[v'(2)?
[ 4G <o 24)
Condition (2.3) can be written as
@R .
A AT .

Now, fix some a € D, and take G, = {z eED: |z—al< %} Then
vy’ (2)]?

G C D. So, by subharmonicity of the function ———= , we have
[1—p(a)e(z)|*
4 (1 = [p(@)*)? ¢! (2) 7
dA
e L i@l 0
s A= lp@PP[e' (@) _ o' (@
- (1= [p(a)?)* (1= 1lp(a)]?)?

Thus, we have
(1 — la*)*[ve (a)? (L= e[’ 1”4 40,
e ro ity M - TRl L CHC
Similarly, we have
(1 — |af?)?[' () (L= le@P[' G 4,
Cer o M- et LT
Thus, the result follows from (2.6) and (2.7). 1

The following two lemmas are proved in [4].

LEMMA 2.9. Take 0 < r < 1 and denote D, = {z € D : |z| < r}. Let p
be a positive Borel measure on D. Take

n(S(1))
= Sup and
[l S e

p(S(1))
R

Il = sup
IcoD

where I runs through all arcs on the unit circle. Let y, denote the restriction
of the measure p to the set D \ D,.. Then, if pu is a Carleson measure for the
Dirichlet space, so is p, and ||p,|| < 4|
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LEMMA 2.10. For 0 <r < 1, let

HuHi==sup‘/LIOL(ZN2du(Z)-

la|>r

If p is a Carleson measure for the Dirichlet space, then ||| < K||p||k, where
K is an absolute constant.

Take f(z) = > o asz® holomorphic on D. For a positive integer n, define
the operators R, f(z) = Z?O:nJrl asz® and Q,, = [ — R, where [ is the identity
map.

Recall that the essential norm of an operator T is defined as:

|T|le = inf {||T — K|| : where K is compact operator}.
Now we have the following lemma.
LeEmMMA 2.11. Suppose W, y, is bounded on D?. Then
(Wil = Tim [ Wy Rl

The proof is similar to the proof of Lemma given in [3, Lemma 3.16].
In the following theorem we give the upper and lower estimates for the
essential norm of weighted composition operator.

THEOREM 2.12. Let ¢, € D? be such that ¢(D) C D. Suppose that
the induced measure v,y is a bounded 2-Carleson measure. Again, suppose
W, is bounded on D?. Then there are absolute constants My, My > 1 such
that

limsup [|[(Wyp)oalme < [[WoplZ < Milimsup ®(a) + M;limsup ¥(a),

al—1 la]—1 la]—1
where the functions ®(a) and ¥(a) are defined in Theorem 2.7.
Proof. First we prove the upper estimate. By Lemma 2.11, we have

IWesll? = lim Wy RalBe = lim sup ||(WyuRa)fl|De

T fllp2 <t

Also, we have

[(WewRn) D2 = [(0)(Rnf (£(0))) [ +/D |((2)(Rnf ((2))) ] dA(z) -
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The term |¢(0)(R, f(¢(0)))| is bounded as n — oo. So, by using Lemma 2.1,
we have

|(W R F13 < /D g ()I(Ra ) (9(2))2 dA(2)
+ / ()P (B ) (0(2) 2 dA(2)
D
- / (B f) (@) s ()
D

+ [ BN o) = 1+ 1o < 0, (29
D

where the last condition follows from Theorem 2.5 and Theorem 2.6. Now,
for the integral I, we have

/ (B ) (@) Aty () = / (B ) ()2 s ()
D D\D.
+ / (R f) (@) ity ().

Also, the measure i, 4 is a bounded 2-Carleson measure, because the operator
W, is bounded on D?. Let k, = 1+ log(=) be the kernel for evaluation
of w. Then, by using [3, Proposition 3.15, page 133] and [7], we can show
that, for a fixed r,

sup / (R f) (w))? dptpp(w) — 0 asn— oo.
Ifllp2<1 /D

Let fiq, denotes the restriction of measure ji, 4 to the set D \ D,. So by
using Lemma 2.10 and Theorem 2.2, we have

/D o 0 P ) £ Kt N B Ve
< EM|lppl2 1 1P < KM gl

where K and M are absolute constants and ||j, /5 is defined as in Lemma
2.10.

Following similar techniques to the above ones, we can show that the
integral I5 is also bounded by Ky M; ||v, |5, where Ky and M; are absolute
constants. Therefore,

lim sup (W Ra)fll3e < Tim KM | llf + lim KidMi ol

" fllp2 <t
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Thus, [ Wil < KM\ ; + KoMy )i Taking r — 1, we have
”Wsa,w

< KM |17+ K1 My T 7

=KM lirnsup/ ol (w)]? dptep i (w)
D

la|—1

4 Ky M limsup / 0, (@) 2 A ()
D

la|—1

1— 2\2
= KM lim sup/ (= laf)” ITA))
D

la|—1 |1—6w]4
KMyl —d
A Hcﬂilip/]) ‘I_EWH V%w(w)

= KM limsup ®(a) + K1 M; limsup ¥(a),

la[—1 la[—1

which is the desired upper bound.
Now we prove the lower estimate. Note that set {0, : a € D} is bounded
in D2. Also, 6, —a — 0 as |a| — 1 uniformaly on compact sets in D since

1—|a?

1 —az|’

|0a(2) —af = [2]

Also, fix a compact operator K on D?. Then ||K (o, —a)||p2 — 0 as |a| — 1.
Thus, [|K(04)|lp2 — 0 as |a] — 1. Therefore,

[Wep — Kllp2 = hHTSUP(H(Ww,w — K)oallp2)
a|l—1
> liﬁsgp(\l(Ww,w%Hw — [[Koalp2)
al|—
= limsup [[(Wy,p)0a|lp2 -
la|—1
Thus,

WeullZ = IWey — Kl > 1iﬁ81;p 1(Wep,p)oallpe - .
a|l—

COROLLARY 2.13. Let ¢,v € D? be such that ¢(D) C D. Suppose that
the induced measure v,y is a bounded 2-Carleson measure. Then W, is
compact on D? if and anly if

. (1—lal*)?
].II] d —
1|ailip/D 11— awl* Hop(w) =0
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and .
1—
lim sup/ U= lal)” dvg . (w) = 0.
D

la]—1 |]' _a(“)|4

THEOREM 2.14. Let ¢, € D? be such that (D) C D. Suppose W is
compact on D?, then

lim
|Z|—>1 1 +]Og <l—|2|2

(2.9)

Proof. We know that (W,)*Ka(2) = 1(a) K, (2). So, we have

(W) Kallpz = [[(a) K p(a) I p2 = [t(a)] {1 +log <1—\;(a)|2>} '

Let k, be the normalised reproducing kernel in D?. Then we have

i) {1+ 108 (ke )
L+log (hp)

Further, since W,, ; is compact on D2, and so (Wy.)* is also compact. Again,
ko, — 0 weakly in D? as |a] — 1, and so condition (2.9) is satisfied. N

I(We.p) kallp2 =
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