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Let F he a c¢losed subspace of a Hausdorff 100311?
convex spacs E such that F and the Hausdorff quotient E/F eﬂ
joy a property (M). DPoes the whole space’ E epjoy (M)7, '

This pfoblem iz called "the three-space-probiem" and
it is a common problem in the framework of twisted exact se
guences fsee_F3{)- It is béen already considered by several
authors; e.g. ??3?, 141 .

Iﬁ‘the present paper we shall provide a negative
answer ta .  the problem for P -quasi-barrelledness,
P e ;Kﬂ,lao,p y€p ? and for df spaces. We shall also supply
a thoroughly positive answer for lo-barrelledness and a par
tial affirmati?e answer for co—barrelledhess.

Clasification A.M.S. €1980): 46A07.

- OQur First two examples are modificatidns_of construc

tions in 4} (see also fPB, 8.23.471).
Let F be an infinite dimensional FrechétaM6nteL spa-
ce admiﬁting continuous norm, We set E:=F' and we consider
E,}#(E,?)E {Note that IE,/h(E,F)! is a non-normable bornvlogi
cal PF-space). By 4} there exists a Fundamental sequence of

bourrded sets { B“& in E and a countably-codimensional

n e W
dense subspace L ¢ E such that

&) Eﬁnjrig dense in £ and dimf[Bn4I]\fB;]|értfor all nelN.
Y dim ffL+[B&}}/7L|5rtfor every ne W .

et T, be the projective topology on B, with res-
pect to the linear maps

| Y — !E,/N(E,FH

qrf —— 1e/t, |
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where § is any'ﬁormed topo}ogy in E/L. Then., by |21, :;le
" /u (B, F) L dnd ‘T./l= 14

Proposition.

With all the previous notations.
i) (L, G,lL) is a barrelled space.

ii) (E/L, g,/L) is a normed space.
iii) (E, G,) is not c,-quasi-barrelled.
Proof.

i) and ii) are consequences of the _preceding consi
derations iii). The proof will be complete if we show that
(E, T.o) has a fundamental sequence of bounded sets and yet
it is not a df space. By b), there must exist finite dimensio
nal linear subspace Mn ¢ L such that L+[BnI=LEMn, and we may
assume M_ < M ., Y N,

Let Cn be a bounded zero-neighbourhnod in Mn, nelN

We choose them so that C_ <& C g v - IN . We claim that
n n+ 1 n € 7

(anz(an\ L)+(n.Cn))né N Constitutes a fundamental sequence

of bounded sets in (E,

(E, &,) (hence it is /U(E,F)—bounded) then there exists

—_

G ,). Let B be any bounded set in

ne N : BeB cL+[B ]-L @M, Vném,_ nan,

Thﬁs, there is meg IN. mén&BcBmf1L+m-Cm.

Suppose |E, Z,| is a df space then for every boun-
ded zero neighbourhood B in |E/L, Z,/Ll, by |(J), 12.4.8],
there exists n€ IN such that BC’ETH;). Whence [q(Hn)l is den
se in |E/L, T,/Ll and consequently [Bn]+L is dense in |E, Zo|
which contradicts that L is closed in |E, Z.,l and

“dim|(L+[B ]1)/L] is Einite.

As a corollary we establish the main results of the

paper.
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The rthrec-space roblem fails for P -quasi-varre
St P !

lledness where P £ {th,lﬁi,c. e, 7.
Since (E, Z.), (L, T,IL}. and fEfL, I.. L} possess
fundamental sequences of bounded sets. we also inter , from

the above counterexample the following result:

Proposition.

The three-space problem does not hold for df-spa

ces.

Next we provide anocher councterexample for the cla

ssess of IP -quasi-barrelled spaces, ﬁ’c%lm , C &.

Let |E. T ! be a barrelled Hausdorff locally convex
space containing a dense linear subspace L of councably inri
nite codimension such that esverv bounded sec in |E, Z i has
finite-dimensional linear span. [see fei). Take the Hausdorff

>

locally convex topology 5, on E such that 7,iL=7TjiL, T, L= Y

L ..
beingianv prerixed normed tovologr on E. L.
Provosition.

Under the above assumprions,

i) (L, J,/L) is barrelled.

ii) (EFL, Ta.. L) is normable.

iii) VE, G;).is aon-iP -quasi-barreiled. P oyl .c Y.
roof.

iii)

It suffices to show |E, T,| is non-WP-barrelled. No
te that every PP-quasi barrelled space whose bounded sets have
finite-dimensional linear spans is a P-barrelled space , P <
e;lw,c $ . Assume |E, Z,} is P-barrelled, P e { lew, c }.

then |E/L, T,/Ll would also be IP-barrelled P« 1, ,c { and



applying gheorem t.1 in |6] and|?83.2.8], it would carry the

finest locally convex topology, contradicting 7,/L=¥.
We finally supply a thoroughly, positive answer for
1, -barrelledness and a partial one for c,-barrelledness.

Theorem.

LLet E be a Hausdorff locally convex space. Let L be
a closed linea-r.loo -barrelled subspace of E such that E/L is

1, -barrelled. Then E is lo ~barrelled.
Proof.

Let anfn élﬁ be a G (E',E)-bounded sequence in E'.
Then {fnlL’n& N

nuous in L'. By Hahn-Banach, we construct for every neé&¢ NN, an

is 4 (L',L)-bounded and hence L-equiconti-

extension g, € E' of the mapping fnlLe L', so that {gﬁsne:m
c E' is E-equicontinuous. Thus (gn—fn)lL=0, Vné N and we
can define h € (E/L)':hn(Q(x))=(gn—fn)(x) ¥xe¢E (Q being the
quotlfnt mapping Q:E ——— - E/L). So { hnﬁrle N Ts a

G (L ,E/L)-bounded (hence E/L-equicontinuous) set. Since

the transposed - mapping of @, Qt: L := (/L)Y ——mm—— EY

, , . . . T |,
maps equicontinucocus sets into equicontinuous sets and @ is
inyective, we conclude | gn—fn in P (and consequently

Afnln . N 1S E-equicontinuous.

An identical proof holds for the following partial

positive answer for c,-barrelledness.
Proposition.

Let E be a Hausdorff locally convex space. Let L be
a closed linear c¢,-barrelled subspace of E such that E/L is’

1. -barrelled. Then E is combarfelled.
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