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1. INTRODUCTION

We write Bg for the closed unit ball of a real Banach space E and the
dual space of E is denoted by E*. x € Bp is called an extreme point of Bg if
Y,z € Bp with z = %(y + z) implies x = y = z. « € B is called an exposed
point of Bp if there is a f € E* so that f(x) =1 = ||f]] and f(y) < 1 for
every y € Bg \ {z}. It is easy to see that every exposed point of Bg is an
extreme point. We denote by extBr and expBp the sets of extreme and
exposed points of Bp, respectively. Let n € N,n > 2. A mapping P: F — R
is a continuous n-homogeneous polynomial if there exists a continuous n-linear
form L on the product E x --- x E such that P(z) = L(z,...,z) for every
x € E. We denote by L("E) the Banach space of all continuous n-linear forms
on E endowed with the norm ||L{| = supyj,, =1, 1<j<n [L(Z1, ..., 20)]. Ls("E)
denotes the closed subspace of L(™F) consisting all continuous symmetric
n-linear forms on E. P("E) denotes the Banach space of all continuous n-
homogeneous polynomials from F into R endowed with the norm [|P| =
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sup|z=1 | P(z)|. Note that the spaces L("E), Ls("E), P("E) are very different
from a geometric point of view. In particular, for integral multilinear forms
and integral polynomials one has ([2], [9], [32])

extBr gy = {@102 ¢ : ¢i € extBp«}
and
extBp,(npy = {£¢" : ¢ € E%, [¢] =1},
where L7("FE) and Pr("E) are the spaces of integral n-linear forms and integral
n-homogeneous polynomials on F, respectively. For more details about the
theory of multilinear mappings and polynomials on a Banach space, we refer
to [10].

In 1998, Choi et al. ([4], [5]) characterized the extreme points of the unit
ball of P(%12) and P(?13). Kim [15] classified the exposed 2-homogeneous poly-
nomials on P(*12) (1 < p < o). Kim ([17], [19], [23]) classified the extreme,
exposed, smooth points of the unit ball of P(2d,(1,w)?), where d.(1,w)? = R?
with the octagonal norm of weight w.

In 2009, Kim [16] initiated extremal problems for bilinear forms on a clas-
sical finite dimensional real Banach space and classified the extreme, exposed,
smooth points of the unit ball of L£4(%2)). Kim ([18], [20]-[22]) classified
the extreme, exposed, smooth points of the unit balls of Ls(?d.(1,w)?) and
L(3d,(1,w)?).

We refer to ([1]-]9], [11]-[32] and references therein) for some recent work
about extremal properties of multilinear mappings and homogeneous polyno-
mials on some classical Banach spaces.

Let K = R or C. The Bohnenblust-Hille inequality for n-linear forms ([3]
and references therein) tells us that there exists a sequence of positive scalars
(C(n:K))>2, in [1, 00] such that

n+1

[o'e) on 2n
( Z ‘T(ejl,...,ejn)‘"“) < C(nK)HTH
Ji

for all continuous n-linear forms 7" : ¢y X - -+ X ¢g — K. The optimal constant
in the Bohnenblust-Hille inequality for n-linear forms C'(n : K) is defined by

n+1

o0 2n
2n
C(n:K) = sup{( E , |T(ej1""7€jn)|"+l> :

jla---vjnzl

T e L("c: K), |T| = 1}.
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We introduce the optimal constant in the Bohnenblust-Hille inequality for
symmetric n-linear forms Cs(n : K) is defined by

n+1

0 2n
C's(n:K):=sup{< Z ]T(ejl,...,ejn)|n+1> :

j17""jn:1

T e Ly("co : K), |7 = 1}.

It is obvious that Cs(n : K) < C(n : K). We also introduce the optimal
constant in the Bohnenblust-Hille inequality for n-homogeneous polynomials
Cp(n : K) is defined by

Cp(n : K) :=sup { <Z ]P(ej)ffl)

Recently, Diniz et al. [12] showed that C(2: R) = v/2.

In this paper, we classify the extreme and exposed 3-linear forms of the
unit ball of £(3[2,). We introduce optimal constants in the Bohnenblust-Hille
inequality for symmetric multilinear forms and polynomials and investigate
about their relations.

n+1
2n

P eP("e:K), |P|| = 1}.

2. THE EXTREME POINTS OF THE UNIT BALL OF L(3I2)
Let T € L(3I2,) be given by

T((w1,22), (y1,92), (21, 22)) = az1y121 + brayazs + c1T2y121 + C2T1Y221
+ c3z1y122 + diz1y222 + daz2y122 + d3zayez1

for some a,b,cj,d; € R and for j = 1,2,3. For simplicity, we will denote
T = ((l, ba Cl,CQ,Cg,dl,dQ,dg).

THEOREM 2.1. Let T = (a, b, Cl,CQ,Cg,dl,dg,dg) S £(3lgo) Then

IT|| = max {|a + c1 + ¢z + ds| + [b+ ¢3 + d1 + da],
la —co —c3+dy| + |b+ c1 — do — ds),
la —b+cg —ds| + |c1 — ca — dy + da,
la+b—ci —di|+ |ca — c3+ do — ds|}.
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Proof. Note that extBpz = {(1,1), (1, -1),(=1,1), (-1, —1)}. By the Krein-
Milman Theorem, Bjz = ¢o(extBz ). By the continuity and trilinearity of
T,

) )

|IT|| = max {|T((1,1), (1,1), (1, )], T((1, =1), (1, 1), (1, 1))|
1T((1,1),(1,-1), (1, 1))}, |7°((1,1), (1, 1), (1, 1)),

1T((1,-1),(1,-1), (1, 1))[,|T((1, 1), (1,1), (1, =1))],
IT((1,1), (1, 1), (1, =) |, IT((1, =1), (1, =1), (1, =1))[}
=max {|a + c1 + ca + ds| + b+ 3+ di + da,

la —ca —c3+di|+ b+ c1 —da — ds|,

la — b+ cg —ds| + |c1 — ca — d1 + da,

la+b—cy—di|+ |ca — 3+ da — ds }.

Note that if [|T']] =1, then |a| <1, [b] <1, |¢;] <1, |d;| <1, for j =1,2,3.

THEOREM 2.2.

extB£(3lgo) = {(CL, b, Cl,CQ,Cg,dl,dg,dg) .

1
a:g(ﬁl+€2+53+€4+€5+€6+57+68)7

1
b:§(61—62—63—64+€5+66+67—68),

1
Cl:§(€1—€2—|—63+€4—65—€6+67—68),

1
622§(€1+62—63+€4—€5+66—67—68),

1
63:§(€1+62+63—64+65—66—67—68),

1
d1:§(61+62—63—64—65—66+67+68),

1
dQ:g(el—€2+63—64—65+66—67+68),

1
d3:g(el—62—63+€4+65—66—67+€8),

e ==+1, forj=1,2,...,8}.
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Proof. Let T = (a,b,c1,c2,c3,d1,d2,d3) € L(3I%) with ||T|| = 1. Note that

T((1,1),(1,1),(1,1)) =a+b+c1 +ca+ e+ di + do + ds,
T((1,-1),(1,1),(1,1)) =a—b—c1+ca+ 3+ di — dy — ds,
T((1,1),(1,-1),(1,1)) =a—b—+c1 —co+ 3 — di + da — d3,
T((1,1),(1,1),(1,-1)) =a—b+c1 +coa — c3 — di — da + d3,

T((1,-1),(1,-1),(1,1)) =a+b—c1 — o+ c3 — d1 — da + ds,
T((1,-1),(1,1),(1,-1)) =a+b—c1+c2 — c3 — d1 + dp — d3,
T((1,1),(1,-1),(1,-1)) =a+b+ec1 —ca — c3 + d1 — dp — d3,
T((1,-1),(1,-1),(1,-1)) =a—b—c1 —ca — c3 + dy + da + d3.

Let A = (aij)1<i j<s be the 8 x 8 matrix such that

ap=13G(=1,...,8), aip=1(i=1,5,6,7), are = —1 (k=2,3,4,8),
a3 =1(i=1,3,4,7), ars = —1 (k=2,5,6,8), au=1(:=1,24,6),
arg = —1 (k=3,5,7,8), a;5=1(i=1,2,3,5), ars = —1 (k=4,6,7,8),
aig=1(=1,2,7,8), are = —1 (k=3,4,5,6), a;7=1(i=1,3,6,8),
apy = —1 (k=2,4,5,7), aig=1(i=1,4,58), ars = —1 (k=2,3,6,7).

By calculation, det(A) = —2'2) so A is invertible. Note that

AT = (T((l,l),(l,l),(l,l)), T((1,-1), (1,1), (1, 1)),
T((1,1),(1,-1),(1,1)), T((1,1),(1,1),(1,-1)),
T((1,-1),(1,-1),(1,1)), T((1,-1),(1,1),(1,-1)),
7((1,1), (1, 1), (1,-1)), T((1,-1),(1,-1), (1, 1)))

T—A—1<T((1,1),(1,1),(1,1)), T((1,-1), (1,1), (1,1)),
T((1,1),(1,-1),(1,1)), T((1,1),(1,1),(1,-1)),
T((1,-1),(1,-1),(1,1)), T((1,-1),(1,1),(1,-1)),
7((1,1), (1, 1), (1,-1)), T((1,-1),(1,-1), (1, 1)))
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We claim that T' € extBsgz ) if and only if

1=|T((1,1 ,(,1 ) =1T((1,-1),(1,1),(1,1))|
=|T((1,1),(1, (1 )| =|T((1,1),(1,1),(1,-1))|
=|T((1,-1), 1—1) (L) =|T((1,-1),(1,1),(1,-1))|
= |T((1,1),(1,-1),(1,-1)| = |T((1,-1), (1, =1), (1, ~1))|.

(=): Otherwise. Then we have 8 cases as follows:

Case 1: |T((1,1),(1,1),(1,1))| <1or
Case 2: |T((1,-1),(1,1),(1,1))| <1lor
Case 3: |T((1,1),(1,-1),(1,1))| <1 or
Case 4: |T((1,1),(1,1),(1,-1))| <1or
Case5: |T((1,-1),(1,-1),(1,1))| <1lor
Case 6: |T((1,-1),(1,1),(1,-1))] <1or
Case 7: |T((1,1),(1,-1),(1,-1))| < 1or
Case 8: |T((1,-1),(1,-1),(1,-1))| <1
Case 1: |T((1,1),(1,1),(1,1))| < 1. Let

e :=T((1,1),(1,1),(1,1)),

e :=T((1,-1),(1,1),(1,1)),

e3:=T((1,1),(1,-1),(1,1)),

es :=T((1,1),(1,1),(1,-1)),

e :=T((1,-1),(1,-1),(1,1)),

e :=T((1,-1),(1,1),(1,-1)),

er:=T((1,1),(1,-1),(1,-1)),

es :=T((1,-1),(1,-1),(1,-1)).

Then,
_ t
AT = (61,62763764765766767768) .

Let ng € N such that |e;] + nio < 1. Let Ty, Ty € L(3%,) be the solutions of

1 t 1 t
ATI = <€1+n7762763a64765766767768) ) ATQ = (61_n7762763764765766767a68) .
0 0
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Note that T} # T, | T}|| = ||AT}||c = 1 for j =1, 2. It follows that

1
A<§(T1 + T2)> = (€1, €2, €3, €4, €5, €6, €7, €3)" = AT,
which shows that

1 _
§(T1 +To) = A7 er, €0, €3, €4, €5, €6, €7, ¢8)" = T,

so T is not extreme. By the similar argument in the Case 1, if any of Cases
2-8 holds, then we may reach to a contradiction.

(«<): Let ¢ € R be given for j =1,2,...,8. Consider the following system
of 8 simultaneous linear equations: AT = (e1, €2, €3, €4, €5, €6, €7, €3)?, ie,
a+b+cr+catcez+di+dy+d3y=eq,
a—b—c1+co+c3+d —dy—d3 = e,
a—b+ci—co+c3—di+dy—ds = e3,
a—b+ci+co—c3—di—ds+ ds = ey,
a+b—ci—co+c3—di —ds+ ds = €5,
a+b—c1+co—c3—di+dy— d3 = eg,
a+b+ci—co—c3+dy —dyg—ds = ey,
a—b—c1—co—c3+di+ds+ ds = es.

We get the unique solution of (x) as follows: T = A~ (ey, €2, €3, €4, €5, €6, €7, €3)?,
ie,

1
(I:g(ﬁl+62+63+64+65+66+67+68),

1
b:é(el—62—63—64+65+€6+67—68),

1
01:é(q—62+€3+64—65—€6+67—68),

1
C2:é(el+€2_€3+64_55+66_67_68)7
(%)
03:§(€1+€2+63_54+€5_66_€7_58),

1
d1:7(61%—62—63—64—65—66+67+68),

8

1
d2=é(el—€2+63—64—65+66—67+68),

1
d3=*(61—62—63+64+65—66—67+68).

8
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Let Ty = (a+€,b+8,¢1+71, c2+72, 3 +73,d1 + p1, da + pa, d3 + p3) € LP13,)
and Th = (a—€,b—d,¢1 — 1,2 — Y2, 3 —y3,d1 — p1,d2 — p2,ds — p3) € E(Slgo)
be such that 1 = ||T1|| = ||T»| for some €,d,v;,p; for j = 1,2,3. Then, for
k=1,2,

((1,1),( 171)|_1+\€+5+’71+72+73+P1+P2+P3!,
((1,-1) 1))‘—1+|€—5—71+72+73+p1—Pz—ﬂ3|,
((1,1),( 7171))‘_1+’€—5+’Yl—’Y2+73—P1+P2—P3|,
((1,1),( 1,-1))| =1+]e—=0+v+72 —v3—p1 — p2+psl,
1> [T ((1,=1), (1, =1), (1, 1) =1+ e+ 6 — 71 =72 + 73 — p1 — p2 + p3l,
((1,=1),(1,1),(1, =) | =1+ [e+ 6 — 71+ 2 — 73 — p1 + p2 — p3l,
(( (1,=-1),(1,=1))| =1+ e+ 5 +7 —r2— 3+ p1— p2 — psl,
((1,=1),(1,=1),(1,=1))| =14 ]e =6 —v1 —v2 —¥3+ p1 + p2 + p3l.

)
(
(
)

Therefore, we have

O=e+d0+v1+7v2+73+p1+ p2+p3,
O=e—0—y1+72+73+p1— p2— ps,
O=e—=0+7—"72+73—p1+p2—p3,
O=e—=d0+m+r2—7—p1—p2+p3
O=€e+d—71—72+7—p1—p2+ps,
O=e€e+d—m+72—"73—p1+p2—p3,
O=e+d0+v1 —7v2—73+p1— p2— ps,
O=€e—d—m—72—73+p1+p2+ps

Hence, A(€,0,71,72,73:p1,p2,p3)' = 0. By (34), 0 = e =0 =y =72 =73 =
p1 = pa = p3. Hence, T is extreme. Therefore, we complete the proof. 1

COROLLARY 2.3. If T = (CL, b, Cl,CQ,Cg,dl,dg,dg) S e.%‘tBl:(slgo), then |a],
1], |c;1, 1d;] € {0, 1, 3, 2,1} for j = 1,2,3.
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THEOREM 2.4. ([26])

extBg, iz = { % (1,0,0,0,0,0,0,0), +(0,1,0,0,0,0,0,0,),

1 1 1 1 1 1 1 1
i<§707070707_§7_§7_§)7 i(07§7_§7_§7_§707070)7
i(ljllllll) (_§lllllll>

4 4°4°4°4°4°44) 44447444 4)°
i(?lllliii)

444474 4 4 4)
L3 11 1111y

4’4 4 4 44474

THEOREM 2.5. extBg (32 ) = extBpsiz ) N Ls(Pl3,).
Proof. 1t follows from Theorems 2.2 and 2.4. 1

Remarks. (1) 2* = |extBg 32 )| < |extBpsz )| = 2°.

(2) Let T = (a,b,c1,ca,c3,d1,d2,d3) € L(31%). Then, by scaling, we may
assume that d; > 0 for j =1,2,3.

Proof. Let Ty ((z1,22), (y1,¥2), (21,22)) == T((e121, 22), (291,92)), (€321, 22),
where €, = £1 be given satisfying €;d; > 0 for j =1,2,3. 1

QUESTION. Is it true that ext By (nj2 ) = extBpnz )N Ls(M2) for n > 4?7

3. THE EXPOSED POINTS OF THE UNIT BALL OF L(3[2)

THEOREM 3.1. Let f € L(31%)* with

a= f(riy1z1), B = f(way2z2), 7 = f(z2y121), 72 = f(x1Y221),
13 = f(x1y122), 01 = f(r1yez2), 02 = f(way122), 03 = f(way221).
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Then,
1Kl :max{ ac + bp + Z ¢+ Z d;o;| :
j=12,3 j=1,2,3
1
CL:g(el+€2+€3+€4+€5+66+57+€8)a
1
b= g(el—€2—€3—€4+65+66+67—68),

1
Cl:7(61—62+63+€4—65—66+67—68),

8
02:g(Gl+€2_63+€4_€5+56_57_68)7
1
C3:§(€1+62+63—64+€5—66—67—68),
1
dl:g(ﬁl+€2—€3—54_€5_56+67+58)7
1
d2=§(61—62+€3—€4—65+66—€7+68),
1
d3:g(fl_62_53+€4+€5_€6_57+68)a

€; = *£1, forj:1,2,...,8}

Proof. Proof. 1t follows from Theorem 2.2 and the Krein-Milman Theo-
rem. |

THEOREM 3.2. expBpsz ) = extBraz ).

Proof. We will show that extBr@siz ) C expBppgz ). By Theorem 2.2,
Corollary 2.3 and Remarks(2), it suffices to show that if

1111

2727272’

( §}11111}) (§ 11 11111)
vrrrvreey) \v Ty rvvra)

then T' € expBri2,)-

Claim: T'= (1,0,0,0,0,0,0,0) € expBs2 ).

Let f € L(3I2)* with a =1,0 = 3 =~; = §; for j = 1,2,3. Note that, by
Corollary 2.3 and Theorems 2.2 and 3.1, ||f|| =1 = f(T) and |f(S)| < 1 for
all S € extBps;2 )\{+T'}. The claim follows from Theorem 2.3 of [21].

T'=(1,0,0,0,0,0,0,0), ( 0,0,0,0)
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Claim: T = ( %, 5 2, 2,O 0,0, 0) € expBr2 ).

Let f € L(3I2,)* with —a = % =B=v=v,0=93=9;for j =1,2,3.
Note that, by Corollary 2.3 and Theorems 2.2 and 3.1, ||f|| =1 = f(T) and
|f(S)| < 1forall S € extBpsz ) \{£T}. The claim follows from Theorem 2.3
of [21].

RO — 31111111
Claim: T = (— 171,1,1,1,1,1,1) S GLL‘pBE(SlZ )

Let f € L(312)* with a = 2, 14 = =~; =0; for j = 1,2,3. Note that,
by Corollary 2.3 and Theorems 2.2 and 3.1, ||f|| =1 = f(T') and |f(5)] < 1
for all S € extBg;z )\{£T}. The claim follows from Theorem 2.3 of [21].

1 1 11111
Claim: T = (§, ~3,~3,~1 1,11 1) € ewpBren,)-
1
3

Let f € L2 ) witha=3,-2 =B8=y =9 =—y=—§ forj=

1,2, 3. Note that, by Corollary 2.3 and Theorems 2.2 and 3.1, || f|| =1 = f(T)
and |f(S)| < 1forall S € extBpaz y\{£T}. The claim follows from Theorem
2.3 of [21]. We complete the proof [

THEOREM 3.3. ([26]) expB 32y = extBr (32
THEOREM 3.4. expBp 32 ) = expBrsz ) N Ls(G1%).
Proof. Tt follows from Theorems 3.2 and 3.3. |

QUESTION. Is it true that expB (nj2 ) = expBrn2 ) NLs(M2) for n > 47

4. OPTIMAL CONSTANTS IN THE BOHNENBLUST-HILLE INEQUALITY FOR
SYMMETRIC MULTILINEAR FORMS AND POLYNOMIALS

THEOREM 4.1. 1 < Cp(n:K) < %Cs(n ' K) < %C(n : K) for all n > 2.

Proof. It is enough to show that Cp(n : K) < Z:Cy(n : K). Let P € P("¢g
K),||P|| = 1. By the polarization formula, ||P|| < L5 P|| = L5, where P is
the corresponding symmetric n-linear form to P. Hence,

ntl on n+tl
2. nl 2\ > n! . nt | 2"
ZlmP(eg‘)V“ < > S Pleg e eg)
]:1 jl?"'?j’ﬂzl
< Cs(n : K).
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THEOREM 4.2. C4(2:R) = C(2: R) = /2.

Proof. It is enough to show that Cy(2: R) = /2. Let

1 1 1

1
T((z1,32), (y1,42)) = ST~ S22y + ST1Y2 + S a2y

4
3

Then T € L,(%2,), |T| = 1. By aresult of [12], v2 < (2., |T(es, €;)]5)7 <
Cs(2:R)<C(2:R)=+v2. 1

THEOREM 4.3. ([16])
1 1
extBp, 2z ) = {1(1,0,0,0), +(0,1,0,0), i§(1, —-1,1,1), i§(1, —1, —1,—1)}.

THEOREM 4.4.

3

2 4
Sup{( > |T(€i,€j)|§> T e L(*15), T =1,T¢ 6$th:5(21§,0)}

ij=1
= Cs(2: R).
Proof. Let
2 :
[ :=sup {( Z \T(ei,ej)r?f) T e L2, T =1, T¢ 6$tB£S(2lgo)}-
ij=1

For |c| < 3, let

1 1
Tc(($1a$2)’ (yl,y2)) = 5901111 - §$2y2 + cx1Yy2 + cxays.

Then T.. € Ls(*13,), [Tl = 1. By Theorem 4.3, T, ¢ extBg (22 . It follows
that

2 3
4\ 4 1
: 212 clei, )3 : >
Cy(2 R)_l_sup{<Z|T(e e])|3> |cy<2}
3

— sup <2() +2cy§>4 —VZ=C,(2:R).
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THEOREM 4.5. Let n > 2. Then, 2" < Cp(n : R).

Proof. Let

n+1

o 2n 2n
e <Z |P<ej>|"“> P eP(), |P| =1,
j=1
o
P(($m)%°:1) = Zajx? for some a; € ]R}.
=1

Claim: w = 2% .
Let P € P("co), [|Pll = 1, P((zm)pr=1) = >_j= a;z} for some a; € R. Let

A:={jeN:a; >0} and B := N\A. Note that, for every k € N,

P> p< 3 e]> =Yy
jeA, <k JjeA, <k
and
1> p< 3 ej>‘= S gyl
jeB, i<k jeB, j<k
Hence,
Yol <1, ) eyl <1
JEA JjEB
It follows that
2n_ n 2n_ 2n_ n
(Z|P<ej>|n+1) =<Zrajn+1+2|aj|n+l)
j=1 jeA jEB
ntl
2n
<(Sal+ X l)
jeA jeB
<2,

which shows that w < 2% . Let Po((xm)fnozl) = a7 — a5 € P("co) for
(Xm)2o_; € ¢o. Then ||Py|| = 1. Hence,

n+1

2n

o0
2’?#:<Zyp0(ej)|%> <w< 2%
j=1

Therefore, 2% < Cp(n : R). We complete the proof. |1
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COROLLARY 4.6. C(2:R) < 21 < C,(2: R) < 2v/2.

THEOREM 4.7. Let T : I2,(R) x I2(R) — R be given by T(x,y) =
Z?J:l a;;x;y;, with a;; € R, a12 = ao1. Then the symmetric bilinear forms
satisfying

2 3
1) 4
(X mewelt) = vl
ij=1
are given by T'(z,y) = a(x1y1 — x2y2 + x1Y2 + x2y1) or T(x,y) = a(—z1y1 +
xoys + x1y2 + woy1) for all a € R\{0}.
Proof. Tt follows from Theorem 4.1 of [3]. |}

THEOREM 4.8. Let T € Ls(*1%), |T|| = 1, T(ej,ej) # 0 for j = 1,2.
Then,

ol

(¥ imeet)’ -z

ij=1
if and only if T' € extBp (212 ).

Proof. 1t follows from Theorems 4.2, 4.3 and 4.7. |

THEOREM 4.9.

[N

2
sup{( 3" [T(es,e5)|%)

ij=1

1T € extBrpp = ——F——

Proof. Diniz et al. [12] showed that 23 < C(3 : R) < 1.782. By Theo-
rem 2.2 and Corollary 2.3,

4

2 4 3.2
sup{( Z T(ei,ej)\i> ST € ea;tBL(algo)} = T+32)8 <23 < C(3:R).

1,j=1

QUESTIONS. (1) Is it true that Cs(n : R) = C(n : R) for all n > 37
(2) Is it true that Cp(2: R) = 217
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