
 

Abstract— This work presents relevant advantages of analyzing a 

complete reflector antenna system based on (i) the expansion of the feed 

radiated field in terms of vector spherical waves (VSWs), and (ii) the 

characterization of the reflector domain with VSWs. It requires that the 

reflector be initially analyzed under the illumination of each single VSW. 

The output of each of these analyses is the radiated field of the reflector for 

each VSW excitation. Then, the accurate response of the complete antenna 

system, both in amplitude and phase, can be directly obtained by just linear 

combination of these individual-VSW-excited radiated fields, weighted by 

the feed transmission vector that relates the coefficients of the VSW 

expansions for the feeder with its input excitation mode. Thanks to the 

orthogonality of the VSWs, and the applicability of the far-field 

approximation, it turns into a very efficient approach for the whole end-

to-end analysis, adding useful capabilities and flexibility for the expedited 

assessment of tolerances. 

 
Index Terms— Earth Observation, FEM, MoM, physical optics, 

RADAR, radiometers, spherical waves.  

 

I. INTRODUCTION 

Reflector antennas have been ubiquitous in microwave and 

electromagnetics (EM) since the early days of electrical engineering 

[1-3]. For their characterization, one can highlight the good correlation 

of their main performance parameters (directivity, 3dB beam-width, 

etc.) against their approximate analysis by ray-like, geometric optics 

(GO). In this sense, a reflector antenna is made up of two distinct 

elements: a feeder and a reflector, whose interaction is considered to 

be negligible (so-called far-field approximation). 

 Since the last decades of the 20th century, asymptotic 

approximations of the Maxwell equations, such as Physical Optics 

(PO), or General Theory of Diffraction (GTD) have been feasible on 

computers, and have begun to be available on commercial software 

[4]. These methods offer a qualitative improvement in the prediction 

capabilities of a reflector excited by a feed far-field compared to GO. 

In fact, they are very popular and widely used nowadays for reflector 

analysis.  

In the last years, further improvement on computer capabilities has 

allowed the implementation of efficient codes for the Method of 

Moments (MoM) including acceleration techniques in commercial 

software, [5][6]. MoM is a full-wave implementation of Maxwell 

equations and, hence, can offer trustful predictions for any arbitrary 

metallic geometry, at a higher computational cost.  

Feeders can also be analyzed by MoM. However, smaller, detailed 

geometries –such as patch antennas or printed antennas– are better 

suited for field-based methods, such as the Finite Element Method 

(FEM). Also, the mode-matching method (MM) can be used in some 

cases [7]. 
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From the far-field approach (where the feed far-field is used as the 

excitation for the analysis of the reflector to obtain the response of the 

complete antenna system) the following drawbacks arise: (i) a 

modification of any parameter on the feeder implies two new EM 

simulations: one for the feeder and another one for the reflector; (ii) 

any change of the reflector implies a further EM simulation. To cope 

with these two drawbacks, approximate methods have been developed 

in the past, most of them based on ray-like corrections, and 

mathematical interpolation schemes [8] [9]. 

In contrast, the approach in this work sets up an innovative 

implementation, based on the characterization of the reflector radiation 

by VSWs. The use of VSWs was presented in the literature years ago, 

for the modeling of feeders (for both analyzed [10] and measured [11] 

radiation patterns), providing more stability and accuracy in the 

mathematical resolution. Furthermore, the use of VSWs on feeders has 

demonstrated added capabilities, such as analytical translations and 

rotations [12][13], or analysis of finite arrays with mutual couplings 

[14]. Also, in [15] the feeder mismatch because of its interaction with 

the reflector is studied by projection of the reflector scattering onto a 

representative set of VSWs.  

In this work, the use of VSWs for the characterization of radiated 

fields is considered not only for the feeder but also for the reflector of 

any arbitrary shape. This latter characterization is the most time-

demanding part of the approach (~ hours), but it is done only once and 

can be used extensively along the complete life-cycle of the reflector 

design, being able of generating the sharp EM response of the complete 

antenna system after the change of some design parameters (for 

instance, feeder position and feeder change, reflector tilts, reflector 

deformation) in a matter a seconds. 

Section II describes the theoretical background of the method. 

Section III contains the selected examples, including: translation and 

rotation of the feeder, tilt of the reflector, and reflector modifications. 

Finally, Conclusions will be drawn. 

II. REFLECTOR CHARACTERIZATION BY MEANS OF VSWS 

The basis behind this approach is sketched in Fig. 1-Left. The 

reflector antenna is decomposed into two domains: the feeder and the 

reflector. The feeder is supposed to be enclosed inside a sphere 𝑆 of 

radius 𝑟 centered at the global coordinate system OXYZ. Then, it is 

analyzed, providing its radiated field 𝑬𝑓𝑒𝑒𝑑,𝑟𝑎𝑑 , which is, in turn, 

projected onto q orthogonal VSWs [11], 𝑬𝑜𝑢𝑡
𝑆𝑊,𝑖 , yielding the 

transmission vector 𝒃𝑠𝑝ℎ. The relation between 𝑞 and 𝑟 is set by [16]:  

𝑛 = [𝑘𝑟 + 0.045 √𝑘𝑟
3

 (−𝑃𝑡𝑟 )]           (1) 
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Fig. 1. Left: Sketch of a reflector characterized by VSWs. Right: Circular 

parabolic reflector. Radius: 20𝜆; focal distance: 20𝜆; focal point F (0,0,0) mm. 

Feeder: 0.6𝜆 × 0.6𝜆 × 0.1𝜆 square waveguide. 

 

where 𝑘 is the wavenumber, 𝑃𝑡𝑟 is the relative power of the feed 

radiation pattern that is neglected, and 𝑛 is the degree of the VSWs, 

linked to the number of modes 𝑞 by:  

𝑞 = 2 ∙ 𝑛 ∙ (𝑛 + 2)                 (2) 

Then, the feed radiated field can be reconstructed as: 

𝑬𝑓𝑒𝑒𝑑,𝑟𝑎𝑑 = ∑ 𝑏𝑠𝑝ℎ,𝑖
𝑞
𝑖=1 𝑬𝑜𝑢𝑡

𝑆𝑊,𝑖             (3) 

Now, rather than using 𝑬𝑓𝑒𝑒𝑑,𝑟𝑎𝑑 as the excitation for the reflector, q 

individual analyses of the reflector will be done, each of which with one 

of the q VSWs as excitation, according to the coordinate system OXYZ. 

The output of each analysis is the reflector radiated field 𝑬𝑖
𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑜𝑟,𝑟𝑎𝑑

 

with respect to OXYZ. 

Then, the radiation pattern of the complete antenna can be directly 

obtained as: 

𝑬𝑡𝑜𝑡𝑎𝑙,𝑟𝑎𝑑 = ∑ 𝑏𝑠𝑝ℎ,𝑖
𝑞
𝑖=1 𝑬𝑖

𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑜𝑟,𝑟𝑎𝑑
         (4) 

since the coefficient of the each VSW radiated by the feeder becomes 

the excitation of the homologous VSW in the reflector characterization, 

thanks to the orthogonality of the VSWs.  

From an equivalent point of view, a feeder in this context is any 

electromagnetic geometry whose minimum enclosing sphere, 𝑆′, of 

radius 𝑟′, centered at its own reference system, OfXfYfZf , lies inside 

the virtual sphere S. This interpretation opens the door to consider the 

application of the VSW addition theorems to account for rotations and 

translations of the feeder [11]. For this, the feed radiated field is 

projected onto 𝑝 VSWs, defined according to its local coordinate 

system OfXfYfZf, where 𝑝 and 𝑟′ fulfill (1) and (2) above, yielding 𝑝 ≤
𝑞. 

Then, the feed transmission vector of the rotated-translated feeder, 

𝒃𝑠𝑝ℎ
𝑟𝑜𝑡−𝑡𝑟𝑎𝑛𝑠

, with respect to OXYZ, can be obtained as: 

𝒃𝑠𝑝ℎ
𝑟𝑜𝑡−𝑡𝑟𝑎𝑛𝑠 = 𝑮 𝒃𝑠𝑝ℎ,𝑚𝑖𝑛             (5) 

where 𝒃𝑠𝑝ℎ,𝑚𝑖𝑛 is the 𝑝 × 1 transmission vector of the feeder in its own 

local coordinate system, OfXfYfZf, and 𝑮 is a 𝑞 × 𝑝 matrix that 

accounts for rotations and translations (second case of addition 

theorems in [11]). As a consequence, 𝑮 will properly model any 

translation of vector 𝑂𝑂𝑓
⃗⃗ ⃗⃗ ⃗⃗⃗⃗   with respect to OXYZ provided 𝑆′ still lies 

inside 𝑆, after application of 𝑂𝑂𝑓
⃗⃗ ⃗⃗ ⃗⃗⃗⃗   (see Fig.1-Left). 

On the other hand, once the q-VSW characterization of the reflector 

is obtained, it can be also useful to quickly assess the impact of a 

modification of the reflector surface, as explained next.  

With regard to the radiation field of the feeder, (3), it is well-known 

that the following approximation for the field amplitude holds inside 

the far-field region, [1]:  

 
Fig. 2. Left: Sketch of Reflector Tilt by angle 𝛼, around point G. Right: Sketch 
of generation of equivalent feed radiation pattern under a reflector-surface 

modification in the far-field region. 

 

|𝑬(𝒓)| ≈ |𝑬(𝒓 + ∆𝒓)|,     |∆𝒓| ≪ |𝒓|         (6) 

where |∙| stands for the amplitude value, 𝒓 = 𝒓(𝑟, 𝜃, 𝜑) is the position 

vector of a point in the far-field region, and ∆𝒓 is a relative position 

vector with respect to 𝒓.  

Now, let us consider the situation depicted in Fig. 2- Right. There is 

a nominal reflector 𝐶 (whose characterization in terms of VSWs is 

known) and a modified reflector 𝐶’. At an angle 𝜃 (𝜑 omitted for 

clarity), 𝐶’ adds a ∆𝒓 in the propagation path of the feed radiation 

pattern which, in turns, generates a ∆𝛷 in the phase 𝛷 of the reflected 

field as: 

∆𝛷 =
2𝜋

𝜆
∆𝑟(1 + 𝑐𝑜𝑠𝜃)               (7) 

Therefore, if the phase of the feed field at 𝜃, arg𝑬, was pre-processed 

according to:  

arg 𝑬′ =  arg𝑬 + ∆𝛷               (8) 

and this phase-modified feed field, 𝑬’, was used to feed 𝐶, the resulting 

pattern of the complete system would be approximately equivalent to 

the one generated by the nominal feeder and 𝐶’, Fig. 2-Right. This 

approximation can be accepted as long as the condition (6) for the far-

field of the feeder is satisfied, which can be established as: 

|| |𝑬(𝒓)| − |𝑬(𝒓 + ∆𝒓)| || < 𝛿 , ∀(𝜃, 𝜑) ∈ 𝜕𝑆𝑟𝑒𝑓       (9) 

where 𝜕𝑆𝑟𝑒𝑓 is the solid angle over the reflector, and the value of 𝛿 is 

a problem-dependent parameter to be defined according to the 

difference found in the complete antenna radiation pattern between a 

reference EM method and this work (as shown in Section III.C).  

Then, to profit from the 𝑞-VSW characterization of 𝐶, the pre-

processed feed field 𝑬’ can be projected onto these 𝑞 VSWs, yielding 

the transmission vector 𝒃𝑠𝑝ℎ, which can be used to obtain the radiation 

pattern of the complete system with (4), achieving a good 

approximation of the reflector antenna made up of the nominal feeder 

and the modified reflector 𝐶’ with very little computational cost 

compared to repeating the analysis of the whole antenna system. 

III. APPLICATION CASES 

A. Reference demonstrator 

A parabolic reflector of radius 20𝜆 and focal distance 20𝜆 at 5GHz 

has been selected (see Fig. 1-Right) defined as:  

{

𝑥 =  𝑟 ∙ cos(𝜑) , 𝑟 ∈ [0,1200] 𝑚𝑚 

𝑦 = 𝑟 ∙ sin(𝜑) , 𝜑 ∈ [0°, 360°]

𝑧 = (−2.0833 · 10−4) ∙ 𝑟2 + 1200 

          (10) 

This geometry and this operation frequency are representative of, 

for instance, those of space SAR and lower-frequency radiometers, 

[17], [18]. For this demonstrator, a section of square waveguide, 

0.6𝜆 × 0.6𝜆 × 0.1𝜆 , has been considered as feeder (Fig. 1-Right). 
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Coordinate systems for feeder and reflector radiation patterns are the 

same, centered at the focal point 𝐹(0,0,0). The feeder fits inside a 

virtual sphere, 𝑆′, of radius 𝑟′ = 0.5𝜆. From (2), p for the feeder should 

be 70 (for a neglected relative power, 𝑃𝑡𝑟, of −65𝑑𝐵), and so could 

be q for the reflector. However, thinking on future uses, up to 510 

reflector VSWs (𝑞 = 510) were considered (𝑛 = 15, according to 

(2)), which allows a virtual sphere, 𝑆, of radius 𝑟 < 0.9𝜆 for the 

allocation of the feeder, and 𝑃𝑡𝑟 = −90 𝑑𝐵. The duration of each 

VSW-reflector analysis by MoM [5] took about 350 s on an Intel i7-

6700 CPU @3.40GHz 64GB RAM, on 4 cores (out of 8 available). 

During this set of analyses, the radiated field of the reflector after each 

VSW, 𝑬𝒊
𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑜𝑟,𝑟𝑎𝑑

, was stored. The analysis of the feed was also 

carried out by MoM [5], with a time of 10 s.  

Fig. 3 shows the comparison of the radiated field obtained in this 

work (solid - red) vs. the radiated field computed considering the 

excitation of the reflector by the feed radiated field given by [5] (dash 

- red). An excellent agreement is found, not only in amplitude but also 

in phase (which is of importance in Earth Observation applications). 

In fact, the method in this work can also be considered as a full-wave 

method, in the sense that it directly implements the analysis from 

Maxwell equations, without any mathematical approximation, other 

than the far-field approximation and the truncation at (𝑝, 𝑞). It must be 

pointed out that the feeder-to-reflector connection took less than 1 s. 

B. Translation and rotation of feed. Reflector tilt 

Once the reflector is characterized, the effect of translations and 

rotations of the feeder on the complete antenna can be accomplished 

straightforwardly, as explained in Section I. Fig. 3 shows also the 

results after application of translations to the feeder of −15𝑚𝑚 (green) 

and −30 𝑚𝑚 (blue), along the X-axis. As seen, agreement with [5] is 

very good. At cut 𝜙 = 0°, the effect of a feeder translation is clearly 

visible: a mispointing. Therefore, cut 𝜙 = 90° is no longer where the 

peak value can be found. This explains that the value at 𝜃 = 180° in 

this cut is not the maximum. The time needed by this approach was 

0.5 s for setting the input data, <1 s to perform the translation, and 1.1 s 

to generate the new radiation pattern: <2.6 s per analysis (vs. ca. 780 s 

needed by [5]). 

On the other hand, a reflector tilt with respect to a pivot point G can 

be also interpreted as equivalent translations and rotations of the 

feeder. Fig. 2-Left sketches this situation for a tilt of an angle 𝛼 around 

the Y-axis (generalization for other axes is immediate). The problem 

is equivalent to a rotation 𝛼 and a translation ∆𝒓 of the feeder, followed 

by a change of coordinates of the resulting antenna radiated field from 

O’X’Y’Z’ to OXYZ. Fig. 4 shows the results of the analyses for 𝛼 =
−0.5° (green) and −1.0° (blue), 𝐺 = (0,0,1200)𝑚𝑚. An excellent 

agreement vs. [5] is obtained, at a time-cost of only <2.7 s per analysis. 

C. Tolerance analysis: reflector surface 

The z-coordinate of the parabolic reflector defined by (10) will be 

modified according to: 

{𝑧 = (−2.0833 · 10−4) ∙ 𝑟2 + 1200 + 𝑎 ∙ |sin(𝜑)|    (11) 

For 𝑎 ∈ {2,3,4}𝑚𝑚. Qualitatively, this modification adds a change 

of the initial reflector surface, as a function of 𝜑, up to a value of 𝑎 ∈
{2,3,4} 𝑚𝑚. This effect could be representative of, for instance, 

manufacturing errors, or the result of thermal gradients [19]. For this 

example, the reflector was also characterized by using PO [4]. Each of 

the PO analysis took about 48 s for a radiation pattern made up of 

401×401 field points (20°×20° with steps of 0.1°, 6736 PO points).  

Fig. 5 (upper and mid rows) shows the results, compared against 

simulation of the complete antenna with MoM [5]. As the deformation 

gets larger (i.e. 𝑎 increases), the main beam of the complete antenna 

gets wider, the peak directivity gets lower, and the side lobes get 

higher. All these effects are found when using [5] (dash) and are very 

accurately reproduced by this work, for reflector characterization both 

with MoM [5] (solid) and PO [4] (dotted). Regarding the values around 

the peak, differences lower than 0.05dB are found between [5] and this 

work. Excellent correlation is also obtained up to 𝜃 = ±5° w.r.t. peak 

values on both cuts for 𝑎 = 2. Differences begin for 𝑎 = {3,4} from 

𝜃 = ±3° at cut 𝜙 = 90°, where the amplitude values are, however, 

already ca. 20dB below the peak value.  

The validity of this approximation can be assessed from (9) in Fig. 

5-lower, where the two principal cuts of the reconstructed feed 

radiation pattern are presented for each value of 𝑎 (𝜕𝑆𝑟𝑒𝑓 = {𝜃 <

55°}). For 𝑎 = 2, the correlation is very good, with negligible 

differences. For 𝑎 = 3, differences in the order of 𝛿 < 0.2dB can be 

found. For 𝑎 = 4, although differences 𝛿 < 0.4dB are observed, the 

approximation still offers the main features of the radiated field of the 

complete antenna system. Therefore, 𝛿 = 0.4dB could be set as 

maximum feed-pattern allowable change to be used in subsequent 

analyses of the reflector deformations, up to 4mm of deformation w.r.t. 

the nominal surface. The time to analyze each case of 𝑎 in this work 

was 0.8 s for the implementation of the phase modification, and ~1 s 

for the connection, when using Matlab©. On the other hand, each 

analysis with [5] took ca. 780 s (i.e. a speed-up factor of ~4 · 102). 

As a final example, a similar study has been done for an offset-fed 

parabolic reflector of 100λ resulting after the intersection of:  

𝑝𝑎𝑟𝑎𝑏𝑜𝑙 ≔ {

𝑥 =  𝑟 ∙ cos(𝜑) , 𝑟 ∈ [0,6100] 𝑚𝑚 

𝑦 = 𝑟 ∙ sin(𝜑) , 𝜑 ∈ [0°, 360°]

𝑧 = (−4.1666 · 10−5) ∙ 𝑟2 + 6000 + 𝑎 ∙ |sin(2𝜑)| 

 

𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 ≔ {(𝑥 − 3100)2 + 𝑦2 ≤ 30002        (12) 

The reflector was characterized with PO [4], taking 88 s per 

analysis, for 401×401 field points (10°×10° with steps of 0.05°, 26208 

PO points). The same feeder was used, with a 33° rotation along the 

Y-axis (implemented as in Section III.B). Results are shown in Fig. 6, 

where excellent agreement is observed over the main lobe, both for 

amplitude and phase, and all 𝑎 values. The differences in side lobe 

values are <1dB for all cases. The time per analysis was 0.34 s for the 

phase modification (the reflector covers a smaller solid angle) and <0.1 

s for the connection (radiation pattern of 401×401 points). 

IV. CONCLUSION 

Starting from the familiar approach of using the feed expansion into 

VSWs to excite a reflector, this work has elaborated a complete and 

fast approach for end-to-end reflector antenna analysis, capable of 

handling modifications of feeder and feeder position, reflector tilt, and 

reflector deformation. For this purpose, an extensive characterization 

of the reflector in terms of individual VSWs (one EM analysis per 

VSW) is initially needed, where the number of VSWs depends on the 

size of the virtual sphere, 𝑆, in which any potential feeder could be 

 

 

 
Fig. 3. Radiation pattern as a function of feed position. Upper: Amplitude. 
Lower: Phase. Red: Reference demonstrator. Green: feed translated to (-15, 0, 

0) mm. Blue: feed translated to (-30, 0, 0) mm. Solid: this work. Dashed: [5]. 



 
Fig. 4. Radiation pattern as a function of reflector tilt 𝛼. Left: Amplitude. Right: 

Phase. Green: 𝛼 = −0.5°. Blue: 𝛼 = −1.0°. G=(0,0,1200) mm. Red: reference, 

𝛼 = 0°. Solid: this work. Dashed: [5].  
 

 

 
Fig. 5. Upper-Mid: Radiation pattern after modification of the reflector (11). 

𝑎 = {0,2,3,4}={black, red, green, blue}. Solid/Dotted: this work with 
MoM/PO. Dashed: complete antenna by MoM [5]. Lower: Feed radiation 

patterns. Solid: modified feed radiation pattern by this work 𝑎 = {2,3,4}={red, 

green, blue}. Dashed: nominal feed radiation pattern. Inset: Details around 

peak. 

 
Fig. 6. Radiation pattern of the 100λ, offset-fed reflector antenna (12), 𝑎 =
{0, 2,3,4}={black, red, green, blue}. Solid: this work with PO [4]. Dashed: 

complete antenna by MoM [5]. Inset: Details around peak. 

 

later included. Even if it may look prohibitive at first glance, the 

current capabilities of even low-medium computers allow carrying out 

this number of analyses within a reasonable amount of time. It must be 

recalled that this characterization is not restricted to any particular 

reflector shape and can be done with different EM methods (such as 

MoM or PO). Then, under the assumption of far-field excitation, the 

transmission vector of the feeder, 𝒃𝑠𝑝ℎ, can be computed, which can 

be analytically manipulated and connected to the reflector in a matter 

of seconds (speed-up factor ~102). Therefore, the initial time required 

for the reflector characterization is quickly returned back along the 

complete life-cycle of the antenna design since, for instance as shown 

in this work, tolerance analysis of both feeder and reflector positions 

can be done with a negligible time, (i) yielding the complete 

(amplitude and phase) radiated field of the whole system as the output; 

(ii) being accurate enough for even high-end applications, such as 

Earth Observation, where the knowledge of both the main beam and 

the side lobes is key to reach the required performances.  
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