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Let f be a closed si1bspace of a Hausdorff locally 

convex space E such that f an.d the lla>;1sdorff q.uotient !'/!' en 

jo:y a property (M). Does the whole srace E eojoy (M)?. 

1his problem is called "the three-space-pr~blem" and 

it is a common problem in the framework \>f twisted exact s~ 

quences {see JJI,). It is been already considered by several 

authors, e.g. f PBI, f:4J. 
lnr the present paper i;e sha,11 provide a negative 

arrswer to the problem for W -quasi-barrelledness, 

lP E ~/{. 0 ,l.,. ,e ,c 0 1 and for df spaces. We shall also supply 

a thoroughly posi ti ve answer for l.,-barrelledness and a P<I!:: 

tia! affirmative answer for c 0 -bar!"elledness. 

Clasification /\.M.S. (1980): 46A07. 

Our first two examples are modifications of construc 

tions in l4f (see also ff'O, 8.3.47¡¡, 

Let F be an infinite dimensional Frecltet-Montel spa

ee admitting continuous norm. We set E:.~F' and we con.sJder 

fE,r(t,rU (Note that fE,j1(E,FJI is a non--normable bornologi:_ 

cal l'J'F-space}. By l4t there iexísts a fundamental sequenc;e of 

bounded sets l B L .,., in E aod a count.ably-codimensional 
l nin e_., 

derrse subspace te f: such that 

a1 [fl J Í5 dense i,.n E and díml ro 
1
.}\f!l) 1 ~n for all n c=-JN. n - n4 n 

Let (; 0 be the projective topology orl E, with t'es

pect to the linear maps 

I: t 1 E, /4( t, r) 1 

1 t/t, (' 



where 

= 

is any n ormed top~logy · in E/ L. Then . by 

and 0 0 /L= 5 . f (E,F)IL 

Propos.ition. 

With all the previous notations. 

i) (L , G 0 1 L) is a barrelled space. 

i i) (E / L, 0 0 /L) is a normed spaee. 
-, 

iii} (E, ~ 0 ) is not c 0 -quasi-barrelled. 

Proof. 

1 21 

i) and ii) are consequences of the _ ireceding consi_ 

derations iii). The proof will be complete if we show that 

(E, Z 0 ) has a fundamental sequence of bounded sets and yet 

it is nota df space . By b), there must exist finite dimensi~ 

nal linear subspace M C L such that L+[B J=LG;M, and we may 
n n n 

assume M e M l./ . :IN 
n n+l' Yné. 

Let C be a bounded zero-neighbourhood in M , n é lN n n 
We choose them so that C C C l, 'ti ¿· _ :IN • We claim that n n.. l' n..:: 
(H

0
:=(Bn() L)+(n.Cn))né lN constitutes a fund<imental sequence 

of bounded sets in (E, G 0 ) • Let B be any bounded set in 

( E , <; 0 ) ( he ne e i t is f ( E ,. F ) - b o un u e d ) t he n t her e ex is t s 

~,n BcBcL+[B)=L©M, ~lN,_ n~n 0 n n n 

Thus, ther·e is m t 1N . m ~ n 0 : 13 d3 n Ltm · C . - m m 

Suppose 1 E, (;0 1 is a df space then for every boun

ded_ zero neighbourhood B in 1 E/ L, G"0 /LI, by 1 (J), 12 . .t..81, 
there exists n €° lN such tha t Be ~) . Whence [q ( H ) 1 is den 

n n -
se in IE / L, G"0 /L I and consequently [B )+Lis dense in IE,6 0 1 

n 
which contradicts tha t L is closed in 1 E, Z: 0 1 and 

di m 1 ( L t [ B ] ) / L 1 is fin i te . 
n 

As a corollary we establish the main results of the 

paper. 



lledness where lP ~ X ·> , i w"C .• e . e '} T . 

Since 1.E, _,,), IL, ;;-
0

:L). and 1 E.'L ~ 0 ,l/ poss.ess 

fundamental sequences of bounded .5et3. -~v~ al.:;o inier ~ from 

the above councerexampl.e the followi11g result: 

Proposition. 

The three-5pace problem does noc hold for df-5oa 

ces. 

Next we provide another councerexample far the cla 

ssess of JP-quasi-barrelled spaces, IP(:)l_,., ,e T· 
Lec 1 E, C: 1 be a barrelled Hausdorff locally convex 

s9ace containin~ a dense linear 5ubspace L of councably inii 

ni ce codimension such that:: ever? bounde1i sec in ! E~ "'[ ~ has 

finice-dimensional linear span. lsee ! ti). Take the Hausdorff 

locally convex topology -;::; , on E such chat 

b • v' •• d 
e.tn~~any pr~t::..xe nor~ed topo loo:;:~ on E, L. 

Proposition. 

i l r L - 1 • . ~ u ,, '.L ) is barr~l2..ed. 

ii) r. E. L, ;; 0 , L) is nor::iable. 

iii) (E~(;.,) i.:; non-~ -quasi-bar~9lled. 

Proof. 

iii) 

r 'L- "G'¡L '"L- 'Í --.JO' - 1 '-"'11 -

It suffices to show IE, -r 1 is non-IP-barrelled. No \.. n 

te that every lP-quasi barrelled space whose bounded sets have 

finite-dimensional linear spans is a lP-bar:relled space ' lP "' 

.,;jl_,,,c 7 . As sume 1 E, C º 1 is JP-barrelled, :¡p. E, ~ l~' e ~· 
then IE/L, (;'" n/L 1 ivould al so be lP-barrelled IP r;,. \ l"" ,e \ and 



applying theot'Pm t. t i 11 l 6 I a11c! l l'B.3. 2. 31, it would carry the 

finest local.ly convex topology, contradicting '(;' 
0
/L; (. 

We finally supply a thoroughly, positive answer for 

1= -barrelledness and a partial one for c 0 -barrelledness. 

Theorem. 

Let E be a Hausdorff locally convex space. Let L be 

a closed linear 1~ -barrelled subspace of E such that E/L is 

1 00 -barrelled. Then E is l"" -barrelled. 

Proof. 

Let \ fn/n G lN be a ó(E' ,E)-bounded sequence in E'. 

Then / f IL( is 6(L' ,L)-bounded and hence L-equiconti-
n In li: lN 

nuous in L'. By Hahn-Banach, we construct for· every n <!' lN , an 

extension gn € E' of the mapping f n 1 L ~ L', so that j gn Ín e; lN 

e E' is E-equicontinuous. Thus ( g -f ) 1 L;Q, V C:: lN and we 
n n n 

can define h E (E/L)':h (Q(x));(g -f )(x) Vx¡;,E (Q being the 
n n n n 

quoti;nt mapping Q: E '> E/L). So / hn] n .;. lN is a 

G(L ,E/L)-bounded (hence E/L-equicontinuous) set. Since 

the transposed mapning of Q, 
t o 

Q : L : ; ( E/L) 1 E' 

maps equicontinuous sets into equicontinuous sets and QT . 
1.S 

inyective, we conclude 
n G lN 

( a1nd consequently 

\ f 1 is E-equicontinuous. 
nln<'.lN 

An identical proof holds for the following partial 

positive answer for c 0 -barrelledness. 

Proposition. 

Let E be a Hausdorff locally convex space. Let L be 

a closed linear c 0 -barrelled subspace of E such that E/L is 

loa -barrelled. Then E is c 0 -barrelled. 
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