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1. INTRODUCTION

A subset K of X is said to be topologically negligible provided there exists
a homeomorphism h : X — X\ K. The homeomorphism h is usually required
to be the identity outside a given neighborhood U of K. Here X can be
a Banach space, a manifold, or just a topological space, but we will only
consider the case when X is an infinite-dimensional Banach space and h is
a diffeomorphism (recall that points are not topologically negligible in finite-
dimensional spaces). Such h will be called a deleting diffeomorphism, and we
will say that h has its support on U.

Deleting diffeomorphisms are very powerful tools in infinite-dimensional
global analysis and nonlinear analysis. We do not intend to make a history of
the development of topological negligibility and its applications, and we refer
the reader to the introductions of the papers [5, 10, 22] and the references
therein for a better insight and a glimpse of the many important applications
of smooth negligibility. We should only add to those papers a recent result of
the present authors [11]: in every Banach space X with a C? smooth bump
function and a Schauder basis, and for every compact subset K of X and
every open set U D K, there is a CP diffeomorphism A : X — X \ K so that
h is the identity off U.

In this paper we will try to advance towards a solution of the most in-
triguing problem which remains open in this field despite all recent and old
efforts: to provide a characterization of those infinite-dimensional Banach
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spaces X which admit diffeomorphisms deleting points with a bounded sup-
port. That is, if X is an infinite-dimensional Banach space, when does there
exist a CP diffeomorphism h : X — X \ {0} so that h is the identity outside
a given neighborhood of the origin? As is easily seen, a necessary condition
for the existence of such diffeomorphisms A is that X possesses a CP smooth
bump function. Then one could jump to the natural conjecture that this con-
dition is sufficient as well. But nobody has been able to prove this. There
are only partial results which could be summed up by saying that if X has
a (not necessarily equivalent) smooth norm, or if X has smooth partitions of
unity, then the conjecture is true, see [1, 10]. The general case of this problem
seems to be quite difficult, because the assumption that X has a smooth bump
is quite a weak one. The funny side of all this is that nobody knows of an
example of a Banach space X with a C?P smooth bump function which does
not fall into the category to which the combined efforts of [1, 10] apply. This
is due to the fact that the only known examples of Banach spaces X which
have smooth bump functions but do not possess equivalent smooth norms are
those of Haydon’s [25, 26], and Haydon’s spaces do have smooth partitions of
unity. In fact, the problem whether every Banach space with a CP smooth
bump has CP smooth partitions of unity is wide open. If a positive solution to
the latter is ever reached then the above conjecture would be true by virtue
of the main result of [10]. Unfortunately, an eventual solution to the problem
about the characterization of the existence of smooth partitions of unity seems
to be even more difficult and far away than that of the existence of deleting
diffeomorphisms.

Here we will provide several sufficient conditions for a Banach space X
in order to have diffeomorphisms deleting points. These conditions are of a
geometric flavor and involve the existence of certain families of smooth starlike
bodies in the space X. All of these conditions are very general, and it is very
likely that they are necessary as well. We do not know of any Banach space
with a CP smooth bump which does not meet these conditions.

At this point we need to introduce some terminology and notation con-
cerning starlike bodies, which, apart from the statements of our results, play
a key role in our proofs. We believe that the class of starlike bodies in Banach
spaces is worth a much deeper study than the one it has been given up to
now. The number of things that can be proved if one only knows that there
are enough smooth starlike bodies in a space is somewhat amazing. We hope
that this paper will justify these daring statements and will contribute to en-
courage the analysts and geometers to use and study starlike bodies, both as



STARLIKE BODIES AND DELETING DIFFEOMORPHISMS 173

quite powerful tools and as objects of independent interest.

The next section is devoted to a study of the definitions and basic prop-
erties of starlike bodies, including several notions of inclusions between them,
and a number of geometrical results (such as the Four Bodies Lemma and the
Three Bodies Lemma) which will be used in the proofs of the main theorems of
the paper. In section 3 we will state and prove our main theorems concerning
the existence of diffeomorphisms deleting points in many Banach spaces.

2. A BRIEF STUDY OF STARLIKE BODIES

Many of the proofs of the statements and results of this section are relat-
ively easy and will be omitted, but the interested reader will be able to find
them in A. Montesinos’ PhD thesis [32], available on request by e-mail.

DEFINITIONS

A closed subset A of a Banach space X is said to be a starlike body if there
exists a point ag in the interior of A such that every ray emanating from ag
meets 0A, the boundary of A, at most once. We will say that ag is a center
of A. There can obviously exist many centers for a given starlike body. Up to
a suitable translation, we can always assume that ag = 0 is the origin of X,
and we will often do so, unless otherwise stated. For a starlike body A with
center ag, we define the characteristic cone of A as

ccA={x € X:ap+r(x—ap) € A for all r > 0},
and the Minkowski functional of A with respect to the center ag as
PAa () =pa(z) =inf{t > 0: x —ag € t(—ap + A)} forallxz € X.

Note that pa(x) = p_qo+a(z —ap) for all z € X. It is easily seen that p4 is a
continuous function which satisfies pa(ag +rx) = rua(ao + x) for every r > 0
and z € X, and p;'(0) = ccA. Moreover, A = {z € X: pa(z) < 1}, and
0A ={x € X: pa(z) = 1}. Conversely, if ¢ : X — [0,00) is continuous and
satisfies 1 (ag + Ax) = Mp(ap +x) for all A > 0, then Ay, = {z € X: ¢(x) < 1}
is a starlike body with center ag. More generally, for a continuous function
Y X — [0,00) such that ¢;(\) = ¥(ap + Ax), A > 0, is increasing and
sup{¥z(\) : A > 0} > ¢ for every z € X \ »~1(0), the set ¢»~1([0,¢]) is a
starlike body whose characteristic cone is ¥~1(0) > ao.

A familiar important class of starlike bodies are convex bodies, that is,
starlike bodies that are convex. For a convex body U, ccU is always a convex
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set, but in general the characteristic cone of a starlike body is not convex.
Starlike bodies can also be related to n-homogeneous polynomials, since the
level sets of such polynomials are always boundaries of starlike bodies.

We will say that A is a CP smooth starlike body provided its Minkowski
functional z14 is CP smooth on the set X \ ccA = X \ u;'(0). This amounts
to saying that 0A is a CP smooth one-codimensional submanifold of X such
that no affine hyperplane tangent to A contains a ray emanating from the
center ag. Throughout this paper, p = 0,1,2,....,00, and C° smooth means
just continuous.

We will also say that A is Lipschitz if pu4 is a Lipschitz function on X. It
is easy to see that every convex body is Lipschitz with respect to any point in
its interior, but this is no longer true if we drop convexity: even in the plane
R? there are starlike bodies which are not Lipschitz). For instance, it is easy
to see that the body

A= {(z,y) €R*: 2] <1, [y <1, (2] - 1)* + (jy| - 1)* > 1}

is a bounded starlike body which is not Lipschitz.

Most of the starlike bodies that we will deal with in this paper are radially
bounded. A starlike body A is said to be radially bounded provided that, for
every ray emanating from the center ag of A, the intersection of this ray with
A is a bounded set. This amounts to saying that ccA = {ap}.

In finite dimensions every radially bounded starlike body is in fact bounded
(because the Minkowski functional of the body attains an absolute minimum
on the unit sphere, which is compact), but this is no longer true in infinite-
dimensional Banach spaces. For instance, 4 = {z € o : > 00 22 /2" < 1}
is a radially bounded convex body which is not bounded in the Hilbert space
lo; the body A is the unit ball of the nonequivalent C*° smooth norm w(x) =
(>0, :z:%/Q”)l/2 in 4.

For every bounded starlike body A in a Banach space (X, || - ||) there are
constants M, m > 0 such that

m|z|| < pa(z) < Mlz| for all x € X.
If A is just radially bounded then we can only ensure that
pa(x) < Mljz|| for all z € X,

for some M > 0.
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STARLIKE BODIES AND BUMP FUNCTIONS
The following theorem is implicitly shown in [18, Proposition I1.5.1].

THEOREM 2.1. Let X be a Banach space. The following statements are
equivalent:

1. X admits a bump function (resp., a Lipschitz bump function) of
class CP.

2. There are positive real numbers a,b and a continuous function (resp.
Lipschitz) ¢ : X — [0,00) which is positively homogeneous and sym-
metric, of class CP on X \ {0}, and such that al| - || < <b| - |.

3. X has a bounded symmetric (resp. and Lipschitz) starlike body of
class CP.

As a corollary we get a result that links the existence of bumps on a
quotient space X/Y to the fact that the distance function to the subspace
Y of X can be approximated to some extent by a smooth function whose
behavior is equivalent to that of the distance.

COROLLARY 2.2. Let X be a Banach space, Y a closed subspace of X.
Consider the following statements:

1. X/Y admits a bump function (resp., Lipschitz bump) of class CP.

2. There are numbers a,b > 0 and a continuous (resp. Lipschitz) func-
tion 1 : X — [0,00) of class CP on X \'Y, which is positively ho-
mogeneous and symmetric, and such that a - dist(z,Y) < ¢¥(x) < b-
dist(x,Y) for all z € X.

3. X has a (Lipschitz) symmetric starlike body E of class CP such that
cce(E) =Y.

Then, (1) = (2) = (3).

Proof. Let m : X — X/Y the natural projection. Assuming (1) is true,
by the preceding Theorem 2.1 applied to the quotient X/Y, we get numbers
a,b > 0 and a function ¥ : X/Y — [0,00) with the right properties so that
the function ¢ := Wor satisfies (2). Finally, in order to obtain (3) it is enough
to define F:={z € X : ¢(zx) <1}. 1
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THREE NOTIONS OF INCLUSION

In the proofs of the results of the next section we will often require that
the boundaries of certain starlike bodies are well separated. We next define
and study three different notions of inclusion between starlike bodies, all of
which are quite natural when different separation properties are required.

DEFINITION 2.3. Let A, B be subsets of a Banach space X. We will say
that B contains A in distance provided that dist(A4, X \ B) > 0, and we will
write A Cg4 B.

Remark 2.4. The statement A C; B is equivalent to the existence of a
number € > 0 such that A+eBx C B. Assume that A is bounded. Then, for
every x € X, the set —x + A is also bounded, hence there exists § > 0 so that
d(—z + A) C eBx. Therefore

x4+ (14+0)(—z+A)CA+6(—x+A) C A+eBx C B.

This observation leads us to the definition of the other two notions of
inclusion.

DEFINITION 2.5. Let A, B be subsets of a Banach space X.

(i) Assume that B is a starlike body with center zog. We will say that
B contains A in the Minkowski sense provided there exists § > 0 so that
xo + (14 0)(—xo + A) C B, and we will denote A C,, B.

(ii) Assume now that A is a starlike body with center zp. We will say that
A is A-contained in B if there is a § > 0 so that xo + (1 +J)(—zo + A) C B,
and in this case we will write A Ca B.

Remark 2.6. Note that the inclusions C,, and Ca only differ on which of
the two subsets is a starlike body with respect to xg.

The next lemma links the inclusions C,, and Ca to the Minkowski func-
tional of the bodies.

LEMMA 2.7. Let A, B be subsets of a Banach space X.
(i) Suppose B is a starlike body with center xy. Then
AC, B & sup{up(z):xz€ A} <1,

where pp is the Minkowski functional of B with respect to the center
Zo-
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(ii) Suppose that A is a starlike body with center xy. Then

ACa B inf{ua(x):z€ X\ B} > 1.

Proof. The fact that sup{up(x): z € A} <1 is equivalent to the existence
of 0 € (0,1) such that up < 1—¢ on A, which is, in turn, obviously equivalente
to the existence of § € (0,1) with %_(SA C B and, therefore, to A C,, B.

The proof of (ii) is analogous and does not offer any difficulty. 1

Remark 2.8. If B is a starlike body, the functional up measures the po-
sition with respect to B of the points of the space X. Since the interior of
B is the set {x € X : up(z) < 1} and the boundary is given by {z € X :
pup(z) = 1}, it seems quite natural to single out those subsets A of B which
are separated from JB, where separation and closeness are given in terms of
the values of up.

We next present a special property of Lipschitz starlike bodies.

LEMMA 2.9. (i) Let A be a Lipschitz starlike body (with respect to the
origin). Then, for every € > 0 there exists 6 > 0 so that A+ dBx C (1+¢)A.

(ii) Let C' be a convex body of a Banach space X with 0 € int C. Then,
for every 0 < § < 1, we have (1 —0)C C4C.

Proof. (i) Let M be the Lipschiz constant of pi4. For a given € > 0, choose
0 > 0 with 0M < e. Consider x =y + z, with y € A, z € §Bx. We have

pa(@) = paly +z) — pa(y) + paly) < Mzl + paly) < Mo+1<1+e.

This shows that A+ dBx C (1 +¢)A.
(ii) is immediate from (i) taking into account that every convex body is a
Lipschitz starlike body. |

The next proposition relates the three notions of inclusion that we have
established.

PRroPOSITION 2.10. Let A and B be subsets of a Banach space X.

(i) If A is bounded, A Cq B and B (resp. A) is a starlike body with center
& € X, then A C, B (resp. ACa B).

(ii) If A and B are starlike bodies with center { € X, A is Lipschitz and
AC, B, then ACy B.
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(iii) If A is a Lipschitz starlike body and A Ca B, then A C4 B.

(iv) If A and B are starlike bodies with center & € X, then A C,, B if and
only if A CA B.

(v) Assume that X is finite-dimensional, A and B are starlike bodies with
the same center £y € X, and the body A is bounded. Then, A Ca B if
and only if A Cgq B.

Proof. (iv) is obvious, and (i) follows from Remark 2.4. Let us prove (ii).
By definition, there is § > 0 so that & + (1 + §)(—& + A) C B. Since A
is Lipschitz, by Lemma 2.9, there is ¢’ > 0 so that (=& + A) + ' Bx C
(14+6)(—&o + A). Hence

A+8Bx Cé+(1+0) (=& +A)CB

y A C4 B. The proof of (iii) is analogous.

Let us show (v). Since A C4 B and A is bounded, (i) implies that A Ca B.
Let us see the converse. Assume that A were not contained in distance in B.
Then dist(A, X \ B) = 0 = dist(0A,dB). Since 0A is compact in the finite-
dimensional space X, and dist(0A,dB) = 0, we deduce that A N IB # (.
Take x € AN OB. As A Ca B and x € 0B, by Lemma 2.7, we get that
pra(z) > 1. This is a contradiction, because x € 94 = p ;' (1). 11

We next see a few examples showing that the relations established among
the different notions of inclusions in the above proposition are optimal, in the
sense that the results are false if one drops the boundedness assumption of
parts (i) and (v), or the Lipschitz hypothesis in parts (ii) and (iii).

EXAMPLE 2.11. The boundedness of A is essential in part (i) of Propos-
ition 2.10. In the Hilbert space X = ¢3(N), with the usual norm || - ||, the
associated inner product ( \ ), and the canonical basis (e;)?° , let us consider
the nonequivalent norm w : X — [0, 00) defined as

2

o= (23"

n=1

for every x = (x,)n, € X. Its unit ball A = {x € LL,(N): w(z) < 1} C X
is a C°° smooth symmetric convex body which is radially bounded but not
bounded. In a similar way, the body B = {x € (»(N): dist(z,A) < 1} is a
convex body which is not bounded. It is obvious, from the definition, that



STARLIKE BODIES AND DELETING DIFFEOMORPHISMS 179

A Cq B. And yet A is not A-contained in B (neither is A contained in the
Minkowski sense in B). Indeed assume that there were a number 6 > 0 with
(140)A C B. For each k € N, set v, = 2k/2¢, and the affine hyperplane
Hy = {z € X: (zvg) = (vivr) = 2¥}. Clearly, (vg)y C OA. For each
k € N we have that A C {z € X: (z|vy) < 2¥}, and therefore Hj is a
supporting hyperplane of A at the point vy € OA (note that vy, € Hx N IA).
Since ((1 + 5)vk]vk) > (vk]vk), it follows that Hj, separates A from the point
(1 + d)vg. Hence,

dist ((1+5)Uk,A) > dist ((1+5)Uk, Hk) = dist ((1+6)Uk, Uk) = d||vg|| = §2k/2,

By choosing ko € N big enough, we get §250/2 > 1 and dist ((1+5)ka, A) > 1.
This means, according to the definition of B, that (1 + 0)v, ¢ B, a contra-
diction with the fact that vy, € A and the assumption that (14 6)A C B.

EXAMPLE 2.12. In part (v) of Proposition 2.10 the boundedness assump-
tion on A is essential. In X = R? let us define the starlike bodies

A=A{(z,y) € R2: lzy| <1} and B = {(z,y) € R2: lzy| < 2}.

It is easy to see that A Ca B and A C,, B, but dist(A4, X\B) = dist(0A4,0B) =
0, hence it is not true that A Cy4 B. In particular, neither A nor B are
Lipschitz.

EXAMPLE 2.13. (A PORCUPINE BODY) The above example also shows
that in parts (ii) and (iii) of Proposition 2.10 the Lipschitz assumption is
essential. The bodies A and B cannot be bounded here because the ambient
space is finite-dimensional. Next we exhibit a bounded counterexample in
infinite dimensions. In the Hilbert space X = fs, let (e, )nen be the canonical
basis. For each vector e, we are going to construct a spike of length 3, direc-
ted by the vector e,, in such a way that the bigger n, the narrower the spike.
By gluing all those spikes together with the unit ball of X we will get a C*°
smooth bounded starlike body A. For some 6 > 0, the body B = (1 + §)A
satisfies that A Ca B and yet, because of the spiked structure of A, and with
a wise choice of § > 0, one can have A not contained in distance in B. Let us
give a formal definition of A. Fix a number

(051 (3))

and for each n € N, define ¢, := €™, and pick a function g, : R — (0, 00) of
class C™° satifying the following conditions:
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) = gn(—s) for each s € R.
s) =1/100 if |s| > e.
s) = (1—s)Y2, if ten <5< 3e,.
16n) = 2.
. gn = 3 on [—%en, %5,1].
6. g, <0on [0,00).

gLk W =
i)
3
A~~~

For every m € N, consider the hyperplane H,, := {z € X: z,,, = 0} and the
decomposition X = H,, & [e;,] = Hy,, X R. Define the function F,, : H,, —
(0,00) by Hy, 3 h — gm(||1]|), and the sets

E,={h+te, € X:he€ Hy,, tcR, Fy,(h)>t},
{h+te, € X:he Hy, teR, ||h|| <e}, and
{h+te, € X: he Hy,, teR, t>—-1/100}.

It is not difficult to see that these are starlike bodies with respect to the origin.
Now let us define

Uy = ({h+ten €X:heHy, teR, |b]<e t>—1/100} mEm) U By.

One can show that U, is a C'*® smooth starlike body. Geometrically speaking,
U, is but a ball with a smooth spike of length 3 directed by the vector e,,,
with the property that the diameter of the spike of U,,, goes to zero as n — oo.

Then we consider the union of all of these balls with spikes, A = J,,,cry Um-
Because of the construction of U,,, the set A is a C'°° smooth bounded starlike
body. Define B = %A. It is clear that B is a C"*° smooth bounded starlike
body as well. Finally, it is not difficult to see that dist(A, X \ B) =0, so A is
not contained in distance in B. See [32] for the details.

Note that this example also shows the existence of C*° smooth bounded
starlike bodies which are not Lipschitz (if A and B were Lipschitz then, by
(iii) of Proposition 2.10, we would have A C4 B). This is a distinctive feature
of infinite-dimensional spaces: in R", every C'! smooth bounded starlike body
is Lipschitz.

STABILITY OF STARLIKE BODIES

Now we will see that starlike bodies behave well (are stable) with respect
to certain operations, such as radial diffeomorphisms, and inverse images of
continuous linear mappings. We say that a mapping h : X — X is radial
of center o9 € X provided there exists a function 7 : X — [0,00) such that
h(z) = xo + n(x — x0)(x — ) for every x € X.
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LEMMA 2.14. Let X be a Banach space. Let h : X — X be a radial
homeomorphism with center xy € X. Then, for every starlike body E with
center xg, h(E) is also a starlike body with center xy. Moreover, if h is a
C? diffeomorphism, then h maps CP starlike bodies with center xo onto CP
starlike bodies with center x.

The proof is easy.

LEMMA 2.15. Let T : X — Y be a continuous linear mapping between
two Banach spaces. If B' C Y is a CP smooth starlike body with center
V¥ € T(X) and with characteristic cone F', then B := T~Y(B') € X is a C?
smooth starlike body with center b € T—'(V') and with characteristic cone
T-YF").

Proof. Set b € T=1(V'). Consider the function ¢ : X — [0,00) defined
by ¢ = pup o T. This function is continuous, positively homogeneous (with
respect to the point b € X), of class CP on X \¢~1(0), and such that ¢ =1(0) =
T~Y(F"). Then

B:=T'B)={recX: () <1}

is a CP smooth starlike body with center b, and cc(B) =T (F'). 1
LEMMA 2.16. LetT : X — Y be a continuous linear mapping between two

Banach spaces. Let A’ and B’ be starlike bodies with respect to a point yg =
T(xo) € T(X) such that A’ C,, B'. Then A:=T"1(4") c, T (B') := B.

Proof. According to the proof of the preceding lemma, g = par o T, and
up = pupr oT. Then, for each x € A,

pp(x) = pp (T(x)) < sup, pe(y) <1

because A’ C,, B, hence

sup up(x) < sup pp(y) < 1.
z€A yeA’

thatis AC, B. 1

LEMMA 2.17. LetT : X — Y be a continuous linear mapping between two
Banach spaces. Assume that A’ is a starlike body with center yo = T'(zg) €
T(X) such that A’ Ca B'. Then A:=T Y(A") cA T"Y(B') := B.



182 D. AZAGRA, A. MONTESINOS

Proof. By Lemma 2.15, A := T71(A’) C X is a starlike body with center
xo € X, and A C B. Besides, we have s = paoT. Since T(X\ B) C Y\ B,
bearing in mind that A" Ca B’, and applying Lemma 2.7, we get

inf{pa(z) 2 € X\ B} = inf{pa(T(z)):z€ X\ B}
> inf{ua(§):£E€ Y\ B} > 1.

Now, again by Lemma 2.7, we conclude that A Ca B. |1
SMOOTH APPROXIMATION OF STARLIKE BODIES

Next we prove that in all Banach spaces with smooth partitions of unity
every starlike body can be well approximated by smooth starlike bodies.

PROPOSITION 2.18. Let X be a Banach space with CP smooth partitions
of unity. Then, for every starlike body C with cc(C') = {0} and for every
d > 0, there exists a CP smooth starlike body A with cc(A) = {0} and such
that (1—-0)C C AC (14 0)C.

Proof. Since X has CP smooth partitions of unity, X has a CP smooth
bump as well, so by Theorem 2.1 there is a CP smooth bounded symmetric
starlike body B in X. Choose g € (0, 1) so that

1
146 and 1 —
o <140 and Lde < s

and define € : X \ {0} — (0,00) as
e(x) = eopc(x) for all x # 0,

which is a strictly positive continuous function. Since X has CP smooth
partitions of unity, so does its open subset X \ {0}.

Hence, given the continuous function puc : X \ {0} — (0,00), there exists
a CP smooth function g : X \ {0} — R such that |uc(z) — g(z)| < e(x) for all
x # 0. Now define ¥ : X — R by

Y(x) = pp(x)g( ) ifx#0,
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and ¥ (0) = 0. The function 9 is clearly continuous on X, v is of class C? on
X \ {0}, and 9 is positively homogeneous. Moreover,

[(x) — pe(x)] = |us(x)g(x/up(x) — po ()|
} ( )g(x/up(x)) — p(@)pc(x/pp(x))]
(z)e(x/pp(x))
OMC( )

for all z # 0. In particular, ¥(x) > (1 — gg)pc(x) > 0 if & # 0. Therefore,

A={ze X ¢Yx) <1}

is a CP smooth starlike body with respect to 0. Let us check that A approx-
imates C as required. We have: if z € A then (1 — go)uc(x) < 1 which
implies that =z € ﬁ()’ C (149)C,s0 AC (14 6)C. On the other hand, if
x € (1—-6)C, that is, uc(z) <1 — 46, then we have

P(x) < (1+eo0)uc(r) < (1+e0)(1-0) <1,

hence z € A. 1
COROLLARY 2.19. Let X be a Banach space with CP smooth partitions
of unity, C1 a bounded starlike body with respect to a point ¢, and Co a mere

subset of X such that C7 Cg4 Cy. Then there exist D1 and Dy, CP smooth
starlike bodies with respect to ¢, which satisfy C1 C, D1 C, Dy Cq Co.

Proof. We may assume that ¢ = 0 and Co C Byx. Let us pick € > 0 such
that dist(Cy, X\ C2) > €. According to Lemma 2.18, there exists a C? smooth
starlike body with respect to 0, A, satisfying

(1-0)(1+¢/2)C; C AC (1+6)(1+¢/2)C,

where 0 is any positive number such that €/2 — 6(1 + ¢/2) > ¢/4. Define
Dy := A. Since (1 —-0)(1+¢/2) > 1+ /4 we have that C; C (1 +¢/4)C1 C
(1-6)(1+¢/2)Cy C A = Dy, and in particular C1 C,, D;1. On the other hand,

A=D; C (140)(14+¢/2)Cy C C1+(0+¢/2+0¢/2)Cy C Ci1+(0+¢/2+0¢/2)Bx,
which implies that

dist(D1, X \ Co) > dist (Cy + (6 + /2 + 02/2)Bx, X \ Ca)
>e—(0+¢e/240¢/2) > /4.



184 D. AZAGRA, A. MONTESINOS

Define now D3 := (1 +¢/8)D;. It is obvious that Ds is a CP smooth starlike
body with respect to 0 satisfying D; C, Ds. Finally, we have that Dy =
(1+¢/8)D1 C D1 +¢/8Bx, and therefore

dist (D2, X \ Cp) > dist (D + - Bx, X \ Cb)

> dist (D, X \ Cy) —%
£ e 9

> - =C

“178 8

which means that Dy C4 Cy. 1

THE FOUurR BODIES LEMMA

It is well known that for every two CP smooth convex bodies with the same
characteristic cone there always exists a radial diffeomorphism carrying one
body into the other. Next we are going to give a more sophisticated result
for starlike bodies. Namely, given an ascending tower of four starlike bodies
with the same characteristic cone and such that every body is contained in
the interior of the following one, there is a diffeomorphism carrying the second
body onto the third one and being the identity inside the first one and outside
the fourth one. This will be an invaluable tool for us in order to prove the
results of Section 3.

We begin with two technical lemmas.

LEMMA 2.20. Consider the region G = {(a,b,z) € R3 : a < b} of R3.
There exists a C* smooth function H : G — [0, 1] such that:

1. H(a,b,x) =0ifx < a;

2. H(a,b,x) =1ifx >b;

3. 0H/0x > 0.

Proof. Let a: R — R the C* smooth function defined as

0 ifz <0
a(z) = o
exp(—=) ifx>0.

Tz
For every couple of numbers a < b, let us define

0 fz<a
Bap(x) = a(r —a)a(b—x) = exp(—x—ia) exp(—ﬁ) fa<z<b

0 if x > b.
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It is clear that the function G 3 (a,b,z) — B, p(x) is of class C*°. Consider
the region V := {(x,y, z,w) € R*: 2 < w}, and define F: V — R,

F(x,y,z,w) = /m Ba.w(t)dt,
y

which is a C* smooth function: this is very easily proved by taking into
account that the function (z,w,t) — B, (t) is C* smooth, and by applying
the Fundamental Theorem of Calculus, and differentiating under the integral.
Consider the mappings

Tl(a7 ba :I:) = (w,a,a,b), TQ(aa b,!L‘) = (b7aaa7b);
H1 = (FOTl)‘ga H2 = (FOT2)|g,

which are C'° as well. Since Hj is strictly positive on G, the function H :
G — R defined as

Hi(a,b,z) [ Bap(t)dt

Ha,b.w) = o) = Sy Bap(t)dt

is also of class C*°. It is immediate to verify that H satisfies conditions (1)
and (2). Moreover,

8£ _ ﬂa,b(x)
O [ Bop(t)dt

so condition (3) is satisfied as well. 1

)

NOTATION 2.21. In the remainder of this paragraph we will be using the
following notation. Consider the region U = {(t,s) € R?: 0 < t < s} of R2.
Let

r1 be the line passing through the point (1, 1) with slope tg(—7/6) = —%;

9 be the line passing through (1,1) with slope tg(—7/3) = —/3.

For each (t,s) € U, let (a1(t,s),az(t, s)) be the point where 71 intersects with
the line passing through the origin and the point (¢, s); and let (b1 (¢, s), b2(¢, s))
be the point of intersection of r9 with the same line. That is,

ay(t,s) = 7“1—'—\/3) as(t, s) = 78(1+\/§)
B t+sV3 2 t+5V3

1+ V3) ~s(1+V3)
bl(tvs)_ S—i—t\/g’ b2(tas)_ S—i—t\/g :



186 D. AZAGRA, A. MONTESINOS

It is clear that all of these functions are homogeneous of degree zero, and of
class O on U. Besides, for every (t,5) € U we have 0 < (a? + a2)(t,s) <
(b + b3)(t, 5).
Let us also define the following regions of the plane:
U ={(t,s) el :s<1—(t—1)/V3}
Uy ={(t,s) eU:1—(t—1)/V3<s<1—V3(t—1)}
Us = {(t,s) eU:1—3(t—1) < s},

that is, the three subregions of U separated by the lines r; and rs.

LEMMA 2.22. There is a C'°° smooth function ¢ : U — R such that:

L 0<o<1;

. p(t,s) =0if 0 < t?+ 5> < (a? +a3)(t,s), that is, if (t,5) € Uy;

. p(t,s) = 1if (b2 +b3)(t,s) < t? + 8%, that is, if (t,s) € Us;

4. the function (0,00) 2 A — ¢(\t, \s) is nondecreasing for each (t,s) € U.

W N =

Moreover, the function ¢ := 1 — ¢ satisfies that (0,00) 3 A — (A, As) is
nonincreasing, for every (t,s) € U.

Proof. Consider the region G = {(a,b,r) € R?: a < b}. By Lemma 2.20,
there is a C* smooth function H : G — [0, 1] such that H(a,b,z) = 0 if
x <a; H(a,b,z) =1if > b; and 0H/0z > 0. Define ¢ : U — R as

o(t,s,\) = H((af + a3)(t,s), (] + b3)(t, 5), t* + s?),

and let v = 1 — ¢. It is trivial to verify that ¢ and v have the required
properties. |

Now we can state and prove the Four Bodies Lemma.

LeEmMA 2.23. (THE Four BoDIES LEMMA) Let X be a Banach space,
and let A, B,C and D be four CP smooth radially bounded starlike bodies
with respect to a point xg, Assume that

A Cint(B) C B Cint(C) C C C int(D).

Then there exists a CP diffeomorphism h : X — X such that:

1. h(B) =C;
2. h is the identity on AU (X \ D);
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3. h is a radial diffeomorphism; in particular h maps CP smooth starlike
bodies with respect to xg onto starlike bodies with the same center.

Proof. We may assume g = 0. Let ¢ and 1 be the functions defined on
U as in Lemma 2.22. Define f: X — X by

f(@) = (6(un(@), na(@)) Zigg 1= 6(up(@), pal@) o, a0,
f(0)=0.

Note that for every x # 0 we have up(z) < pa(x) because A C int(B).
Let us first see that f is a CP diffeomorphism of X. Consider the function
G: (X \{0}) x (0,00) — R defined by

1B(y)
Gy, A) = (@(AuB(Y), Analy +1—=90(Aus(y), Auay)) ) A
() = (60um), Aea) oS (i), Mia(y))
for every y € X \ {0}, and X\ € (0,00). For a given vector y # 0, define the
partial function Gy(A) = G(y,A) for all A > 0. A simple calculation shows
that

E)acf\y :(‘z’(A“B(y)’ Aua(v) Zig; +1=6(us(y), /\MA(y)))
+ 5 (00un) Mea)) (424 - 1),

Fix y € X \ {0}. From the above expression for 88%, and taking into account
(4) of Lemma 2.22, we deduce that

%Ciy > (qb()\MB(y),)\HA(y))ZgEzi +1- ¢()\MB(?J)>)‘HA(3/)))

Zmin{ljuB(y)} _

pe(y)

and therefore the function A € (0,00) — Gy() is strictly increasing. This
function also satisfies limy o+ Gy(A) = 0, and limy_. Gy () = oo. It follows
that for every y € X\ {0}, there exists a unique A(y) > 0 for which Gy (\(y)) =
1, that is, f(A(y)y) = y. Hence f: X \ {0} — X \ {0} is a bijection, with
F~Yy) = My)y for all y # 0. Since f(0) = 0, the mapping f: X — X is a
bijection.
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Now, for every o # 0 and Ay > 0, we have

oG oG,

W0 do) = 53

hence, by the Implicit Function Theorem, y — A(y) is of class C? on X \ {0},
and so is f1.
In view of the properties of ¢, if 0 < pa(x) < 1, then

(nB(z), pa(z)) € th C ¢71(0),

and f(z) = x. Therefore, f is the identity on A, which is a neighborhood of 0.
From all of this we get that f : X — X is as CP diffeomorphism.
Moreover, when x ¢ B we have

(15(@), pa(z)) € Us € o~ (1),

so that, f(z) = (up(x)/pc(x))z, and f(X\ B) = X\ C and f(B) = C.
Now let us consider the mapping ¢ : X \ {0} — X \ {0} defined by

(?JO, )‘0) Z 17

pe(x)
1(x)
An analogous argument to the one used for f shows that g is a CP smooth

self-diffeomorphism of X \ {0} and g is the identity on X \ D. Let us collect
the properties of the mappings f and g¢:

g(z) = (w(uD(:v),uc(x)) +1—9(up(), ,uc(x)))x, if 2 0.

Al
X\B L X\C:z— oty
f(B)=C
X\D-L X\D:z—ux
C\{0} % B\ {0} : w0 — Leltly
g(X\C)=X\B.
Next we study the behavior of f and g on dB. For a given point z € 0B, we

have 1 = ug(z) < pa(z), so (up(x), pa(r)) € int(Us) C int(¢~1(1)). Bearing
in mind that pup and p4 are continuous, we get a d, > 0 so that

(15(£), pa(€) € int(ls) C int(674(1))

for every £ € X with ||§ — x| < d,. Then for every x € OB there exists d, > 0
such that
~ ws(§)

-z O = .
1€ — 2| <z = f(E) uc(é)g
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Take again x € 0B. Since g is a CP diffeomorphism X \ {0} and ¢g(0C) =

0B, there exists y € 9C such that g(y) = z. By a similar reasoning to the

e (§)
PG

above, there exists an open neighborhood V¥ of y such that g(§) =
whenever £ € VY. It follows that

-1 _,UB({) i T
g (5)—MC(£)§ f&ews,

where W* := ¢g(V¥), which is an open neighborhood of z. Summing up,

() For all z € OB there exists U*, open neighborhood of x € 0B, such that
f=g¢g'on U=,

Now we can define the diffeomorphism h of the statement. Let h : X — X
be defined as
<1
> 1.

o) = f(x) if up(z)
) {g%x) i ()

Since f: X — X and g : X\{0} — X\{0} are CP, and taking (x) into account,
it is clear that h is well defined and is, at least locally, a C? diffeomorphism.
Let us see that h is a bijection. By the definition,

A(int(B)) = f(nt(B)) = int(C),  h(X\B) =g "(X\B)=X\C,

so that A(int(B))N h(X \ B) = (), and h is an injection. That h is onto follows
from the facts that h(B) = f(B) = C and h(X \ B) = ¢ (X \ B) = X \ C.
Since h is locally a diffeomorphism and is bijective, h is a diffeomorphism.

It is clear that h satisfies conditions (1) and (2). Furthermore, since f and
g are radial mappings, so is h, and, by Lemma 2.14, (3) is true. 1

Remark 2.24. 1t is clear from the above proof that in the statement of the
Four Bodies Lemma one can drop the assumption that the bodies are radially
bounded. It is enough to demand that they all have the same characteristic
cone.

Remark 2.25. From the above lemma it is easily deduced that every two
CP? smooth starlike body with the same characteristic cone are C? diffeo-
morphic.
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SMOOTH SQUARES

A smooth square is an ordinary square V in R?, but with rounded corners,
so that it becomes a C'*° smooth symmetric convex body that is very useful
to combine two different convex (or starlike) bodies A and B of different
subspaces Y and Z of a Banach space X =Y @ Z into a new body D (defined
by pup(y,z) = pyv(pa(y), up(z))), which is equivalent to the sum (or sup)
combination of the old bodies, with no loss of smoothness.

DEFINITION 2.26. A subset V of the plane R? is a smooth square provided
that:

(i) V € R? is a C* smooth bounded convex body, with the origin as an
interior point.
(ii) (y,2) € OV & (e1y, e22) € OV for each couple (e1,€2) € {—1,1}2.
(if) (3,31 % {=1L,1} U{=1,1} x [-1, 3] ¢ V.
(iv) Vv C [-1,1] x [-1,1].

The following lemma enumerates the essential properties of a smooth
square. Property (4), which may seem rather technical, means that the unit
sphere of V is locally flat and orthogonal to the axes on a neighborhood of
the intersection of 9V with the lines {x = 0} U {y = 0}. This property is
fundamental in order not to lose differentiability properties when combining
starlike bodies by means of the smooth square, as we will soon see.

LEMMA 2.27. Let V C R? be a smooth square. Then its Minkowski func-
tional py : R?2 — R is a C™ smooth norm on R? such that

Loy <[] < 2uy.

2 oo < piv < 2]+ o

3. m(0,2) = [z], pv(y,0) =yl

4. For every (y,z) € (R\ {0}) x (R\ {0}), there exists 0 > 0 so that
(', 2) = W (Y =y, )l < 0 and py(y',2") = 2] i (v, 2" —
2)]|oo < 0.

5. The functions t € (0,00) — uy(y,tz) and t € (0,00) — uy(ty,z) are
both nondecreasing.
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Proof. 1t is clear that py is a C*° smooth norm. Since
[—

we have that || ||co < py < 2|+ ||o, that is (2). In a similar way one can show
(1). Property (3) is immediately deduced from the fact that the points (1,0),
(=1,0), (0,1), (0,—1) belong to OV.

Let us show (4). Let o := 1/4min{|y|,|z|}, which is a strictly positive
number. If ||(y — v, 2')||c < o, then

] X [_%7%] cvc [_1’ 1] X [_171]7

N[ =

)

N[

Edl o 1lvl _1.1
W~ lyl=o = Jyl—gly 3 2

|z

so that

y 2 11
(m, m) S {—1,1} X [— 5,5} C oV,
and therefore py (y/,2") = |¢/|. By symmetry it is clear that puy(y/,2') = |z
if |(y, 2" = 2)lloo < 0

Finally, let us check (5). Pick (y,2) € R?. The function g : [0,00) — R
defined by ¢(t) = uy(y,tz) is obviously convex. Therefore, in order to prove
that ¢ is nondecreasing, it is enough to see that ¢ has a minimum at the
point ¢ = 0. Thanks to the symmetry properties of the smooth square this is
obvious: for each v € R, we have that

'

v (y:0) = v (3. v) + 5y —0)) < Jav(y,0) + Fav(y, =) = v (y.v),
that is g attain its minimum at 0. |

Now we can state and prove the above mentioned result about combining
Minkowski functionals into equivalent functionals without losing smoothness
properties.

LEMMA 2.28. Let X = Y @ Z be a Banach space, py : Y — R and
pz + Z — R continuous functionals which are of class C? on Y \ {0} and
Z \ {0}, respectively. Then the functional p: X =Y & Z — R defined by

p(x) = p(y, 2) = wy(py (y), pz(2))

is of class CP on X \ {0}, where V is any smooth square of R2.
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Proof. 1t is clear that p is of class CP on the set {(y,2) € X:y # 0 # z}.
Now take a point (yo,20) in ({y = 0} U{z = 0}) \ {0}. Suppose that yo #
0 = zp. From the continuity of py y pz, and from property (4) of Lemma
2.27, there exist a neighborhood of the point (yg, z0) = (yo,0), contained in
{(y,2) : y # 0}, and a number x > 0 so that

p(y, z) = Kpy (y)

in such neighborhood. This shows that p is CP smooth on {(y,0): y # 0}. By
symmetry it follows that p is also of class CP on {(0,z) : z # 0}. Hence p is
of class C? on X \ {0}. 1

TRANSLATING DIFFEOMORPHISMS WITH BOUNDED SUPPORTS

Here we will see that if a Banach space X admits a C? smooth bump
function then, for every two points a,b € X, and for every R > 0 there
exists a CP diffeomorphism ¢ : X — X which is the identity outside the set
{z € X : dist (z,[a,b]) < R}, and which behaves like a translation directed
by the vector b — a when restricted to balls of center a and radius r (where
r < R in a ratio depending only on the space X but not on the points a,b).
These translating diffeomorphisms with bounded supports are essential tools
for us to prove the Three Bodies Lemma of the following paragraph, which in
turn plays a key role in the proofs of our main theorems of Section 3.

We first show the existence of such diffeomorphisms when X = R?. In this
case the diffeomorphism is obtained by means of a global flow associated to a
vector field.

LEMMA 2.29. Let a # b be two points of R?, ¢ > 0. Define C = {x €
R? : dist(z, [a,b]) < 2¢}, where [a, b] is the segment joining a to b. Then there
exists a C*° diffeomorphism h : R? — R? such that

1. h(x) = x4 (b— a) for each x € B(a,¢), and in particular h(B(a,c)) =

B(b,e);

2. h is the identity on R?\ C;

3. h is of the form h(x) = x + g(z)(b — a), where g : R> — R; therefore, h

takes each line parallel to the segment [a, b] onto itself.

Proof. With no loss of generality we may assume that a = 0 and b = (b1, 0),
with b; > 0. Define

Cy = {z € R? : dist(z, [a, b]) < €}.
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By the smooth version of Urysohn’s Lemma, there exists a C*° smooth func-
tion f : R? — [0,1] such that f = 0 on R?\ C and f = 1 on C;. Now, for
each y = (y1,y2) € R?, consider the ordinary differential equation

(t) = f(z1(t), z2())

0
z1(0) = y1, x2(0) =yo

It is easily seen that this equation has a unique solution z*) defined on the
whole of R. A closer look at this equation reveals that

(i) if y ¢ C, then z¥)(t) = y for each t € R;
(i) if y € B(a,¢€), then 2 (t) = (t + y1,y2) whenever 0 <t < by;
(iii) 2® is of the form x¥)(¢) = (z{¥)(£), ).

The family of solutions {z(*) : y € R?} are the integral curves of the vector
field F : R? — R? defined by F(z1,22) = (f(21,22),0). Since F is bounded,
of class C*°, Lipschitz, and vanishes outside the bounded set C, it is clear that
F generates a unique uniparametric group of diffeomorphisms of R?. That is,
there exists a unique global flow ¥ : R x R? — R? of class C™ associated
to the vector field F' (see [31, Lemma 2.4] o [29, Proposition IV.2.5]). This
means that for every ¢t € R, the mapping ¥; : R> — R2 2 — W¥(t,z) is a C™®
diffeomorphism with inverse (¥;)~! = ¥_;, and ¥,;; = ¥, o ¥U; whenever
s,t € R%. Moreover, ¥(t,y) = W) (t) for each (y,t) € R? x R.

Let us define h := ¥}, . Bearing in mind the properties (i)-(ii)-(iii) above,
it is easily seen that h : X — X is a C°° diffeomorphism satisfying properties
(1) and (2) of the statement. To check (3) it is enough to write

h(y) = Wy, (y) = 2 (b1) = (21 (01), 2) = (y1,12) + 28 (b1) (b — a),

and define g(y) = xgy)(bl)/bl. 1

Now we can pass to the case of a general Banach space X.

ProprosiTION 2.30. Let X be a Banach space having a CP smooth bump
function. There exists a constant K > 1, depending only on the space X,
such that for every pair of points a,b € X and every R > 0, there exists a CP
diffeomorphism ¢ : X — X satisfying:

1. ¢(x) =z + (b—a) for every x € B(a,r), if 0 <r < R/K;
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2. ¢ is the identity on X \ C, where C := {x € X : dist(z, [a,b]) < R};
3. ¢ is of the form ¢(x) = x + g(x)(b — a), and in particular ¢ maps each
line parallel to the segment [a, b] onto itself.

Proof. We may assume that a = 0. Since X has a CP smooth bump
function, there exists a CP smooth symmetric bounded starlike body A (see
Theorem 2.1). Because A is bounded and has the origin as an interior point,
there are numbers m; y M such that m||z|| < pa(z) < Mi||z| for all z € X.

Set v = b/||b||. By the Hahn-Banach theorem, we may choose v* € X* so
that ||v*|| = ||v]| = v*(v) = 1, and we may decompose the space as X = [v]®H,
with H = Ker(v*). In the remainder of the proof we identify X to R x H,

with the norm
1/2

plt,@) = |2+ |lo]?]

which is equivalent to the original norm ||-|| of X. Thus each £ € X is written
as (t,x) € R x H, with £ = tv+x =t(b/|b]|) + =.

Next we introduce a new starlike body D. Let, for every (¢t,2) € RxH = X

() = [+ pata?]

Then 7 is the Minkowski functional of a starlike body D, which is bounded,
symmetric and of class C!, defined as D := {(t,z) € X : n(t,x) < 1}. The
body D is equivalent to || - ||, in the sense that there are positive constants msa
and Mj so that mal|z|| < up(x) < Ms||z|| for every z € X.

From the equivalence of the norms ||-|| and p and the Minkowski functionals
of A and D, it follows that there is a constant M > 1 such that 1/M||z| <
ualw) < Mlall, 1/M|z] < pp() < Ml|z| and 1/M|2]] < p(z) < M]jal], for
all z € X. Define « = R/2M?, and take a C* smooth function 6 : R? — [0, 00)
so that

6(t) =0 ift <a/2
0t)=t—« if t > 2«
t—a<O(t)<t if t > 0.

Now fix ¢ = R/4M?. According to Lemma 2.29, there exists a C* diffeo-
morphism h : R? — R? satisfying:
(i) h translates the ball B((0,0),¢) onto the ball B((]|],0),¢).
(ii) h is the identity outside the set {(t,s) € R? : dist((¢, s), [0, ||b]|] x {0} <
2¢e}.
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Now we can define a diffeomorphism ¢ : X =R x H — X by

¢(ta :E) = (hl(tv (0 0 ,UA)(I')), x)v

where h; is the first coordinate function of the diffeomorphism h = (hq, ha).
It is immediately checked that ¢ : X — X is a bijection with inverse

o7 (@) = (" (8 00 pa)(@)). ),

where (h~1); is the first coordinate function of the inverse h~! of h. Clearly,
both ¢ and ¢~ are CP smooth, and therefore ¢ is a C? smooth diffeomorph-
ism. It only remains to check that ¢ satisfies the required properties.

Let us begin with (2). Assume that dist((¢,z), [a,b]) > R. Then, for each
s € [0,]b]l], the point of coordinates (0,s) in X = H x R belongs to the
segment [a,b] C X, and therefore

R? < |(t, ) — (5,0)|]> < Mp((t, ) — (5,0))
t

M((t = 9)* +110,2)[%] < M[(t = 5)* + M?pa(x)’]
MA[(t = 5)* + pa(z)?].

IN

Hence
R

e

N

(= 5) + ja()?] for every s € [0, }b]].

This means that

distie ( (¢, ma(@)), 0, 0] x 0}) > -5

Since the function distg2 (-, [0, ||b]|] x {0}) is 1-Lipschitz 1, and |6(s) — s| < «
whenever s > 0, it follows that

distz ((t6(14(2)), [0, 6] x {0})
> distes ( (¢ (@), [0,b]] % {0}) — o
Z%—az%,

and this implies hy (t,@(uﬂO,w))) = t, whence ¢(t,x) = (t,z). This shows
that ¢ is the identity off C.
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Now define K := 4M? and let us see that, for every choice of r with
0 <r < R/K, ¢ satisfies (1). Take (t,z) € B((0,0),r). Since 0 < (pa(z)) <
wa(zx), we can estimate

D=

S+ pae))

> %(ﬁ +9(MA<H?))2> : MH(t O(pa(x )))‘

1
P2 ((bo) 2 5puoltx) =

)

R2

that is
RM R

|(oma@)|, << T = g3

which, bearing in mind property (i) of h, implies that i (t, (pa(x))) = (||b]],0)+
(t,0(a(z))), and in particular, hy (t,H(uA( ))) = ||bl| + ¢, whence

:5‘7

o(t, x) = (ol + ¢, 2) = ([[bl,0) + (£, ) = b+ (¢, 2).

This shows that ¢ translates the ball B(a,r) onto B(b,r). Finally, property
(3) is immediate. |}

THE THREE BODIES LEMMAS

The Four Bodies Lemma 2.23 allows to work with towers of starlike bodies
with the same center. However, it tells us nothing when the centers are
different. In this paragraph we will see how we can combine the Four Bodies
Lemma and the preceding proposition 2.30 to obtain the Three Bodies Lemma,
a result that allows to transform every radially bounded starlike body onto
another one by means of a diffeomorphism which restricts to the identity
outside a given starlike body containing the other two bodies.

We begin with a first (seemingly weaker) version of the result.

LEMMA 2.31. (THE THREE BODIES LEMMA, FIRST VERSION) Let X be
a Banach space with a CP smooth bump function. Let P, Q, L be three subsets
of X, and a,b two points of X satisfying the following conditions:

(i) P and L are CP smooth radially bounded starlike bodies with center a.
(ii) @ is a radially bounded CP starlike body with center b.
(iii) P Cint(L).
(iv) Q Cca L.
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Then there exists a CP diffeomorphism ¥ : X — X such that:

L U(P)=Q;
2. W is the identity on X \ L;

3. if S C P is a starlike body with center a € X, then U(S) C Q is a
starlike body with center b € X.

Proof. Since @ is A-contained in L, there exists 6 > 0 such that b+ (1 +
8)(—b+ Q) C L. As L is starlike with respect to a € X and b € int(Q) C
int(L), the segment [a,b] is a compact subset of int(L), and therefore there
exists £ > 0 such that

C:={zr e X :dist(z,[a,b]) <R} C L
B(a,R) C P, B(b,R)C Q.

By Lemma 2.30, there exist 0 < r < R and a C? diffeomorphism ¢ : X — X
such that ¢ is the identity on X \ C and ¢ is a translation directed by b — a
when restricted to the ball B(a,r).

Take a CP smooth bounded starlike body £ C X with center a and such
that £ C B(a,r) (this body exists because the space X has a CP smooth
bump function). Since £ C B(a,r) C int(B(a, R)) C int(P) C P C int(L),
we can consider the tower of starlike bodies

a+3i(—a+E)Cint(E) C E Cint(P) C P C int(L),

and apply the Four Bodies Lemma to get a radial diffeomorphism h; : X — X
of class CP so that hi(P) = E and h; is the identity on X \ L.
It is clear that ¢(E) = E + (b — a) is a CP smooth bounded starlike body
with center b. Besides, we have
¢(E) C (b—a)+ B(a,r) = B(b,r) Cint(B(b, R)) C int(Q)
CcQcCint[b+(1+8)(-b+Q)] C[b+(1+0)(-b+Q)] CL.

By applying the Four Bodies Lemma again 2.23, this time to the tower
b+3(~b+a(E)) C int(6(E)) € 6(E) € int(Q) € Q C int (b+(146)(~b+Q) ).

we deduce the existence of a radial diffeomorphism hy : X — X of class CP so

that ha(¢(F)) = Q and hg is the identity on X \ [b+ (14+9)(—=b+ Q)] D X\ L.
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Define ¥ := hy o ¢ o hy. It is obvious that ¥ is a C? diffeomorphism so
that ¥(P) = @ and V¥ is the identity on X \ L (bear in mind that h; and he
are the identity on X \ L, C C L and ¢ is the identity on X \ C). The rest of
the properties are also trivial. |

Remark 2.32. As @ and L do not have the same center, one cannot apply
the Four Bodies Lemma directly. To do so, there must be some room between
@ and L so that we can put a little enlargement of () inside L. This roominess
is provided by the A-inclusion hypothesis.

Now we can deduce the second form of the Three Bodies Lemma.

COROLLARY 2.33. (THE THREE BODIES LEMMA, SECOND VERSION) Let
X be a Banach space with a CP smooth bump function. Let Ly, Lo, L3 be
three subsets of X satisfying:

(i) L1, Lo y L3 are radially bounded C? smooth starlike bodies with centers
1 € X, 20 € X and x3 € X respectively.

(ii) Both Ly and Lo are A-contained in Ls (see Definition 2.5).
Then there exists a CP diffeomorphism ¥ : X — X such that

1. \I/(Ll) = Lo;
2. U is the identity on X \ Ls;

3. if S C L, is a starlike body with center x1 € X, then ¥(S) C Ly is a
starlike body with center o € X.

Proof. By applying a suitable contraction of center x3 € X and ratio less
than one to the body L3 we obtain a radially bounded CP smooth starlike
body C with center z3 € X and such that C' C int(L3). By the preceding
Lemma 2.31, taking P = C, Q = L1 and L = L3, we deduce the existence
of a CP diffeomorphism ¥; : X — X such that U1(C) = Ly and ¥y is
the identity outside Ls. A similar argument proves the existence of a CP
diffeomorphism Wy such that Wy(C) = Lo and Wy is the identity outside Ls.
Then the diffeomorphism ¥ := ¥y o ‘lifl satisfies what we want. |1

The reader might want to consult the references [2, 4, 7, 9] for other prop-
erties of starlike bodies.
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3. DIFFEOMORPHISMS DELETING POINTS IN BANACH SPACES

The following result shows that in a Banach space X there are always C?
diffeomorphisms deleting points, provided that the space X is rich enough in
CP smooth starlike bodies.

THEOREM 3.1. Let X be a Banach space. Assume that there exist a
bounded C? smooth starlike body B C X, a family (A,)n>1 of subsets of X,
and a sequence (an)n>1 of points of X such that, for every n :

(i) Ay, is a radially bounded CP smooth starlike body with center ay;

(ii) An CA An_l;
(iii) Nz Ak = 0.
Then, for each € > 0, there exists a C? diffeomorphism ®. : X — X \ {0}
which is the identity on X \ eBx.

Proof. In the proofs of the results of this section we will use the following
notation.

NOTATION 3.2. For a family of mappings (g;);_; from the space X into
itself, the symbol (O, ¢g; will stand for the composite mapping g, o gn—10...0

g2 © gi1.

We may assume that B C eBy C int(A;) and the origin is a center of both
Ay and B. In particular a; = 0. For each n > 1, let us define B, = %B,
which is a C? smooth bounded starlike body. It is clear that

n>1

Assume that there is a family (¥,,),>1 of C? diffeomorphisms so that ¥y is
the identity and:

1. (O,Y;)(By,) is a CP smooth radially bounded starlike body with cen-
ter a,, for each m >n > 1;

2. U, (A) = Ay, where A := (O"'-'W;)(B,), for each n > 2;

3. if S C A] is a CP smooth starlike body with center a,_1, then ¥, (S) C
A, is a CP smooth starlike body with center, for each n > 2;

4. W, is the identity on X \ A,,_1, for each n > 2;

5. A, C int(A,,_1), for each n > 2.
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With such a family we can define our diffeomorphism ®.. Indeed, for each
n > 2, define the diffeomorphism F;, := (Oj;¥;. Let us check that F, and
Fy11 coincide on the region X \ B,,. Take € X \ B,,. Then (O}~ ¥,)(z) €
X \ A, so by condition (2) above it follows that

Fy(z) = (Wn 0 OF W) (2) € X \ 4y,

which, thanks to condition (4), implies that Fy,11(z) = ¥, p1(Fy(z)) = Fu(2).
Taking into account that (,~; B,, = 0, that

X\ B, CX\Byy1 € X\{0}, VneN,

that X \ {0} = U,25 X \ By, and that for each n > 2, the functions F,, and
Fp41 coincide on X \ By, we may define a mapping F' : X \ {0} — X by the
relation

Flx\B, = Falx\B,-
It is clear that F' is an injection and a local diffeomorphism of class CP. Let
us check that F' is surjective, hence a CP diffeomorphism. For each n > 2, we
have that

F(X\ Bp) = Fo(X\ By) = (Vn OOznz_ll\Ili)(X\Bn) = ‘Ifn(X\A%) =X\ 4y,
and therefore
F(X\{0}) = F({J X\ Ba) = [ F(X\B)) = [J X\ 4, = X,
n>2 n>2 n>2
because (oo, A, = 0.
Take x € X \ A1 C X \ Bz. From condition (4) above we get that
F(z) = (Y20U)(z) = (¥2)(x) = x.

Hence F~1: X — X\ {0} is a CP diffeomorphism which restrict to the identity
on X \ A;.
Now consider
3B Cint(B) C B C int(A;).

By the Four Bodies Lemma 2.23, there exists a CP diffeomorphism h : X — X
such that h(B) = A; and h is the identity on 3 B. It is clear that h~'o F~loh
is a diffeomorphism from X onto X \ {0}. Besides,
x¢eBx =x¢ B= h(z) ¢ A
= F Y (h(z))=h(z)= (R o Floh)(z) =z
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Then we can define
d.:=hloFloh,

which is the mapping we want.

CONSTRUCTION OF THE FAMILY (V,),>;. By induction on n.

e First step. We define Wy as the identity mapping.

e Second step: definition of Ua. Since AL, = W (By) = Ba, it is clear that
Al is a CP smooth radially bounded starlike body with A, C int(A;). By
applying the Three Bodies Lemma 2.31 with P = A}, Q = Ay, L = Ay,
a = a1, b = ao, there exists a CP diffemorphism Wy : X — X satisfying
conditions (2),(3) and (4). From (3) one can immediately get that ¥y o Uy
satisfies (1) as well.

e (n+1)-th step: definition of Wp,41. Assume the diffeomorphisms (V;)’_,
are already constructed in such a way that they satisfy the four conditions
above. By (1) we get that (OF'¥;)(By+1) is a radially bounded CP smooth
starlike body with center a,,—; € X. Besides,

(OF5 i) (Bn1) € int[A7] = int[(OF5 W) (By)],

from which we deduce, by using (3), that A/, ; = (¥, 0O~ ¥;)(B,11) isa CP
smooth starlike body with center a,, € X and such that A;, | C int(A4,). Then
we can apply Lemma 2.31 with P = A] |, Q = Ayq1, L= Ay, a =a,, b=
an+1, to find a CP diffeomorphism V¥, satisfying the required conditions. 1

The rest of this section is devoted to exhibit three natural classes of spaces
in which one can construct decreasing towers of radially bounded smooth
starlike bodies with empty intersection, so that the preceding theorem applies
and we can thus deduce the existence of diffeomorphisms deleting points.
These classes contain all the spaces to which the previously known results
on deleting diffeomorphisms apply, namely, those of all Banach spaces having
smooth norms or smooth partitions of unity.

THEOREM 3.3. Let X be an infinite-dimensional Banach space. Assume
that X satisfies at least one of the following conditions:

1. X has a (not necessarily equivalent) C? smooth norm and a C? smooth
bump function; or

2. there exists Y a nonreflexive separable subspace of X, such that both
X and X/Y admit a Lipschitz bump function of class C?; or

3. X has CP smooth partitions of unity .
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Then there exists a family (A, )pen of CP smooth radially bounded starlike
bodies such that

(i) A, Ca Ap—1, for every n > 2;
(i) Mooy 4, = 0.

Moreover, when X satisfies (1) above, the bodies A, can be taken to be
convex.

In any case, by Theorem 3.1, for every € > 0 there exists a C? diffeomorph-
ism h: X — X \ {0} so that h(x) = x if ||z|| > €.

Proof. Case 1. Assume that X satisfies (1). As shown in [1] and [5], there
exists an asymmetric noncomplete norm w : X — [0,00) of class CP (that
is, there exists a CP smooth radially bounded convex body, not necessarily
symmetric, with Minkowski functional w), and there exists a path p : (0, c0) —
X of class C* such that w(p(a) — p(8)) < 1/2(8 — «a), if B > a > 0, and
limsup; o+ w(z — p(t)) > 0, for all z € X. For each n € N, define A, :=
{r € X : w(x —p(l/n)) < 1/n}. Each A, is clearly a radially bounded
convex body of class CP. Moreover, ()72 A, = 0. Indeed, if there was a point
Y € (,,>1 An, then we would have that w(y — p(1/n)) < 1/n for all n, hence
that lim, w(y — p(1/n)) = 0, which contradicts limsup, o+ w(z — p(t)) > 0
for each x € X. Therefore (ii) is proved.

Let us check (i), that is A, Ca An—1. For a given n > 2, define 4, :=
1/2(n—1). Take x € A,. By the definition of A,,, we have w(z—p(1/n)) < 1/n.
Bearing in mind the properties of the functional w and the path p, we conclude
that

w<(1+5n)(a:— (1/n)) +p(1/n) — p(1 n—l))
(1+5n)w(( p(1/n) ) ( 1/n) — (n—l)))
1 1
2

1+ 6, ( 1 _l)<
n—1 n/ " n=1

n
which means (1 + 6,)(—p(1/n) + An) +p(1/n) C A,—1. Hence A, Ca Ap_1,
and (i) is proved.

IN

Case 2. Assume that X satisfies (2). This case contains the most complex
proof of this paper and uses most of the machinery we have developed, so it
will be worth giving the gist of the argument before proceeding with the
details. In the nonreflexive separable subspace Y we consider a descending
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tower of bounded convex bodies (C,), with empty intersection (such a family
always exists in a nonreflexive Banach space). Next we use the main result
of [8], which provides a smooth Lipschitz approximation of every Lipschitz
function defined on Y. By applying this result to the Minkowski functionals
of the bodies C,, we regularize this family of convex bodies into a tower of CP
smooth Lipschitz starlike bodies (D), of Y with empty intersection. Then,
by combining (through a smooth square) the Minkowski functionals of the D,,
with a smooth approximation of the distance function dist(-, Y") (here is where
we use the existence of a Lipschitz smooth bump on the quotient X/Y), we
can extend the family (D,,) to a tower (A;) of CP smooth starlike bodies with
empty intersection.
The following lemma ensures the existence of the family (C),) in Y.

LEMMA 3.4. Let Y be a nonreflexive Banach space. There exists a family
(Cp)n>1 of bounded convex bodies such that:

LN, Cn =0,
2. Cpq1 Cq Cp, C By for every n € N.

Proof. Fix 0 < §p < 1/2. We have that dist ((1—50)By,X\By) =9y > 0.
Since X is nonreflexive, by James’ theorem we can take a continuous linear
functional T € X* which does not attain its sup on the ball (1 —29)By. Let

a:=sup{T(z): x € (1 —28))C},
and define
H, ={re(1-260)C:T(z)>a—1/n}

for each n € N. We have that ﬂflo:l H, =10, H,+1 C H, for each n € N, and
Hy C (1-260)By C4 (1—00)By. Choose € > 0 so that Hy+eBy C (1—00)By
and 3¢ < §p. Now, for each n € N, let

: €
Cp = {z € X: dist(z, H,) < on -
It is easy to check that (Cp)p>1 is a sequence of bounded convex bodies of
satisfying (2, Cp, = 0, and Cy41 Cq Cy, for every n € N. 11

Let us continue with the proof of the theorem. By Theorem 2.1 we can
take a CP smooth bounded symmetric Lipschitz starlike body £ C Bx. By
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Corollary 2.2 there exist M > 1 and a Lipschitz function ¢ : X — [0, 00),
symmetric and positively homogeneous, of class C? on X \ Y, such that

dist(z,Y) < ¢(x) < M -dist(z,Y) forall z € X.

By the preceding Lemma 3.4 we can take a tower (C),),en of bounded convex
bodies of Y such that

1
(1 Cn=0; Cun CaCn CYN:Bx, W¥neN
neN

For each n € N, let ¢,, € Y be a center of C),, and let u, : Y — [0,00) be the
function defined by

pn(z) = pe, (x +¢,) for every z €Y,

that is, p, is the Minkowski functional of the convex body —c, + C, with
respect to the origin (which is an interior point of this body because ¢, is a
center of Cy,).

Now let us take a sequence (v,)nen C (0,1/4) converging to 0 and such
that

dist(Cy, 0C1)
7= . ;
2 4 dist(Cq, 0C)
diSt(Cn_l,_l, 8Cn)
2+ diSt(CrH_l, 8Cn

Vn < min{i dist(Cy,, 0Cp—1), )}, if n>2.

For each n € N, pick r,, € (0,1/2) so that

>1—,; <1 .
1+7, — s 1—7r, — + I
Define then &, := ryinf{u,(z) : * € Y N IE}. Since both Y N E and C,
are bounded subsets of Y, the number ¢, is strictly positive. Besides, since
C, C Y is convex, the functional u, is a Lipschitz function. Now, by the main
result of [8], for the given number ¢,, > 0 and the Lipschitz function pu,, there

exists a CP smooth Lipschitz function g, : X — R so that

|gn (&) — (&) < en, VEEENY.

In particular, if £ € F NY, then

n TTZ
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Define now h, : X — R by

" 0 if 2 = 0.

It is plain that h, is Lipschitz, positively homogeneous, symmetric, and of
class CP on X \ {0}. Let L,, stand for the Lipschitz constant of h,.

Since gnlopny > €n > 0, we have that hy,|y > 0. Let us define, for each
n €N,

Dy:={ze€Y hy(v—c,) <1}=cp+{x €Y :hy(z) <1},
which is a starlike body in with center ¢, € Y.

CrLAIM 3.5. We have that:

1. A=) (—=cn+Cp)+cn € Dy C (14+90)(—cn+Cp) + ¢y for eachn € N;

2. (1 + ’7n+1)(_cn+1 + CnJrl) + cn+1 Cq (1 - 'Yn)(_cn + Cn) + ¢, for each
n € N;

3. Dp+1 Cqa Dy Cq 3Bx NY for eachn € N, and (e Dn = 0.

Let us assume for a while that the claim is proved, and see how we can finish
the proof of the theorem. Let V C R? be a smooth square. By induction we
are going to construct a family (A4, )nen such that

1. A, is a bounded starlike body of class CP with center a, := ¢,, for each

n eN;
2. A,NY = D,, for each n € N;
3. Mpen An = 0;

4. Apy1 Ca Ay, for each n € N.
This family satisfies the statement of the theorem.

CONSTRUCTION OF THE FAMILY (A;,)nen.
Step 1: definition of Ay. Let by be a number such that by > 2. Define

Al i=c1 + {HT e X ,uy(hl(w),bﬂ/}(w)) < 1}.

Since gy is a norm of the plane R?, and both h; and ¢ are positively ho-
mogeneous Lipschitz functions, the mapping x € X — puy (hl(m),blz/}(x))
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is Lipschitz and positively homogeneous. Therefore A; is a Lipschitz star-
like body with center ¢;. Let us see that Ay is radially bounded. Indeed, if
py (ha(z),b1w(z)) = 0, then dist(z,Y) = 0 = ¢(z) and hy(z) = 0, that is,

z ey, ME(x)gl(,u%(x)) =0.

Since —*—~ € JENY, we have that
pe(z)

91(%03)) >0

Hence pg(x) = 0 and x = 0. Thus cc(A41) = {c1}, and A4 is radially bounded.
In fact the body A; is bounded: the proof is analogous to the one used below
to show the boundedness of As.

Let us see that A is of class CP. This amounts to showing that the function
z € X — py(hi(z),biyp(z)) is of class C? on X \ {0}. Fix z € X \ {0}.
Since g1 > 0 on OE NY, it follows that hy(z) > 0 if x € Y. Therefore
(hi(x),b1yp(x)) # (0,0), for each z € X \ {0}. According to the properties of
smooth squares, see Lemmas 2.27 and 2.28, and bearing in mind that h; is CP
smooth away from the origin and v is C? smooth on X \ Y, we may conclude
that A; is of class CP.

Step 2: definition of As. Let us first see that 209 := inf{dist(x, D2): z €
0A1} > 0. Assume, on the contrary, that do = 0. Then there are two sequences
(y7)jen C Dy and (27);eny C OA; such that |27 —y7|| < 3%1 for every j € N.
As 29 € DAy, we have that

/J/V(hl(x] - Cl),blw(([}j — Cl)) =1.
From this, taking into account that
bip(2? — ¢) < byM dist(2?,Y) < by M|z’ — || — 0

for j — oo, and recalling the properties of the smooth square, namely, OV N
{(€1,6) € R : |&] < 1/2} = {1,—1} x [~1/2,1/2], it follows that |h(z/ —
c1)] = 1if j > jp for some jy big enough. By passing to a subsequence if
necessary, we may assume jo = 1. Since hj is Lp-Lipschitz, so

hi(z? —c1) > ha(y! —e1) — Lulla? — /|| > =1/,
we get hi(z7 — c1) = 1 (note that hi(y/ — ¢;) > 0 because y/ —c; € Y).

Therefore

h(y —c1) > hi(a?! — 1) = Lalla? — /|| =1 = Lyfla? — /|| > 1 -1/,
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for each j > 1. Moreover, since y/ € Dy C Dy, we have that hy(y/ —c;) < 1.
From this, and bearing in mind that ||y — ¢1|| — 0 because {y/ —c1} C D;
and the body D; is bounded, we deduce that

el

. o <l — _vr-a
dist(D2, X \ D1) = dist(D2,0D;) < Hy [Cl + ha(y7 — 1)

—]
h(y? — 1)
<y —alft-a-H7| -0

=y’ ~ el - |1

as j — 00, which is a contradiction: by the Claim, we know that dist(Ds, X \
D1> > 0. Thus 9 > 0.

Now let us choose a number by > 22 with Dy + %BX C Bx (note that
Dy C4 Bx), and such that
ba 02

02
< = d 0<1- < —=.
-2 o < bo+ Lo = 2

1
by

Then define
Ag = co + {x e X: My(hg(x),bgw(x)) < 1}.

As in Step 1, it is easy to prove that As is a CP smooth radially bounded
starlike body with center co € X. Moreover, the body A, satisfies

Ay C {l’ cX: diSt(l’, DQ) < 52}
Indeed, let x be an interior point of As. By the definition of As, we have that

[ (ha(z — c2), batp(z — €2))lloo < py (ha(z — c2), batp(z — ¢2)) < 1,

hence dist(z,Y) < 9(x —c2) < by . Choose y, € Y such that ||z —y.|| < by .
Then
ha(yz — c2) < ha(x — c2) + Laf|z — yo|| < 1+ La/bs,

and so y; € (1 4+ La/bs)(—c2 + D2) + c2. Finally,

dist(z, Dy) < Hx - [CQ T n ;20/21;2} H

<=l + 1 2l — el

ba +L
< 1/ba + 562lys — c2ll < 362 + 302 = b
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Thus we have Ay C {x € X : dist(x, D2) < d2}. From this we may deduce two
facts. First, Ao is bounded. This is obvious because D is bounded. Second,
Ay Cg4 Ap: it is enough to note that Ay C {x € X : dist(x, D2) < 42}, and
209 := inf{dist(z, D2): © € dA;} > 0. From the boundedness of As, together
with the fact that Ay Cg4 A, it follows that Ay Ca A; (see Proposition 2.10).

Step (n+1) : definition of A,41. Suppose we have already defined two

sequences (b;)7_; or numbers and (A;)j_; of C? smooth bounded starlike

bodies such that:
c; is a center of A;, for j =1,...,n;
bj >2, forj=1,...,n;
Aj=cj+{z e X :py(hj(z),bjp(z)) <1}, for j=1,...,m;
Ajp1 Ca Aj forj=1,...,n—1.
As in Steps 1 and 2, one shows that
20p41 := inf{dist(z, Dy11): = € 0A,} > 0,

hence we can choose b,41 > 27+l g0 that

Apt1 = cpp1 + {z € X 2 py (B (), bt (2)) < 1}

is a CP smooth bounded starlike body with center ¢,11 € X, such that
An+1 Ca A,

Therefore, the induction process provides us with a family (A, ),en which
obviously satisfies conditions (1) and (4). Let us see that it also satisfies (2)
and (3). We have that A, NY = D,, for each n € N. Indeed, according to the
properties of smooth squares,

A, NY ={zeY: ,uv(hn(l' —¢n), bptp(x — C")) <1}
={reY: ,u,v(hn(x — Cn),O) <1}
={z €Y :hy(r—cn) <1} = Dy,

hence (2) is true. To check (3), suppose there exists £ € NpenA,. By the
definition of A,,, we have that

butp(x — cp) < NV(hn(x —¢n), bptp(x — Cn)) <1
so that

dist(€,Y) = dist(¢ — ¢, Y) < 9¥(x —¢,) < b, !, for each n € N.
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But b,! — 0, and therefore dist(¢,Y) = 0, which means ¢ € Y. Hence

¢e((AanY) = Du,

neN neN

which is a contradiction since the Claim tells us that, (), .y Dn = 0.
It only remains to prove the Claim.

Proof of Claim 3.5. Property (1). We have to show that (1 — v,)(—c, +
Cn)+cn C Dy C (1479)(—cn+Cp) +cp for each n € N. For any z € Y\ {0},
we have that

() — ()| = \uw)gn(ﬁm) — ()]

= ’ME(QU)Qn(HT(CB)) - ME(ﬂf)Mn(m

x)

)l

< rpinf{u,(z):x € Y NOE}up(x)

IA

i (2) fin <MEL($)> = Tnpin ().

Let us see how the starlike body D,, = {z € Y : h,(x — ¢,) < 1} aproximates
C, as is required. Indeed, for each x € Y, taking into account that ﬁ >

1—~, and ﬁ <1+ ~,, we have that

x €Dy < hp(x—cp) <1 = pp(z—cp) <1+ rpup(z—cp)

(—cn +Cn)

= 1-—rp)pn(x—cpn) <1 = z—0c, €
1—-r,

— T €y +

(—cn+Cp) Cen+ (14 v)(—cn + Cp),

— T

hence D,, C ¢, + (1 4+ vn)(—¢p + Cp). On the other hand, if

€ (l—)(—cn+Cp)+cnC (—cn + Cn) + cn,

1+7r,

then g, (x —c,) < (14+7,)7%, hence hy,(x —c,) < (14 70)pn(z —cn) < 1, that
is, x € Dy, and (1) is proved.

Property (2). Take z € Cp41 and z € 8[(1 — Y)(—cn + Cp) + cn] C Cy.
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By the choice of z, we have that ¢, + 1_1% (z — ¢p) € 0C,,. Therefore

dist(Crny1,9Cn) < Hﬂf - {Cn T _17n (z - C”)}H

Tn

Sl =2l + iz =ealll7—
n

Tn
1 - Tn
< |z — 2] + L dist(Cpy1, ).

<z = 2l + |

Notice that, by the choice of v,, we know that

diSt(Cn_A,_l, 80n)
T = S dist(Crp, 9Cy)

which implies that |

1Z’}Yn| < %dist(C’nH, 0Cy,). Then we have
|z — 2| > 3 dist(Cpy1,0Cy) > 0,
and consequently
dist {cn+1, O[(1 = ) (—cn + C) + cn] } > Ldist(Cpy1,0C,) > 0.

Therefore

(14 ynt1)(—cng1 + Cny1) + cnt1 € Cpg1 + Ynr1Bx
C Cpy1 + %dist(C’nH, 0Cp)Bx Cq (1 —vp)(—cn + Cp) + cn.

Property (3). By (1) and (2) we immediately deduce that, for each n € N,
Dn+1 - (1 + 7n+1)(_cn+1 + Cn—H) + Cn+1 Cd (1 - 'Yn)(_cn + Cn) +cn C Dm

hence that D, 11 C4 D,,. Moreover, bearing in mind that vy, < 1/4, we obtain
that

Dy C (14m)(—c1+C1)+er € Cr+y(—c1+C1) € C1+mBx C 15Bx+1Bx,

so that D1 Cy4 %Bx.
Finally let us show that (,,cyy D = 0. We know that

() Pn C [V +3)(—cn+ Cn) +cn C [ ) (Co + 7 Bx).
neN neN neN
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Thus we only have to see that (1, cy(Cn + v Bx) = 0. Suppose there exists
r € (Npen(Cn + Bx). Then there is a sequence (z,), C Bx so that (z —
Ynzn) € Cp for each n € N. For a given j € N, taking into account that
Yn — 0, that (2,)n C Bx, that C; is closed, and that (x — v,2p)n>; C Cj,

z=|-| —lim(z — ynz,) € Cj.

As this is true for every j € N, we conclude that = € ﬂj Cj =0, a contradic-
tion.

Case 3. Finally let us consider the case when X has C? smooth partitions
of unity. We consider two situations.

First, if X is reflexive then X can be linearly injected into some co(I"), that
is there exists a continuous linear injection 7' : X — ¢o(I"). Since ¢p(I") has an
equivalent C'*™ smooth norm | - |, we can define a (not necessarily equivalent)
C* smooth norm p on X by the formula p(z) = |T(x)|. Thus we can use
Case 1 to conclude the existence of the family (A,,).

Second, if X is nonreflexive, then, by Lemma 3.4 there exists a sequence
(Cy) of bounded convex bodies with C,y; C4 C, for every n € N and
Mi—y Cx = 0. Then we can use Corollary 2.19 to find C? smooth starlike
bodies A,, such that C,11 C A, Cyq C, for each n € N, and then Proposi-
tion 2.10 to conclude that A,11 Ca A, for all n € N. In particular, since
Noe; Cp =0 and A,, C C,, for every n, we also have that (2, A, =0. 1
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