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AFFINE FUNCTORS AND DUALITY

JOSE NAVARRO, CARLOS SANCHO, AND PEDRO SANCHO

ABSTRACT. A functor of sets X over the category of K-commutative algebras
is said to be an affine functor if its functor of functions, Ay, is reflexive and
X = Spec Ax. We prove that affine functors are equal to a direct limit of affine
schemes and that affine schemes, formal schemes, the completion of affine
schemes along a closed subscheme, etc., are affine functors.

Endowing an affine functor X with a functor of monoids structure is equiv-
alent to endowing Ax with a functor of bialgebras structure. If G is an affine
functor of monoids, then Af is the enveloping functor of algebras of G and
the category of G-modules is equivalent to the category of Af-modules. Appli-
cations of these results include Cartier duality, neutral Tannakian duality for
affine group schemes, the equivalence between formal groups and Lie algebras
in characteristic zero, etc.

INTRODUCTION

Let K be a (unital associative) commutative ring. It is well-known that K-
schemes can be treated as mere “abstract sets” by means of their functor of points,
which are functors of sets defined over the category of commutative K-algebras.
This functorial point of view is particularly useful to study K-group schemes and
their linear representations ([5], [6]). Nevertheless, to obtain reasonable results
in the case of formal groups, the functors of points have to be endowed with a
topology: they are defined over the category of linearly compact K-algebras, where
K is a pseudo-compact ring ([7]).

In this paper, that develops ideas introduced in [1I] and [10], we show that, when
considering K-modules, linear representations of group schemes, formal groups,
etc., as functors over the category of commutative K-algebras since the beginning,
then the concepts of affine functor and reflexive functor arise naturally, allowing
to prove many results from Algebraic Geometry, as obvious consequences of the
reflexivity of the functors of modules considered.

All functors considered in this paper are covariant functors defined over the
category of commutative K-algebras.

Given an K-module M, we denote by M the functor M(S) := M @k S, for all
commutative K-algebras S. We say that M is the quasi-coherent module associated
with M. If M and M’ are functors of K-modules, then Hom (M, M) will denote
the functor of K-modules

HOTI’L}C (M, MI)(S) = Homs (M‘S, MI|5)

where Mg is the functor M restricted to the category of commutative S-algebras.
We write M* := Hom (M, K) and say that this is a dual functor.
The fundamental results on which is based this paper are the reflexivity theorems:
Theorem ([, 1.10]): Let M be an K-module, then M** = M.
1
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Theorem ([I0, 4.4]): Assume that K is a field. A functor of -modules M is
reflexive if and only if it is the inverse limit of its quasi-coherent quotients.
Given a functor of commutative KC-algebras A, let Spec A be the functor:

Spec A(S) := Homg—q14(A, S).

In case X = Spec A is an affine K-scheme and X stands for its functor of points
(X(S) := Homg —qi4(A, S)), then X' = Spec A. Let C be a K-module, if C* is a
functor of commutative algebras we say that SpecC* is a formal scheme. If K is a
field, SpecC* is a formal scheme if and only if it is a direct limit of finite K-schemes
(see Note [£2). This is the definition of formal scheme, when K is a field, that can
be found in [5] and [13].

Let X be a functor of sets and Ax := Hom(X, K). We say that X is an affine
functor if X = Spec Ax and Ax is reflexive. We warn the reader that in the literature
affine functors are sometimes defined to be functors of points of affine schemes.

From now on we will assume, for simplicity, that K is a field. We prove the
following theorems.

Theorem 0.1. If A is a reflexive functor of commutative algebras, Spec A is a
direct limit of closed immersions of affine schemes.

Let A be a K-algebra, we say that A is a quasi-coherent algebra. If A is the
inverse limit of its quasi-coherent algebra quotients we say that A is a proquasi-
coherent algebra.

Theorem 0.2. Let A be a reflexive functor of commutative algebras. If A is a
proquasi-coherent algebra, then Spec A is an affine functor and Agpeca = A. If X
is an affine functor, then Ax is a proquasi-coherent algebra.

Theorem 0.3. Affine schemes, formal schemes, the completion of an affine scheme
along a closed subscheme are affine functors.

Theorem 0.4. An affine functor G is a functor of monoids if and only if Ag is a
functor of bialgebras, and given two affine functors of monoids Gy and G, then

Hommon (Gla G2) - Hombialg (AG2 ’ A(Gq)

In particular, the category of formal monoids is equivalent to the category of
cocommutative bialgebras (see [6.8)).

In Section @], we prove the categorical equivalence of the category of infinitesimal
formal groups with the category of Lie algebras, and the Poincaré-Birkhoff-Witt
Theorem, in characteristic zero (see [12]). Let us speak loosely. Let G = Spec A*
be an infinitesimal formal group and Z* the ideal of functions of G vanishing at
the unit element. Then, the natural morphism S™(Z*/Z*?) — Z*"/Z*"*! is an
isomorphism, and we prove that the inverse morphism is the morphism induced
by the comultiplication morphism A* — A*@".@A*. Dually, if L = (Z*)T*?)* =
T.G is the Lie algebra of G, U(L) is the universal algebra associated with L and
U(L), := L-"-L, we obtain that U(L),/U(L)ps+1 = S™L and as a consequence
A =U(L). Given another infinitesimal formal group G’ = Spec B*, then

Homy,,(G, G") = Hompiqiy (B*, A*) = Hompiaiy (A, B)
= Homypiqiy(U(T.G),U(T.G')) = Homp (T.G, T.G)

It is well-known that, for a finite monoid G, the category of K-linear represen-
tations of G is equivalent to the category of KG-modules. In [Il 5.4] we extended
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this result to affine group schemes. Now, let G be a functor of monoids, such that
Ag is reflexive and let G — A{ be the natural morphism. In this paper we prove
that the enveloping functor of algebras of G is A, that is,

(1) Homynon (G, B) = Homg—qi4(AG, B)

for all dual functors of K-algebras B. As consequences of Equality [I, we obtain the
following two theorems.

Theorem 0.5. The category of dual functors of G-modules is equivalent to the cat-
egory of dual functors of Af;-modules. In particular, the category of quasi-coherent
G-modules is equivalent to the category of quasi-coherent Af,-modules.

Corollary 0.6. Let M, M be reflezive functors of G-modules. Then, a morphism of
K-modules Ml — M is a morphism of G-modules if and only if M(K) — M/(K) is a
morphism of A§ (K )-modules. Let M be a G-module, then the set of quasi-coherent
G-submodules of M is equal to the set of A (K)-submodules of M.

In Section [@ we deduce the Tannaka’s characterization of the category of linear
representations of an affine group scheme: Let us talk loosely. If a category of
finite-dimensional vector spaces with an extra structure is generated by a unique
object X, then it is (weak) equivalent to the category of finitely generated Ax-
modules, for some finite-dimensional algebra Ax. If the category is generated by a
set of objects {X;} then it is equivalent to the category of finite generated liin Ax,-

modules, where lim Ay, = (lim A% )* =: C* is a scheme of algebras. If in addition,
— — i

i i

the tensor product of the objects of the category are objects of the category then
C* has a comultiplication, that is, C* is a bialgebra. Therefore, the category is
equivalent to the category of finite linear representations of Spec C'.

Theorem 0.7. Assume G is commutative. Then,
GY = Homupmon (G, K) = Homic—a4(A%, K) = Spec Af

As immediate application of Theorem [(.7 and the reflexivity theorem, we deduce
the Cartier duality over commutative rings (also see [7, Ch. I, §2, 14], where formal
schemes are certain functors over the category of commutative linearly compact
algebras over a field).

If G, = Spec K|[z] is the additive group, the category of G modules is equivalent
to the category of K[z]-modules. Then,

Hom,on (GY, Endg (V) = Endg (V)
If V is a K-algebra, we prove that
Homyon (G, Endg —aig(V)) = Derg (V, V)
More generally, we prove ([812) that if G is K-group scheme, then
Hom,,on (GY,G) = T.G

and if X is a K-scheme, then Hom,, o, (GY,End X) = Der X (810).

That is, giving a vector field D on a K-scheme X is equivalent to giving a
morphism of functors of groups expp: GY — End X; and giving an invariant vector

field on a K-group scheme G is equivalent to giving a morphism of functors of groups
erpp: G;/ — G.
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Every morphism SpecC* — X, from a infinitesimal formal scheme (i.e., C* is a
local algebra) to a K-scheme uniquely factors via Spec C*, that is,

Hom(SpecC*, X) = Homg _cn(Spec C*, X).

Then, expp uniquely factors through Spec K[z]*. In characteristic zero, K[z]* ~
K[[z]] and one has the classical exponential map expp: Spec K|[[z]] — G, associated
with D ([4, II 6 3]). In characteristic p > 0, one has an isomorphism of K-schemes
Spec K[z]* = Spec K|[[xo, ..., Tn,...]]/(@h,....ak,...) (see [[9). We apply this
construction to prove the existence and uniqueness of “analytic” solutions of an
algebraic differential equation in arbitrary characteristic (see [RI8)):

Let § be the invariant field on Spec K [z]*. That is, in characteristic zero 6 = 9,

in characteristic p > 0, § = 9y + x5 ' /(p — )18, + 28 27/ (p = 1)120,y + - -

Theorem 0.8. Let X be a K-scheme, let y € X be a rational point and let D be
a vector field on X. Then, expp,: Spec K[z]* — X, expp y(2) := expp(z) is the
only morphism f: Spec K[z]* — X such that f(0) = y and f(8,) = Dy, for
every point p € (Spec K[z]*)(S).

If X is a complete algebraic variety, then the scheme-theoretic image of expp is
a commutative algebraic group, that we define to be the algebraic group associated
with D ([822)). The minimal subvariety tangent to D passing through a point is
the orbit of the point under the action of the algebraic group associated with D.

Let Spec C* be a formal monoid and D¢ = {w € C*: w(I) = 0 for some bilateral
ideal I C C of finite codimension} C C*. Then, Spec De is an affine monoid scheme,
because Dj = liin C/T is a scheme of bialgebras, and

I

Homyy,on (Spec C*, Spec A) = Hompiqig(A,C*) = Homp;ae(C, A*)
= Hombialg( liin C/I, .A*) = Hombm[g (.A, Dc)
I
= Homy,,on (Spec D¢, Spec A)

(2)

In the case the algebraic group associated with D is an affine algebraic group,
then it is isomorphic to a quotient of Spec Dy, by Equation@2 Then, by Theorem
[C17] it is isomorphic to

G xGn,6=0,1, if chark =0
a) x pt, if chark=p >0
Finally, in Section 8.5 we calculate the algebraic group associated with a field on

P™(k), where k is an algebraically closed field of arbitrary characteristic, recovering
in this way the results from [I1] for the case of characteristic zero.

Theorem 0.9. Let K be an algebraically closed field and let w: A"(K)\0 —
P"~Y(K) be the projectivization map. Let D = 7( ij MijTiOz;) be a vector field
on P"~Y(K) and let G be its associated algebraic group.
(1) If char K =0
G~Gl o x @GS
where r is the dimension of the Q-affine space generated by the eigenvalues

of the matriz (Aij) in K, § = 0 in case the matriz is diagonalizable and
0 =1 otherwise.
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(2) If char K =p >0
G = pf X gy
where r is the dimension of the Z/pZ-affine space generated by the eigen-
values of the matriz (A\;j) in K, and m is such that, if s is the greatest of
the orders of the Jordan boxes, then p™ < s —1 < p™*! (if s = 1 we say
that m = —1).

1. MAIN NOTATIONS

R is a (unital associative) commutative ring, S is a commutative R-algebra.
A, B are R-algebras (or R-bialgebras). M, N are R-modules. K is a field, V is a
K-vector space or a free R-module.

X,Y are (covariant) functors of sets. G is a functor of monoids (or semigroups,
or groups). M, M, N are functors of R-modules. M, N are called quasi-coherent
modules, M(S) := M Qg S.

Homgz (M, M) is the set of morphisms of functors of R-modules from M to
M'. Homg(M,N) is the R-module functor of morphisms of R-modules. M* :=
Homgz (M, R) is the dual functor (of M). The dual functor of M, M* is called
module scheme.

A/B, A, B, C* are functors of R-algebras or R-bialgebras (A, BB are quasi-coherent
R-modules and C* is an R-module scheme). Spec A = Spec A is an affine scheme.
SpecC* is called formal scheme.

Ax :=Hom(X,R) is the functor of functions of the functor of sets X.

§ is a wide family of reflexive R-modules, which contains free quasi-coherent
R-modules and it is closed by the functor Homg (—, —) and “essentially” closed by
the functor — @z —.

2. PRELIMINARIES

Let R be a commutative ring (associative with a unit). All functors considered
in this paper are covariant functors over the category of commutative R-algebras
(always assumed to be associative with a unit). A functor X is said to be a functor
of sets (resp. monoids, etc.) if X is a functor from the category of commutative
R-algebras to the category of sets (resp. monoids, etc.).

Notation 2.1. For simplicity, given a functor of sets X, we sometimes use v € X
to denote x € X(S). Given x € X(S) and a morphism of commutative R-algebras
S — S, we still denote by x its image by the morphism X(S) — X(95").

Let R be the functor of rings defined by R(S) := S, for all commutative R-
algebras S. A functor of sets M is said to be a functor of R-modules if we have
morphisms of functors of sets, M x M — M and R x M — M, so that M(S) is an
S-module, for every commutative R-algebra S. A functor of algebras (associative
with a unit), A, is said to be a functor of R-algebras if we have a morphism of
functors of algebras R — A (and R(S) = S commutes with all the elements of
A(S), for every commutative R-algebra 5).

Given a commutative R-algebra S, we denote by Mg the functor M restricted
to the category of commutative S-algebras.

Let M and M’ be functors of R-modules. A morphism of functors of R-modules
f:+ M — M is a morphism of functors such that the defined morphisms fg: M(S) —
M'(S) are morphisms of S-modules, for all commutative R-algebras S. We will
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denote by Homg (M, M) the set of all the morphisms of R-modules from M to M.
We will denote by Homg (M, M’)El the functor of R-modules

Homg (M, M')(S) := Homs (Mg, Ms)

Obviously,
(Homg (M, M"))|s = Homs(Ms, M)

Notation 2.2. We denote M* = Homg (M, R).

Notation 2.3. Tensor products, direct limits, inverse limits, kernels, cokernels,
images, etc., of functors of R-modules are regarded in the category of functors of
R-modules.

Definition 2.4. Given an R-module M, the functor of R-modules M defined by
M(S) =M ®g S is called a quasi-coherent R-module.

Proposition 2.5. [1l 1.3] For every functor of R-modules M and every R-module
M, it holds that
Homg (M, M) = Hompz (M, M(R))

The functors M ~» M, M ~» M(R) = M establish an equivalence between the
category of R-modules and the category of quasi-coherent R-modules ([I, 1.12]).
In particular, Homg (M, M’) = Hompg(M, M'). For any pair of R-modules M and
N, the quasi-coherent module associated with M ®@r N is M ®@r N. Mg is the
quasi-coherent S-module associated with M ®g S

The functor M* = Homg(M,R) is called an R-module scheme. Moreover,
M*(S) = Homs(M ®g S,S) = Homg(M, S) and it is easy to check that (M*) g
is an S-module scheme.

Proposition 2.6. [I 1.8] Let M, M’ be R-modules. Then
Homg (M*, M) = M @r M’
As a corollary we obtain the following theorem.
Theorem 2.7. [1| 1.10] Let M be an R-module. Then
M =M
The functors M ~» M* and M* ~» M** = M establish an anti-equivalence

between the categories of quasi-coherent modules and module schemes.
Let us recall the Formula of adjoint functors.

Definition 2.8. Let ¢*: R — S be a commutative R-algebra. Given a functor of
R-modules, M, let i*M be the functor of S-modules defined by (i*M)(S") := M(S").
Given a functor of S-modules, N, let i,N be the functor of R-modules defined by
(ixN)(R') :=N(S®p R’).

Formula of adjoint functors 2.9. [10, 2.11] Let M be a functor of R-modules
and let N be a functor of S-modules. Then, it holds that

Homg (i*M, N) = Homg (M, i,N)

1n this paper, we will only consider functors M and M’ such that Homs (Mg, M’|g) are sets,
for all S.
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Corollary 2.10. [10, 2.12] Let M be a functor of R-modules. Then
M*(S) = Homg (M, S)
for all commutative R-algebras S.

Definition 2.11. Let M be a functor of R-modules. We will say that M* is a dual
functor. We will say that a functor of R-modules M is reflexive if Ml = M**.

Examples 2.12. Quasi-coherent modules and module schemes are reflexive func-
tors of R-modules.

Proposition 2.13. [10, 2.16] Let A be a functor of R-algebras such that A* is a
reflexive functor of R-modules. The closure of dual functors of R-algebras of A is
A** | that is, it holds the functorial equality

Homealg (A, B) = Homealg (A**, B)

for every dual functor of R-algebras B.
Moreover, endowing a dual functor of R-modules M* with a structure of A-
module is equivalent to endowing M* with a structure of A**-module.

Definition 2.14. [10, 5.2] Let § be the family of dual functors of R-modules, M,
such that there exist a set J (which depends on M), a structure of functor of [, R-
modules on M and inclusions of functors of [[; R-modules

e,RCMC[[R
J

Proposition 2.15. [10] 5.3,5.8,5.9] Every M € § is a functor of R-modules reflex-
ive. If M is a free R-module then M, M* € §. If MM’ € §, then Homg(M,M') €
§ and M @r M')** € §, which satisfies

HOHIR((M KRR M/)**, MH) = HOIHR(M KRR M/, MH)
for every reflexive functor of R-modules, M" .

Proposition 2.16. [10, Section 1] Let A, M, M’ be reflexive functors of R-modules.
Assume that A, M, M’ € § or that R = K is a field. If A is a functor of R-algebras
and M, M’ are functors of A-modules, then a morphism of R-modules M — M’ is
a morphism of A-modules if and only if M(R) — M/'(R) is a morphism of A(R)-
modules. Let M be an A-module, then the set of quasi-coherent A-submodules of
M is equal to the set of A(R)-submodules of M.

Definition 2.17. Let A be a R-algebra, we say that A is a quasi-coherent algebra.
If A is the inverse limit of its quasi-coherent algebra quotients we say that A is a
proquasi-coherent algebra.

Proposition 2.18. [10, 3.18, 5.17] Let A be a reflexive functor of R-algebras.
Assume that A € § or that R = K is a field. FEvery morphism of R-algebras
¢: A — B uniquely factors through an epimorphism of functors of algebras onto
the quasi-coherent algebra associated with Im ¢r. Then, if {A;}; is the set of the
quasi-coherent algebra quotients of A,

Hompg _q14(A,B) = lim Homg_q14(A;i, B)
—

K2

for every functor of proquasi-coherent algebras B.
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Note 2.19. Let C* € § be a functor of R-algebras. C* 1is a proquasi-coherent
algebra and the quasi-coherent algebra quotients of C* are R-modules of finite type
(see proof of Proposition [10, 5.20] ).

Notation 2.20. Given two R-modules, M and M/, we denote M&M' = (M* ®
M/*)* .
Proposition 2.21. Let M,M’ € §. By Proposition [213, M@M' = (M* @ M'*)*
Homgz (M*,M') € §. Given two modules M and N,
MEN = (M* @ N*)* = Homg (M*,N)E2 M & N

Finally, M*@N* = (M @ N)* is a module scheme and

Homp (M*@N*,P*) = Homg (P, M ® N') = Homp (M* @ N*,P*)
for all dual modules P*.

Proposition 2.22. [10, 5.22] Let A,B € § be functors of progquasi-coherent alge-
bras. Then, AQB := (A* @ B*)* € § is a proquasi-coherent algebra such that

Homealg (A ® B, (C) = Homealg((A* X B*)*, (C)
for every functor of proquasi-coherent algebras C.

Definition 2.23. A functor of proquasi-coherent algebras B € § is said to be a
functor of bialgebras (resp. a functor of proquasi-coherent bialgebras) if B* is a
functor of R-algebras (resp. a functor of proquasi-coherent R-algebras) such that
the dual morphisms of the multiplication morphism m: B* @ B* — B* and the unit
morphism u: R — B* are morphisms of functors of R-algebras.

Let B, B’ be two functors of bialgebras. We will say that a morphism of R-
modules, f: B — B’ is a morphism of functors of bialgebras if f and f*: B'" — B*
are morphisms of functors of R-algebras.

Theorem 2.24. [10, 5.27] Let Cz_piaig. be the category of functors B € § of
proquasi-coherent bialgebras. The functor Cz_pialg. ~* Cg—Bialg., B ~ B* is a
categorical anti-equivalence.

Notation 2.25. Let A be a reflexive functor of K-algebras and let {A;} the set
of quasi-coherent quotients of A such that dimg A; < co. We denote A := lim A;
—

which is an algebra scheme because A} is quasi-coherent and lim A; = (lim Af)*.
— —
Proposition 2.26. [1} 5.9] Let A be a reflexive functor of K-algebras. Then,
Homlealg(A; C*) = HOm/C,alg(A,C*)
for all algebra schemes C*.

Theorem 2.27. [10, 5.30] Let B € § be a functor of proquasi-coherent K-bialgebras.
Then, B is a scheme of bialgebras and

Hombialg (B, C*) = Hombialg (B, C*>

for all bialgebra schemes C*.
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3. AFFINE FUNCTORS

Let X be an R-scheme and let X be the functor of points of X; i.e., X is the
functor of sets
X' (S) = Homp_sch(Spec S, X)
For any other scheme Y, Yoneda’s lemma proves that
Homp_scn(X,Y) = Hom(X',Y"),

so X' ~ Y if and only if X ~ Y. We will sometimes denote X = X. If X = Spec A
is an affine scheme, then

(Spec A)(S) = Hompg_sch(Spec S, Spec A) = Hompg_q14(4, S)

Definition 3.1. Given a functor of commutative R-algebras A, the functor Spec A,
“spectrum of A7, is defined to be

(Spec A)(S) := Hompg_qi4(A,S)
for every commutative R-algebra S.
Proposition 3.2. Let A be a functor of commutative algebras. Then,
Spec A = Homp —q14(A, R).

Proof. By Adjoint Formula ([I0] 2.11]), restricted to the morphisms of algebras, it
holds that

Homp —aig(A, R)(S) = Homs_a1g(A g, S) = Homp _a1y(A,S) = (Spec A)(S).
[l
Therefore, Spec A = Hompg_qi4(A, R) C Homg (A, R) = A*.

Notation 3.3. Given a functor of sets X, the functor Ax := Hom(X,R) is said to
be the functor of functions of X.

Proposition 3.4. Let X be a functor of sets and Ax its functor of functions. Then,

Hom(X, SpecB) = Homp 414 (B, Ax),
for every functor of commutative algebras, B.
Proof. Given f: X — SpecB, let f*: B — Ax be defined by f*(b)(z) := f(x)(b),
for every x € X. Given ¢: B — Ax, let ¢*: X — SpecB be defined by ¢*(z)(b) :=

o(b)(x), for all b € B. It is easy to check that f = f** and ¢ = ¢**.
O

Example 3.5. If A is a commutative R-algebra, then Spec A = (Spec A) and
Agpec 4 = Hom(Spec A, R) = Hom(Spec A, Spec R[z]) = Homg—_qiy(R[x], A) = A.

If R = K is a field and X is a noetherian K-scheme, then the functor of functions
of X" is a quasi-coherent R-module.

Definition 3.6. We will say that a functor of sets X is affine when X = Spec Ax
and Ay is reflexive.

Let X and Y be affine functors. By Proposition [3.4]
Hom(X,Y) = Homg —a14(Ay, Ax)
Example 3.7. Affine schemes, Spec A, are affine functors, by Example 30
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Proposition 3.8. Let X = lim Spec A;. Then, Ax = lim A;.

— —
Proof. Tt holds that Hom((Spec A)",Y) = Y(A) for every functor of sets Y, by
Yoneda’s lemma. Then,

Ax = Hom(X,R) = Hom(lim Spec A;, R) = limHom(Spec A;, R) = lim A,

k3 k3 i

d

Theorem 3.9. Let A be a reflexive functor of commutative algebras. Assume
R =K is a field or A € §. Then, SpecA is a direct limit of closed immersions of
affine schemes.

Proof. Let {A;}; be the set of of commutative quasi-coherent algebra quotients of

A. Spec A = Homp —ay(A, R) =2 lim Homp — a1y (As, R) = lim Spec A;. O
— —

Theorem 3.10. Let A be a reflexive functor of commutative algebras. Assume

R =K is a field or A € §. If A is a proquasi-coherent algebra then Spec A is an

affine functor and A = Agpeca. If SpecA is an affine functor then Agpeca 5 a
proquasi-coherent algebra.

Proof. Let {A;}; be the set of of commutative quasi-coherent algebra quotients of
A. Then, Agpeca = lim A;, by Theorem 3.9 and Proposition 3.8
“—

IfAisa proquasi—czoherent algebra, then A = 1131 A; = Agpeca, and Spec A is an
1
affine functor.

Suppose that Spec A is an affine functor. Let f: Agpeca — B be a morphism
of functors of algebras. The composition morphism A — Agpe.ca — B factors
through some A;. As Spec A = Spec Agpeca, f factors through A4;. In conclusion,
the set of quasi-coherent algebra quotients of Agpeca is {A;i}ier, and Agpeca is a
proquasi-coherent algebra.

O

Definition 3.11. Let X be a functor of sets. Let RX be the functor of R-modules
defined by

RX(S) := ©x(s)S = {formal finite S-linear combinations of elements of X(S)}

Clearly, Hom (X, M) = Homgz (RX, M), for all functors of R-modules, M.
Observe that Ax = Hom(X, R) = (RX)* is a dual functor.

Proposition 3.12. Let X be a functor of sets. Let Bx be a functor of R-modules
such that Ax = B%. Then,

Hom(X, M*) = Homp (Bx, M™)
for every dual functor of R-modules M*.
Proof. Tt holds that
Hom(X, M*) = Homg (RX, M*) = Homg (RX ® M, R) = Homg (M, Ax)
= Hompg By, M*)
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Proposition 3.13. Let X;, i =1,...,n be functors of sets and Ax, = By . Then,
Hom(X; X -+ x X, M*) = Homg (Bx, ® --- ® Bx,,, M)
for all dual functors of R-modules M*. In particular, if X; are affine functors, then

Ax x..xx, = (Ay, ® - ® Ag )
Proof. Tt is a consequence of the equalities
Hom(Xy x + -+ x X,,, M*) = Hom (X, Hom(Xz X -+ - x X,,, M*))

Induction

= Hom(X,Homg(Bx, ® - -- @ Bx, , M*))

HOmR(BXUHomR(BXz ®- - ®Bx,,M")) = Homg (Bx, ® - - ® Bx,, M")
[l

Proposition 3.14. Let XY be affine functors such that Ax,Ay € §, then X x Y
is an affine functor and Axxy € §-

PTOOf. Axyy = (A%@A%})* = Ax®AY € § and Spec Axxy = SpeC(Ax(X)Ay) = XxY,
by Theorem [2.22]
([

Proposition 3.15. If X = Xj x Xy is an affine functor and X(R) # 0 then X; is
an affine functor.

Proof. Given (z1,x2) € X1(R) x X3(R) = X(R), let i: X1 — X, i(z) = (z,z2). Let
m: X=Xy xXo = Xy, m((y1,y2)) = y1- Let i*: Ax — Ax,, 7 Ax, — Ax be
the morphisms induced by ¢ and 7 respectively. Obviously, 7} o ¢* = Id because
tom = Id. Hence, Ax, is a direct summand of Ax, and it is a reflexive functor
because Ay is reflexive.

Given, f € Homg_a1g(Ax,,R) then foi* = (y1,42) € Homgr_a4(Ax,R) = X
and f = foi* o = (y1,y2) o ™1 = y1, that is, the morphism X; — Spec Ax, is
surjective. Finally, since the composition

X1 — Spec Ax, i Spec Ay =X
is equal to the morphism ¢, then X; = Spec Ax, .

4. FORMAL SCHEMES

Definition 4.1. Let C* € § be a scheme of commutative algebras. We will say that
SpecC* is a formal scheme. If SpecC* is a functor of monoids we will say that it
is a formal monoid.

Recall that if C is a free module C* € §.

Note 4.2. By Note[219, formal schemes are affine functors. In fact, SpecC* is a
direct limit of finite R-schemes. Reciprocally, if R is a field, a direct limit of finite
R-schemes are formal schemes, by Theorem [{-4l If R is a field, Demazure ([5])
defines a formal scheme as a functor (over the R-finite dimensional rings) which
is a direct limit of finite R-schemes.

The direct product Spec C} x Spec Cs = Spec(C;®C3) = Spec(C1 ®Ca)* of formal
schemes is a formal scheme.
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Example 4.3. Let X be a set. Let us consider the discrete topology on X. Let X
be “the constant functor X7, defined by
X(S) := Homeo(Spec S, X)

for every commutative R-algebra S. If Spec S is connected then X(S) = X.
Let Ax be the functor of algebras defined by

Ax(S):=]]s

for each commutative R-algebra S. Observe that Ax = [[R = (BR)* is a commu-
X X

tative algebra scheme. X is a formal scheme because Spec Ax = X:

(Spec Ax)(S) = HomR,alg(l;[ R,8) % lim Homp (] R.S)

YCX Y
Y| <oo
= 1131 HomR,alg(HR, S) = ligl Homeo(Spec S,Y)
YCX Y YCX
1Y |<oo 1Y [<oo

= Homeo(Spec S, X) = X(S)

Obviously, Spec (lim A;) = lim (Spec A;).
— =

iel i€l
Theorem 4.4. Let {SpecC}}icr be a direct system of formal schemes. Then,
lim SpecC; = Spec(limC;)*
= =

and it is an affine functor.

Proof. Write C = lim C;, then C* = limC;. Homg(C*,S) = Homg ((mC;)*, §) =

(lim C;)®S = hglﬁiinR(ci*, S). Likéfyl, Homg (C* ® C*,S) = HomR(i(GCI®C)*, S) =

hixleomR((Ci ®Z)*, S) = lim Homg (C;*®C;*,S). Then the kernel of the morphism

gémn(c*,s) — HOHlR(C*gC*vs)a f fowhere f(e1®c) = f(erea) — fler) flez)

coincides with the kernel of the morphism hngomR(Ci*,S) — hngomR(Ci*
ict iet

Ci*,S), (fi) = (fi)- Then, Homp a1y (C*, ) = lim Homp —ay(Ci", ) and

i€l
(SpecC?)(8) = (im SpecC,)(8)
Finally, Agpeces = lim Agpece,» = limCf = C*.
= =

K2 K2

From now on, in this section, we will assume that R = K is a field.

Definition 4.5. Let X be a K-scheme and I the set of finite subschemes of X.
Given K-scheme Y write Ay := Oy (Y), the ring of functions of Y. Define Ax :=
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lim A; and
—
iel
X :=Spec Ax 1 Spec A;

—

iel
That is, “X is the direct limit of the set of all finite subschemes of X .

We have a natural morphism X < X.

Theorem 4.6. Let X be a K-scheme. Then:
Hom(SpecC*, X) = Hom(SpecC*, X)
for every formal scheme SpecC*.

Proof. C* = lim S;, where the S; are finite K-algebras. Then,
—

3

Hom(SpecC*, X)) = Hom(lim SpecS;, X) = lim Hom(SpecS;, X)
— —

= lim Hom(Spec S;, X) = Hom(lim SpecS;, X) = Hom(SpecC*, X)
— —

d

Let X and Y be two K-schemes. By the universal property[4.0] it can be checked

that
XxY=XxY

For every functor of K-modules M there exists a natural morphism from the
quasi-coherent module associated with M(K) into M. If C* is a commutative al-
gebra scheme, then we have a natural morphism from the quasi-coherent algebra
associated with C* into C* and therefore a natural morphism SpecC* — Spec C*.
Moreover, this is injective, because C* = 113101-, (where C; are the quotients of

coherent algebras of C*) and:

(Spec C*)(S) = Homg—qiy(C*,S) = li_r)n Homy_q14(Ci, S)
= li_r)n Hom g q14(Ci, S)lg Homp _q14(C*, S) = (Spec C*)(S)
Let X be a compaczt and separated K-scheme and Ay = Ax(K) = 1131 A;. We
can define a natural morphism Spec Ax — X: i
Let X' := {z € X: theresidual field of z is a finite extension of K, dimg Ox 4 /9. <

oo}. For any subset J C X’ let us denote Ay :=[] @X,m, where

xeJ
@X,z = lim OX@/I
—
dimg Ox,m/1<oo

Write J := Spec A;. For any two disjoint subsets J,J' C X', A;11 = Ay x Ay,
and, in general, Ajop = Ajnp % AJ,JQJ/ iAJ/,mJ/. J is an open and closed
subset of X’ and we have that JUJ' =JUJ and JNJ' =JNJ".

For any affine open subset U = Spec A C X we have a natural morphism A —
[Lco Ox2 = Ay, and therefore a natural morphism fy: U’ — U C X. For any
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other affine open subset V' C X we have another morphism fy: V/ — V C X. As
UNYV is affine and fy is equal to fyy on (UN V) = U'NV’, we have a well-defined
natural morphism Spec Ax = X’ — X.

The natural morphism X — X is equal to the composition of the natural mor-
phisms: X = Spec Ay — Spec Ax — X, because for any finite subscheme X; of X
the composition morphism X; — Spec Ax — X is equal to the natural inclusion

Theorem 4.7. Fvery morphism SpecC* — X, from a formal scheme to a compact
and separated K-scheme uniquely factors via Spec C*, that is,

Hom(SpecC*, X) = Homg _cn(Spec C*, X).

Proof. If X = Spec A is an affine scheme then
Hom(SpecC*, Spec A) = Homp _q14(A,C*) = Hompg_qi4(4, C)
= Homg _ 5.1 (Spec C*, Spec A)

By Theorem [1.6 every morphism from Spec C* into X uniquely factors through
X. The morphism X — X factors through Spec Ay and the morphism SpecC* —
Spec Ax uniquely factors through Spec C*. So that we have the commutative dia-
gram:

SpecC* —— Spec C*

I
l |
— \V —
X Spec Ax —= X

Then, the natural morphism Hom(Spec C*, X) — Hom(SpecC*, X)) is surjective.
Let us write C* = lim C;, with dimg C; < co and C* — C; surjective. The small-
—

i
est closed subscheme of Spec C* containing every Spec C; is Spec C*. Therefore,

Hom g _sep(Spec C*, X) C lim Homg —scn(Spec C;, X) = Hom(lim SpecC;, X)
— —
= Hom(SpecC*, X)
O
Note 4.8. Let X and Y be compact and separated K -schemes. Every commutative
diagram
Spec B* —— X

|

SpecC* ——=Y

uniquely extends to a commutative diagram
Spec B¥ —— Spec B* —— X
I
]
A
SpecC* —— SpecC* ——=Y

because the composition Spec B* — SpecC* — Spec C* factors through Spec B*.
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5. COMPLETION ALONG A CLOSED SUBSCHEME

Proposition 5.1. Let M,,+1 — M, be epimorphisms of R-modules, for all n € N
and let N be an R-module. It holds that

Homg (lim M,,, N') = lim Homg (M,,N)
pa —
neN neN

Hence (lim M,,)* = lim M3 and lim M,, is a reflexive R-module.
— — —
neN neN neN

Proof. Let f € Homg(lim M,,,N). Firstly, let us prove that the morphism
«—

neN
fr: lim M,, — N induced by f factors through M., for some r € N: suppose
«—

neN
that, for each r, there exists an element s, = (m,,) € lim M, C [],, M,, such that
—

neN
m, = 0and fg(s,) # 0. The morphism g: [[,cxR = N, g((an)n) == f(3,, an-sn)
satisfies that gz # 0 for every factor R C [],, R and this contradicts the fact that
Homg ([],, R, N) = (®,R) ® N = ®&,Homg (R,N). Then, fr factors through a
(unique) morphism hg: M, — N, for some r.
Next, given a commutative R-algebra S, let us check that the morphism

fs: liin (M, ®zr S) > N®Rr S

neN
induced by f factors through hg: M, g S = N ® S, hg(m, ® s) := hg(m,) ® s:
there exists ' > r such that fg factors through a morphism h’: M,» ® S = N®S.
Given m,» € M., let (m},) € lim M,, such that m,» = m,,. Then, h'(m,» ® 1) =

—

neN
fs((m!l, @ 1)) = fr((m!)) ®1=hgr(m.)®1=hg(m!.®1) and b’ factors through

hs. Hence fg factors through hg.
O

Definition 5.2. Let A be a commutative R-algebra and I C A an ideal. Let
A = lim A/Z"™. We will say that Spec A is the completion of Spec A along the
—

neN
closed set Spec A/I.

A is a reflexive functors of R-modules by Proposition 5.1l Ais proquasi-coherent
algebra: A* = lim (A/Z")*, then every morphism of functors of algebras A —
—

n
B factors through some A/Z™. Hence the inverse limit of the proquasi-coherent
algebra quotients of A is equal to lim A/Z" = A.
—
neN

Proposition 5.3. The completion of Spec A along the closed set Spec A/I is an
affine functor.

Proof. HOmR—alg(-/Zla C) = lim Homp_q14(A/Z"™,C), then Spec A = lim Spec AT
o —
neN X e

BYBEL ASpeCA = li(inASpcc.A/I" B h(£n A/In _ A 0

n n
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Let B be a commutative R-algebra, J C B be an ideal and B = lim B/J™.
—

neN
Consider the ideal @ B+ A® J C A® B. Then,

SpecmzHomR_alg(m, K)= li_I)n Homg—aig(AQB/(ZT@B+ A T)",K)

= liin Hompg—aig(A/Z™ @ B/T™, K)

= liin (Homg —aig(A/T™,K) x Homg _a14(B/JT™, K)) = Spec A x Spec B
and
AGB = (A* @B )" = (im ((A/Z")* @ (B/T")"))* B2 fim (A/T" @B/ J") = A® B

—
n n

6. AFFINE FUNCTORS OF MONOIDS

Let G be a functor of monoids. RG is obviously a functor of R-algebras. Given
a functor of R-algebras B, it is easy to check the equality

Homm(m (G, B) = HOmR,alg(RG,B).

The closure of dual functors of R-algebras of G is equal to the closure of dual
functors of R-algebras of RG.

Theorem 6.1. Let G be a functor of monoids with a reflexive functor of functions.
Then, the closure of dual functors of algebras of G is Af,. That is,

Homynon(G,B) = Homg —414(RG, B) = Hompg a4 (A, B)
for every dual functor of R-algebras B.

Proof. (RG)* = Ag is reflexive, so the closure of dual functors of algebras of G is
AF, by Proposition 2.13] (I

Theorem 6.2. Let G be a functor of monoids with a reflexive functor of functions.
The category of quasi-coherent G-modules is equivalent to the category of quasi-
coherent Af-modules.

Likewise, the category of dual functors of G-modules is equivalent to the category
of dual functors of Af;-modules.

Proof. Tt a consequence of Proposition 2.13] O

Remark that the structure of functor of algebras of Af is the only one that makes
the morphism G — Af; a morphism of functors of monoids.

Theorem 6.3. Let G be a functor of monoids with a reflexive functor of functions
and let M, M be reflexive functors of G-modules. Assume that Ag,M,M’ € § or
that R = K is a field. Then, a morphism of R-modules M — M’ is a morphism of
G-modules if and only if M(R) — M/(R) is a morphism of AL (R)-modules. Let M
be a G-module, then the set of quasi-coherent G-submodules of M is equal to the
set of A% (R)-submodules of M.

Proof. Tt a consequence of Theorem and Proposition 2.16] ([
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Example 6.4. The C-linear representations of (Z,+) are equivalent to the AJ-
modules. A}, is the quasi-coherent algebra associated with Clx,1/xz]. The category
of A}, -modules is equal to the category of Clz,1/x]-modules. The natural morphism
Z — A}, assigns n to ™. Thus, if V is a finite C-linear representation of Z, then

V= o (Cl/(z-a))",  (a#0)

a,n,m

such that v (pa.nm(®))anm = (" Panm(T))an.m-

Let G be a functor of monoids with a reflexive functor of functions. Let m: G x
G — G be the multiplication morphism. Then, the composition morphism of m
with the natural morphism G — Af factors through Af ® Af, by and B.13]
that is, we have a commutative diagram

GxG—"=G

e

AL ®AL —T> A%

Let e € G(R) C A% (R) the unit of G. Then, we can define a morphism e: R — Af.
It is easy to check that {Af, m,e} is a functor of R-algebras. Moreover, the dual
morphisms of the multiplication morphism m and the unit morphism e are the
natural morphisms Ag — Agxg and Ag — R, which are morphisms of R-algebras.

Conversely, let X be an affine functor and assume that A is a functor of R-
algebras, such that the dual morphisms m* and e*, of the multiplication morphism
m: Ay ® Ay — Af and the unit morphism e: R — A} are morphisms of R-
algebras. Given a point (z,2") € X x X C Homg —a19(Axxx, R) then (x,2') om* €
Homg —a1g(Ax, R) = X and we have the commutative diagram

XxX--"1>X
AL ® Ay —= A%
Obviously e € Hompg_qi4(Ax, R) = X. It is easy to check that {X, m, e} is a functor

of monoids.

Definition 6.5. An affine functor G = Spec A is said to be an affine functor of
monoids if G is a functor of monoids.

Example 6.6. Affine R-monoid schemes, formal monoids, the completion of an
affine monoid scheme along a closed submonoid scheme, V, EndgrV (V being a free
R-module) are examples of affine functors of monoids, by[3.7, [5.3 and [9.26.

Let G and G’ be affine functors of monoids. Then,
Homyon (G, G') = {f € Homg (Ag/, Ag): f, f* are morph. of funct. of R-alg.} :

Let h: G — G’ be a morphism of functors of monoids. The composition morphism
of h with the natural morphism G’ — Af, factors through Af, that is, we have a
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commutative diagram

G——G’

L

AL —— AL
The dual morphism Ag: — Ag is the morphism induced by h between the functors
of functions. Inversely, let f: Agr — Ag be a morphism of functors of R-algebras,
such that f* is also a morphism of functors of R-algebras. Given g € G, then
f*(g) = go f € Homgr_aig(Ag/, R) = G’. Hence, fe:G— G’ is a morphism of
functors of monoids.

Theorem 6.7. Let G = Spec Ag be an affine functor. Giving to G a structure of
functor of monoids is equivalent to giving to Ag a structure of functor of bialgebras.
Let G and G’ be two affine functors of monoids, it holds that

Homm(m (G, G/) = Hombialg (Ag/, A@)

Theorem 6.8. The category of cocommutative bialgebras A is equivalent to the
category of formal monoids Spec A* (we assume the R-modules A are projective).

Theorem 6.9. Let G be a K-scheme on groups (resp. Znonoids). Then G is a
functor of groups (resp. monoids), the natural morphism G — G is a morphism of
functors of monoids and

Hom,,on (Spec C*, G) = Hom,pon (Spec C*, G)
for every formal monoid SpecC*. If G is commutative, then G is commutative.

Proof. Let p: G x G — G the multiplication morphism. By Theorem G, the
composition morphism G x G = G X G = G x G — G factors through a unique
morphism p': G x G — G, that is, we have the commutative diagram:

GxG—=GxG

G G

Let x: G — G be the inverse morphism. The composition G — G 5 G factors
through a unique morphism *’: G — G, that is, we have the commutative diagram:

G——=G

G—G
Now it is easy to check that (G,p/,*) is a functor of groups and to conclude the
proof. (I

Proposition 6.10. Let SpecC* be a formal monoid (resp. group) and let G be a
compact K-scheme on monoids. Let f: SpecC* — G be a morphism of functors of
monoids and let f': SpecC* — G be the induced morphism.

Then the (closed) scheme-theoretic image of f', Im f’, is a K-subscheme on
monoids (resp. groups) of G. If SpecC* is an abelian formal monoid, then Im f' is
abelian.
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Proof. Let p': SpecC* x SpecC* — SpecC* and p: G X G — G be the operations
of the monoids. Consider the commutative diagram:

’

SpecC* x SpecC* — Spec(C ® C)* —— Spec C* x Spec C* 2 axa

| | l“

SpecC* Spec C* G

The scheme-theoretic image of Spec(C' ® C)* in G x G is equal to Im (f' x f’).
AsIm (f" x ) =Im f/ x Im f’, we have the commutative diagram:

Im f’ x Im f'— G x G

l |

mfc— =G

If we denote with * the inverse morphism (with respect to the group law), then
we have the commutative square:

Spec C* —— Spec C* AN G

ok

SpecC* —— Spec C* A G

So the inverse of G restricts to Im f/. The rest of the details can be checked in a
similar way.
O

Note 6.11. Let X be a K-scheme and x: Spec K — X a rational point. Denote
by X the direct limit of finite subschemes X; C X with support on x. Let Ax =
lim Ayx,. as in[{3 X = Spec Ax. If G is a K-scheme on groups, consider as a
<

rational point the identity element.

Theorems [{-0] and [6.9 remain valid if X and G are substituted by X and G. 1If,
in addition, C* is assumed to be local, then the hypothesis of X being compact and
separated is no longer necessary in [{.7 and [G10

Finally, given an algebraic abelian group G, over an algebraically closed field K,
it easy to prove that G = G x G(K), where G(K) is the constant functor G(K), that
is, consider on G(K) the discrete topology, then G(K)(S) := Homeo(Spec S, G(K)),
for all commutative K-algebra.

Proposition 6.12. Let SpecC* be a formal monoid and D¢ = {w € C*: w(I) =0
for some bilateral ideal I C C of finite codimension} C C*. Then, Spec D¢ is an
affine monoid scheme and

Hom,,on (Spec C*, Spec A) = Homyy,on (Spec D¢, Spec A)

for every affine monoid scheme Spec A.
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Proof. Observe that Dc = lim (C/I)* and D} = C. Then,
—
I
Hom,,0n (SpecC*, Spec A) E7 Homypqig(A,C*) Homypqi4(C, A¥)
Hompia, (C, A*) Homyp;qai4 (A, Dc) gD Homyon (Spec D¢, Spec A)
O

Note 6.13. Let X be a K-scheme and Ax the ring of functions of X. The set Dx
of distributions of X of finite support is said to be Dx := {w € A% : w factorizes
through a finite quotient algebra of Ax}. Obviously, D% = Ax and Spec D% = X.

If SpecC* is an abelian formal monoid then G = SpecC' is an affine abelian
monoid scheme and D¢ = D¢, then

(3) Hom,,on (GY, Spec A) = Homypon (Spec D, Spec A)

for every affine monoid scheme Spec A.

6.1. Functorial Cartier Duality.

Definition 6.14. Let G be a functor of abelian monoids. GV := Hommon(G, R)
(where we regard R as a monoid with its multiplication) is said to be the dual
monoid of G.

If G is a functor of groups, then G¥ = Homg,, (G, G,,).

Theorem 6.15. Assume that G is a functor of abelian monoids with a reflexive
Junctor of functions. Then, GY = Spec (Ag) (in particular, this equality shows that
Spec Af;, is a functor of abelian monoids).

Proof. GV = Hommen (G, R) @Homn,alg (A, R) = Spec (A). O

Note 6.16. Explicitly, Spec Ay, = Homumon (G, R), ¢ — ®, where (;3(3:) = ¢(x), for
every ¢ € Spec Af, = Homp _q14(AL, R) and z € G — Af.

GV is a functor of abelian monoids ((f-f')(g) := f(g)-f'(g), for every f, f' € GV
and g € G), the inclusion G¥ = Homyon (G, R) C Hom (G, R) = Ag is a morphism
of monoids and the diagram

GVe———= Hom(G,R) = Ag

Spec Af—— Homp (AL, R) = AL

s commutative.

Theorem 6.17. The category of abelian affine R-monoid schemes G = Spec A is
anti-equivalent to the category of abelian formal monoids Spec A* (we assume the
R-modules A are projective).

Proof. The functors SpecA = G ~ GY = Spec A* and Spec A* = G ~ GY =
Spec A establish the anti-equivalence between the category of abelian affine R-
monoid schemes and the category of abelian formal monoids:
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The morphism G KN GYVY, g — 44, where §,4(f) := f(g) for every f € GV, is an
isomorphism: It is easy to check that the diagram

Spec A** (Spec A*)V <=— (Spec A)VV

5
Spec A

is commutative.

Homyon(G1, G2) = Homyyon(GY,GY): Every morphism of monoids G; — Go,
taking Homyon(—, R), defines a morphism Gy — GY. Taking Homen(—, R) we
get the original morphism G; — Go, as it is easy to check.

O

In [7, Ch. I, §2, 14], it is given the Cartier Duality (formal schemes are certain
functors over the category of commutative linearly compact algebras over a field).

Assume G = Spec A and G’ = Spec B are commutative affine monoid schemes,
then

Hom,y,on (Spec Dg, GY) Eald Homyon (GY, G') = Homyyon (G7Y, G)

(4)
Bald Hom, o (Spec Dar, G)

7. EXAMPLES OF FUNCTORS OF MONOIDS AND CARTIER DUALITY

1. Affine toric varieties.

Let T be a set with structure of abelian (multiplicative) monoid. Let R be a
field. The constant functor T = Spec [[, R is an abelian formal monoid. The dual
functor is the abelian affine R-monoid scheme TV = Spec @1 R = Spec RT.

An affine group scheme G = Spec A is linearly reductive if and only if A* is
linearly reductive. Since A* is the inverse limit of its coherent algebra quotients it
is easy to check that A* is linearly reductive if and only if it is a product of algebras
of matrices. Then, G = Spec A is a linearly reductive commutative group scheme
if and only if A* =[], K.

We will say that an abelian monoid T is standard if it is finitely generated, its
associated group G is torsion-free and the natural morphism 7' — G is injective (in
the literature, see [3 6.1], it is called affine monoid). It is easy to prove that T is
standard if and only if RT = &R is a finitely generated domain over R.

Theorem: The category of abelian monoids (resp. finitely generated monoids,
standard monoids) is anti-equivalent to the category of affine semisimple abelian
monoid schemes (resp. algebraic affine semisimple abelian monoids, integral alge-
braic affine semisimple abelian monoids).

If T is standard then G = Z™ and the morphism 7' — G induces a morphism
G" — TV. In particular, G?, operates on TV. Furthermore, as RG is the local-
ization of RT by the algebraically closed system T, the morphism G7, — TV is an
open injection. We will say that an integral affine algebraic variety on which the
torus operates with a dense orbit is an affine toric variety. It is easy to prove that
there exists a one-to-one correspondence between affine toric varieties with a fixed
point whose orbit is transitive and dense, and standard monoids.
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2. Group Z.
Obviously, ZV = G,, and by Cartier duality G, = Z, which is a formal group.

Proposition 7.1. Let G be an affine K-group scheme. Then,

{Rational points of G} = Homy,on(Z, G) Feld

If G is an affine commutative K -group scheme, by Equation [J)
{Rational points of G} = Homyen(Spec Dg, G)
3. Functor rad K:

Let rad K C G, be the covariant subfunctor of groups defined by rad IC(S) :=
rad S = {s € S|s" = 0, para algin n € N}.

Let K[x]/(z™) — K[z]/(2™), n > m be the natural quotient morphisms. Con-
sider the projective system of K-dlgebras {K[z]/(z"), n € N} and the inductive
system of affine schemes {Spec K[z]/(2"), n € N}.

Go = li_r)n Spech[x]/(x")@Spec hin K[z]/(z™) = Spec K[[z]]-

n n

Hom,,on(Spec Dg,, , G)

m)

Proposition 7.2. It holds that rad K = G, = Spec K[[z]].

fmof. (Spec K[z]/(z™)) (S) = Homg —qq(K[x]/(z™),S) = {s € S|s™ = 0}. There-
Ga(S) = 1i£n(SpecK[a:]/(a:"))'(S) = {s € S|s" =0, para algin n € N} = rad K(5)

O

Notation 7.3. Assume char K = p. We denote a,, := Spec K[z]/(zP") C G,.
Given pu € a1(S) C S (then u? = 0) we denote e* := Zf;ol ui/il € S. Observe that
el — gn . gt

We denote p, = Spec K[x]/(z?" —1) C G,

Assume char K = p. Given (\,) € [[y a1 the morphism

P

P
rad K — G, s 08B prnn®

is a morphism of functors of groups: observe that the polynomial part of degree less

than p™t1 of the series v(x) 1= e . M=’ ... A" .. jg grow . ghaa” L pAna”
The coefficient of 27" of v(x) is A, then [[y a1 C (rad K)V.

Theorem 7.4. (1) Ifchar K =0, (radK)¥ = G,,.
(2) Ifchar K =p >0, (radK)¥ =[]y, as K-schemes.

Proof. Hom(rad K, K) = K[[z]]. Hence,

Homan (K, ) = {s2) € Kl S50 4) =00 o000l € G =

In characteristic zero is easy to prove that s(z) = e’*, for some A € K, then
(rad )V = G,.

Now, in characteristic p > 0. If the coeflicient of x of s(z) is zero then is easy to
prove that s(x) = t(zP), with ¢(x) € Homumoen(rad I, K). If the coefficient of = of
s(z) is Ao then the coefficient of = of (e*o®)~1. s(z) is zero, then (e*®)~1 . s(z) =
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t(zP) and s(x) = e*® - t(zP). Likewise, t(z) = eM?® - u(2P) and s(z) = e*o® - eM12” .
w(z?”), ete. In conclusion, {(A,) € [[yoa} = (rad K)Y

Assume char K = p. (radK)Y = [[y o1 = SpecK[zo, ..., an,.. ]/ (zf, ... 2k, . ),
as schemes. Observe that
p=1 Ay NETE pntl

D AT O N S DL DA o ey B

Then, if * denotes the operation of (rad )Y = []y @1, then

p—1 A\ )\/;D—i
/ = R / n n e
(0,0, A0, 0, (0,0, X7,,0,+++) = (0, ,o,mAm; Ao
We have the natural inclusion (radK)Y = SpecK[[z]]* — K[[z]], (An)nen —
ero% ... ern®” . We also have the natural inclusion
radK < Hom((radK)V,K) = K[zo, ..., Tn,...]/(xh, ..., 2P, ...)

ToM xn#pn
/L —> e RN “ee

Note 7.5. Assume charK = 0. (radK)Y = G, does not contain any proper
subgroup. Then, the quotient groups of (rad K)V are G, and the trivial group.

Assume char K = p. The finite subgroups of G, are {ap}nen and radC =
liin ap. Then, (radK)Y = liin ay. If G is an algebraic group then
n n

Homg,,((rad K)", G) = Homgrp(liin ay, Q) = lim Homy, (o), G)
n n

That is, every morphism (rad K)¥ — G is the composition of a projection (rad )V —
o) and an injective morphism «,, — G.
Theorem 7.6. In characteristic p > 0, (on)" = [[,, a1, as K-schemes. Specifi-
cally,

n a, — G
O COED | CY R AN A
Proof. Proceed as in Theorem [.4 d

The subgroups of a,, are the obvious subgroups «a,, r < n, then, by Cartier
duality the quotients of o/ are the obvious quotients o/, r < n.

Proposition 7.7. Assume char K = 0. Then, rad K = G,,.

Proof. The inverse morphism of the morphism rad K — e u +— et is the mor-
phism Gy, — rad K, p— In(1+ (p— 1)) := >, o (=1)F (= 1)" /il O

In characteristic p > 0, G = lim 1 as functor of groups.
—

n

4. Functor of monoids GY:
Let G, = Spec K|[z] be the additive group.
Theorem 7.8. Assume char K = 0. Then
GY =radK
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Proof. We know that (rad K)¥ = G, by [[4l By Cartier duality, G =rad K. O

Explicitly, € rad K defines the morphism G, — Gy, A — e*. Then, we have
the natural inclusion rad K < K[z], p — e’*.

Theorem 7.9. Assume char K = p > 0. Then, GZ is isomorphic to ®noy as
functors of sets. Specifically,

Gy ={(Mn) € Onar} = { G; : SATa CeMoP L Anar”
Proof. Proceed as in Theorem [T.4] (I
Write K[[zo, . .., Zn, .. ]|/ (xh, ... 2l 00) = liinIC[xo, ooy xn]/(xh, ..., 2P), then
GY = ®nar = SpecK[[zo, ..., Tn,.. ]}/ (@], .. ,Z?:Z, ...), as functors of sets. The

dual morphism of natural the inclusion rad C C G, is the obvious morphism
GY = dnay C [[yoa = (rad K)V.
We have the natural inclusion GY — K[z], (Mg, -+, An) = e 0.

n
AnxP

Note 7.10. Let us now assume that char K = 0. Let Q be the constant functor
of groups Q (with the addition operation), that is, denote Q the discrete topological
space, then Q(S) := Homeo(Spec S,Q), for all commutative K-algebras S. Let
Gy = QY be the dual group of Q, then Gar = Spec(K[Q] = K[e"],cq). Q is the

direct limit of its finite Z-submodules, Q = lim Z - r, which are isomorphic to Z,
—
reQt
then Gy = lim Spec K[e™, e "*] and Spec K[e"*,e™"?] ~ G,,,. Giving a point
—
reQt

a € Gy is equal to giving a point o € Gy, and to determining o ,for oll v € Q. If
G is an algebraic group, then

Hommon(GMa G) = lim I{()Inmon(speC K[erzv eirm]a G)
—
reQ+

That is, every morphism from Gy to an algebraic group factors through a projection
Gy — G, a = a”, for somer € Q.

If E=®;Q is a Q is a vector space, let us also write E for the constant functor
of monoids E, then EY := Hommon(E, Gm) = [1; Ga. Every morphism of EY on
an algebraic group factors through G, for some n.

Let us now assume that char K = p > 0. If E = @ ;Z/pZ is a Z]pZ-vector space
then EV := Homuyon(E, Gn) = [, p1. Every morphism from EY to an algebraic
group factors through uy, for some n € N.

Theorem 7.11. Let G, = Spec K[x] and let D¢, be the set of distributions with
finite support of G,. Let G,(K) be the constant functor of groups, K. Assume K
is an algebraically closed field. Then,
(1) Gg = Gy x Go(K) =rad K x Go(K) and Spec Dg, = (rad K)¥ x Go(K)V.
(2) It holds that

Hottymon (G, Q) "2 Homyon (rtad K)Y x Ga(K)Y, G),

for all affine group scheme G.
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(3) The scheme-theoretic image of every morphism from G to an affine alge-
braic group is isomorphic to

G° xG",6=0,1, if charK =0
ay X pf, if char K =p >0

8. EXPONENTIAL MAP IN ARBITRARY CHARACTERISTIC
8.1. Vector fields.

Let K[e] = K[z]/(2?). Given a functor of sets X and the morphism of K-
algebras Kle] — K, e — 0, let 0*: X(K[e]) — X(K) be the induced morphism.
Given z € X(K), let

T.X := {y € X(K|e]), such that 0"y = 2}

Proposition 8.1. Let X be a K-scheme and x € X a rational point. Then,
T.X=T.X.

Proof. Observe that X (K[e]) = X (Kle]) y X(K) = X (K).
O

More generally, given a commutative K-algebra S and the morphism of S-
algebras S[e] = S[z]/(z?) — S, € — 0 let 0*: X(S[¢]) — X(S) be the induced
morphism. Given z € X(5), let

T, X := {y € X(S[e]), such that 0"y = z}

be the vector space of tangent vectors of X at the point z.

Assume X = Spec A. Then X(S) = Hom(Spec S, Spec A) = Homg _q14(A, S) and
X(Sle]) = Homg—q14(A, S[e]). Then, given z € X(S) = Homg_q14(A,S), by the
standard arguments

T, Spec A = Derg (A, S)

Given a morphism of functors of sets ¢: X — Y, x € X(S) and D, € T,X C
X(Sle]) then ¢(Dy) € Ty(yY C Y(STe]).

Definition 8.2. We will say that TX := Hom(Spec Kle|, X) is the tangent bundle

of X. We have a natural morphism TX LN X, Dy — 0*D, = x. We will say that
Der X := Homx (X, TX) is the set of derivations of X (or the set of vector fields of

Giving D € DerX is equivalent to giving for every point = € X(S) (and every S)
a tangent vector D, € T, X C X(S[e]), functorially.
Let G, = K be the additive group, then

TG, = Hom(Spec K|e], Gq) = Homg—a14(K[z], K[e]) = K]e]
Proposition 8.3. Let X be an affine functor, then it holds that
Der X = Derg(Ax, Ax)
Proof. First, observe that
Ax xspec K[ = Hom(X x Spec K[e], K) = Hom(X, Hom(Spec K|[¢], K))
= Hom(X, Kle]) = Axle]
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Now

Der X = Homx (X, TX) = Homx (X, Hom(Spec Ke], X))
= {f € Hom(X x Spec Kle],X): f(z,0) =z, Yz € X}
= {h € Homg_q14(Ax, Ax[e]): h =1d mod (¢)} = Derx(Ax, Ax)

Given a K-scheme X, it is well known that
Der X = TiaEnd X C Endgq-scn(X Xk Spec K[e]), D — e,

(topologically e“? is the identity morphism and over the ring of functions e”(a +
be) :=a+€- D(a) + be, for all a + be € Ox]e]).

Theorem 8.4. Let X be a functor of sets. It holds that
TiaEnd X = Der X
Proof. Tt is a consequence of the equalities
Hom(X| k¢, X| k() = Homgpec [ (X X Spec K¢}, X x Spec K[e])
= Hom(X x Spec Kle], X) = Hom(X, Hom(Spec K [¢], X))
O

Giving D € Der X, we denote X — Hom(Spec Kle],X), x — D, the correspond-
ing morphism and we denote e : Xix[q — X|k[q the corresponding endomor-
phism. Given z € X(S) C X(S[e]), it is easy to check that e¢P(z) = D,.

Definition 8.5. Let G be a functor of groups. We say that a vector field D € Der G
(for each point g € G(S) we have a tangent vector Dy at g) is G-invariant if
gDy = Dg.4 for all pair of points g,g" of G. We will say that Derinv G is the set
of all invariant vector fields of G.

Proposition 8.6. Let G be a functor of groups and let e € G(K) be the identity
element. It holds that Derinv G = T.G.

Proof. The morphisms DerinvG — 17.G, D — D., T.G — DerinvG, D, — D,
where Dy := g - D, for all g € G, are mutually inverses. ]

Definition 8.7. Given D. € T.G, we will say that D € DerinvG, such that
Dy :=g-D,, for all g € G, is the invariant field associated with D..

Proposition 8.8. Let f: G — Gy be a morphism of functors of groups, D, € TGy
and D, = f(D.). If D y D" are the invariant fields associated with D, and D,
respectively, then f(Dy) = D’f(q), for all g € G.

Proof.
f(Dg) = f(g-De) = f(g9) - f(De) = f(g) - (D)) = D}y
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8.2. Analytic one-parameter group.

Theorem 8.9. Let X be an affine functor of sets. It holds that
Der(X) = Derg(Ax, Ax) = Homyon (GY , EndX)

Proof. Let M be a dual functor of K-modules. By Theorem [61] giving a K[z]-
module structure on M (equivalently, giving a linear endomorphism on M) is equiv-
alent to giving a G)/-module structure on M. If M is a K[z]-module then through
the inclusion GY — Klz], GY operates on M. Let us follow the notations

EndgM = Homp _ a4 (K[z], Endg M) = Homyon (GY, EndcM), T s ™7

where e?7': GY — EndiM is defined by e (1) = e#T (if char K = 0, p € rad K =
GY and e!T = 3" (u-T)'/il; if char K = p > 0, u = (po, .-, pr) € By = GY
and etT .— epnoT | o TP .e#err)_

Likewise, giving a K[x1, ..., z,]-structure on M is equivalent to giving a GY x
A GY-module structure on M.

Let us follow the notations

(EndxkM)™ D Hompg —ag(K|[x1,. .., 7], Endxg M) = Homyen ((GY)", End g M),
(Ty,...,T,) & e

If Ty, T € EndgM commute then e®(T1+72) = exTi . o2T2 et D € EndgAx,
that is, Ax is a K[z]-module (hence it is a GY-module: given u € GY, pu-a = e*Pa).
Consider D® 1+1® D € Endg (Ax ® Ax), then Ax ® Ax is a K[z]-module (hence
it is a GY-module: y- (a ®b) = eHPOIHIED) (4 @) = e#Pa @ e*Pb). Now , D is a
derivation if and only if the morphism Ax ® Ax — Ax, a ® b — ab is a morphism
of K[z]-modules, which is equivalent to say that the morphism is a morphism of
GY-médulos, that is, G operates on Ax by morphisms of K-algebras. That is, the
diagram

e eInTn

EndKAX Hommon(G;/; EndKAx)

Derg Ax == Homy0n (G, End g —q1gAx)
is commutative. O
Theorem 8.10. Let X be a K-scheme. It holds that
Hom,,on (G, End X) = Der X

Proof. Given a point u € G/ (S) there exists a finite, local and rational K-subalgebra
C C S, such that u € GY(C). Moreover, if C' — K is the quotient morphism then
G)(C) = GY(K) = {0}, p — 0. Therefore, given a morphism f: G — EndX,
then f(u) € EndX (C), that is, f(p) is an endomorphism X — X¢. Moreover, by
base change C — K, f(u) = Id. Topologically X¢ = X, then f(u) is topologically
equal to the identity morphism, hence it is affine. Let {U;} be a covering of X by
open affine sets. Giving a morphism G — EndX is equivalent to giving morphisms
G} — End U; which coincide on U; N U;. That is, giving a morphism GY — EndX
is equivalent to giving derivations on each U; which coincide on U; N U;. That is,

Homyon (GY ,EndX ) = Der X
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O

Let D be a vector field on an affine functor of sets X. Consider the morphism

expp: GY = EndX, pr~s etP

If X is a K-scheme, then e#” is an affine morphism because it is topologically
the identity morphism. e*?: X = Xj¢ (p € GJ(C)) induces the morphism
et (AX)\C — (AX)\C defined by

e”D(a) = Zn %a . if char K =0
eﬂoD(a) .. .e#nDp (CL), fohar K — . 0

If X is a projective K-variety, then there exists a K-scheme whose functor of
points is End X" (see [9]), and we will also denote it End X. Thus, expp: G —
End X factors through a unique morphism expp: Spec K[z]* — End X.

Definition 8.11. The morphism expp: GY — EndX is said to be the analytic
one-parameter group associated with D.

Let y € X be a rational point. We will say that expp ,: GY — X, expp (1) =
expp(u)(y) is the analytic integral curve of D passing through y.

The induced morphism between the rings of functions by expp , is Ax — Klz]*,

. { i Di(@@)/it-at e Kllall, | if char K = 0
(X0 D @) )/t xp) - (=g D7 (a)(y) /it -a) -+, if char K =p >0

If X is a K-scheme, the morphism expp ,: Gy — X factors through Spec K [z]*
and we also write it expp ,: Spec K[z|* — X. If U = Spec A is an affine open set
containing y, then the morphism induced by exzpp , between the rings of functions
is written as it has been written above.

Theorem 8.12. Let G be an affine functor of groups or a K-group scheme. It
holds that

Homy,,,(Gy , G) = Derinv(G) = .G

Proof. 1. Given g € G, let L,: G — G be the morphism defined by Ly(¢') = gg’.
G operates on EndG by g x f := Lgo fo Ly, forall g€ G and f € EndG. The
morphism f is G-invariant if and only if f(g) = g - f(e), for all g € G. Hence,
(EndG)® = G.

2. G operates on Der G by (g * D)y :=g-Dy-1, for all g,h € G and D € DerG.
Obviously, (Der G)¢ = Derinv G.

3. G operates on Homy,on, (GY ,EndG) by (g * F)(u) = g * (F(u)), for all g € G,
F € Homyon(GY,EndG) and p € GY.

4. Taking G-invariants on Der(G) = Homen (GY,EndG), by 1.,2. and 3. we
obtain

Derinv(G) = Homyg,, (G, G)
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8.3. Existence and uniqueness of “analytic” solutions of an algebraic dif-
ferential equation in arbitrary characteristic.

Proposition 8.13. If u € GY/(S), then
S, if char K =0
VvV )
TuGa = { NS, if char K =p >0
Proof. GY(S[e]) ={pn+ X ¢, with p € GY(S) and X € S if char K = 0, A € ®nS if
char K = p > 0}.
(]

In characteristic zero, let us denote p+ X-€ = A(9y,),. In positive characteristic
p > 0, GY = ®&nar = Spec K|[zo,...,Zn,...])/(xh,...,2E,...). Let us denote
p+ A€ =3,X(0,)u- The morphism G; — Spec K[z]* induces a morphism
T,Gy — T, Spec K [z|*, that maps u+ X-€to >, Ai(0z,) s -

The linear map induced between the tangent spaces by expp is:

ToGY “B° TrghutX = DerX, e= (p)0 3 e =D

Then, by Theorem we have the following theorem.
Theorem 8.14 (existence and uniqueness ). Let X be an affine functor of sets or a
K -scheme. If D is a vector field on X, then expp is the only morphism of functors
of groups f: GY — AutX such that f((y,)0) = D.

Let 2 € X(K) be a rational point. The morphism x,: EndX — X, x,(7) = 7(x),

maps e = D to e“P(z) = D,. Then,
expp,a((9z0)0) = Xa(€xpD((020)0)) = Xa(D) = Dy

Notation 8.15. Let § € Derinv Gy be the invariant field associated with (Oy,)o-
That is, 6, = p* (Ogy)o, where p € GY and * is the operation of G. Specifically,
0= 8uy +afy " /(p—1)10s, +af /(P —Dlaf "/ (p = 1)10u, + -+

It can be checked that: 67" = 0,, +a2~1/(p—1)10,, ., +22 1 /(p— 1)!905;11/(19 —
1)10,,,, + . Therefore: (67" )g = (s, )o and:

Derinv GY = (4,...,07",...)

Let p € GY(S), = € X(S) and denote * the operation of GYY. We have the

commutative diagram

eTPD .z

GZ X 50 f D,
lu* lerpo(u) —[ I
Gy 2L X Op ——= €xpp,2(3,) = expp(p)(Ds)

Let € = 6o € ToGY. From the commutative diagram

(G LA Xik[q p——=  expp(1)
l” lem(e)_ew l I
(GY)yxeig —= Xkq 0y ——> €xpp,2(0u) = Dexpy, , ()
we obtain that expp(u)(Dz) = expp,2(6,) = Deapp . (n) = Deapp (1)(2)-
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Lemma 8.16. Let a € Agy = Klz|*. Then, a € K <= d(a) = 0 =
§(a)(w) =0 for all p € GY.

Proof. Obviously a € Hom(X, K) = Ax is zero if and only if a(z) = 0 for all z € X.
Let us only prove that a € K if (a) = 0, and char K = p: Obviously 6*" (a) = 0
for all n € N. As

Kla]* = K[[xo, - -y @n, .. ]/ (ah, . 2k, ) ={ Z Aa®, Ao € K}

a€EBNL/ P

and T,GY = (8uy.., (07 )y ..y = ((Ox;)p), then Op,a = 0, for all i € N, and
ack.
O

Theorem 8.17 (existence and uniqueness ). Let X be an affine functor of sets or a
K -scheme, let x € X(K) be a rational point and let D be a vector field on X. Then,
expp.. is the only morphism f: Gy — X such that f(0) = x and f(6,) = Dy,
for every point p € GY.

Proof. We already know that expp ,(0) = P (z) = Id(z) = z and expp ,(d,) =
Deapp . (n)-

We still have to prove the uniqueness of f.

Let D be the only invariant field on AutX such that Diq = e°P. Recall that the
morphism x,: AutX — X, x.(¢) = ¢(z) maps Dig = e to eP(z) = D,. We
have the commutative diagram

AutX =X  Dyr—""—>D,
l¢' l¢ Idr Iaﬁ
UK ==X DX (Dy) = 9(D)
The composition:
GY P2 At X x X % X
maps 9, to zero, for all p € G-

.Gy — Tempfp(u)AUtX XTwX = Tewp purwX
o = (Deap_p> Pry) = —exp-p() Dy + exp-p (1) Dy
Since K = {a € Agy: du(a) = 0, for all p € G}, the composition GY GIZL—D>Xf
AutX x X — X is constant, that is, exp_p(u)f(1) = z, and f(u) = expp(p)z =
expp . (1h)-
O

Theorem 8.18 (existence and uniqueness). Let X be a K-scheme, let y € X
be a rational point and let D be a vector field on X. Then, expp,, is the only
morphism f: Spec K[z]* — X such that f(0) = y and f(6,) = Dy, for every
point p € Spec K [x]*(S5).

Proof. By andRI7, we only have to prove that given a morphism f: Spec K[x]* —
X such that f(0) =y and f(5,) = Dy, for every point 1 € G/ (S) C (Spec K[z]*)(S),
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then f(0,) = Dy(,, for every u € Spec K[x]*(S). Consider the diagram

f «
Ax,y — Kl1]

lD la
f* .
Axy —— K]

By the hypothesis (f* oD —do f*)(a)(u) = 0 for all a € Ax,, and p € GJ(S).
Then, (f*oD—do f*)(a) =0and f*oD = do f*. Hence, f(,) = Dy(,, for every
u € Spec K [x]*(5). O

8.4. Algebraic group associated with a vector field.

Let X be a K-scheme, let D be a vector field on X and let D be the invariant
field of EndX associated with the tangent vector D at Id € EndX.

Proposition 8.19. The analytic integral curve off) passing through 1d is expp,
that is, expp = expp.

Proof. expp is a morphism of groups, so expp(6,) = DexpD(#). It follows from
Theorem BT that expp = expp, .
O

Proposition 8.20. The (closed) scheme-theoretic image of expp o, Imexpp 4, is
the minimal subvariety of X tangent to D at x.

Proof. Let C be the minimal subvariety of X tangent to D at z. Let

expg@: Spec K[z]* — C
be the analytic integral curve associated with D¢ (passing through z). Obviously,
the composition of e:vpgym with the inclusion C — X is expp , so Imezpp , C C.

It is easy to check that Imexpp , is a subvariety tangent to D at z, so it is the
minimal subvariety of X tangent to D at x. ([l

The ideal of functions vanishing at Im expp ., is the greatest ideal whose germ at
2 is the ideal of all functions f such that D" f(x) = 0 for every n > 0, if char K = 0,
or such that D" f(x) = 0 for some n > 0 and every 0 < i < p, if char K = p > 0.

Corollary 8.21. Let X be a projective variety. The (closed) scheme-theoretic im-
age of expp is the minimal closed subvariety of AutX tangent to D at Id. Imexpp
is a commutative group and the closure of (Imexpp) - = coincides with Im expp 4.

Proof. The scheme-theoretic image of expp is the minimal closed subvariety of
AutX tangent to D at Id, by B19 and B20 Imexpp is a commutative group by
[6.100 By definition, the composition

Spec K[z]* 2% Aut X ——— > X

J——f -z = [(2)

is expp ». Therefore, Imexpp , is the scheme-theoretic image of Im expp, that is,
the closure of Imexpp - x coincides with Imexpp ;.
O



32 JOSE NAVARRO, CARLOS SANCHO, AND PEDRO SANCHO

Definition 8.22. Let X be a projective variety. We will say that Imexpp is the
algebraic group associated with D.

The requirement of projectiveness is to assure the existence of the scheme Aut X .
It could be possible to define the algebraic group Im expp whenever expp factors
through a group scheme G included in Aut X (it is enough, for this, that D € TiaG)
because in that case we can also define Imexpp.

Theorem 8.23. Assume char K = 0. Let X = Spec A be an affine K-scheme.
Then, Homy,on (G, End X) = {D € Der X: for each a € A there exists an n € N,
such that D™(a) = 0}.

Proof. Let V be a vector space. Endowing V' with a G,-module structure is equiv-
alent to endowing V with a K[[z]]-module structure. Endowing V with a K[[x]]-
module structure of is equivalent to defining an endomorphism 7: V. — V (T = z+)
such that for each v € V there exists an n € N so that 7" (v) = 0. Therefore,

{ T € EndgV: for each v € V, there exists an n € N

such that T"(v) =0 } = Hom(G,, Endg V)
T s e*T

Arguing as in B9l we can prove this theorem. O

Theorem 8.24. Let X = Spec K[{1,...,&,] be an affine variety and assume
char K = 0. Let D be a vector field of X. Then, the morphism expp: G — AutX
factors through an unipotent group (that is G, ) if and only if there exists m >> 0
such that D™(&;) =0, for all i.

Theorem 8.25. Assume char K =p > 0 and let X be a K-scheme. It holds that
Homyg,, (o), EndX) = {D € Der X : D" =0}

Proof. 1. Let V be a K-vector space. Endowing V with a «,/-module structure is
equivalent to endowing V of a K[z]/(«?")-module structure. Then,

{T € EndgV: TP" = 0} = Hom ynei(), Endg V), T — e
2. Suppose, now, that V' is a K-algebra. Then, as in [89
{D € Derg(V,V): D?" =0} = Homg,p (), Endg—a1,V)
3. Now, we can prove the theorem as in 810 ([l
Theorem 8.26. Let X be a complete K-variety and char K = p > 0. Let D be

a vector field of X. Then, the morphism expp: Gy — AutX factors through a
unipotent group, that is, o, if and only if Dr" =0.

8.5. Algebraic groups associated with the vector fields of P”.

Let K be an algebraically closed field and consider the natural morphism 7: K™\0 —
P~ We are going to compute the algebraic group associated with a field on
P 1(K).

As it is well known, if D is a vector field on P*~!, then D = 7D’ for some vector
field D' = Eij Aijzi0z; on K™\0. We have the commutative diagram:
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exp s

Aut K™

\/ N

et ()"LJ)

The morphism Spec K[z]* — Spec K [z;;, det(x;;) 7], p + e i) is induced by
Klzij,det(zi;) "] = K[z]*, 2rs = 2rs(e® (i) (if char K = 0 then K[z]* = K[[z]],
if char K = p > 0 then K[z|* = (K{[z;]]/(2}))ien).

Therefore, the algebraic group associated with D’ is:

G = Spec K [z,.5(e i), em2 (M)

Changing the base of K™, we can suppose that the matrix ();;) is in its Jordan
form, with eigenvalues A1, ..., As.
Now there are two cases, depending on the characteristic of K.

Theorem 8.27. Let K be an algebraically closed field of characteristic zero. Let
D= W(Eij )\ijxiax].) be a vector field on P"~! and let G be its associated algebraic
group. Then,

G~Gr x G

where 1 is the dimension of the Q-affine space generated by the eigenvalues of the
matriz (A;;) in C, 6 = 0 in case the matriz is diagonalizable and § =1 otherwise.

Proof. As the matrix ();;) is in its Jordan form, it is easy to check that:
G = Spec K[e" . .. et et 5 x]

where § = 0 in case the Jordan matrix is diagonal and § = 1 otherwise. Moreover,
if, reordering, Aq,..., A, is a base of the Z-module generated by A;,...,A\s in K
(or, equivalently, A1,..., A, is a base of the Q-vector space generated by A1, ..., As
in K) then, as z,e™1, ..., e"* are algebraically independent, we have that:

G = Spec K[e®1 ... e et tA) 5 x]

= Spec K[e*M, e M| @ - @ K[e*, e "] @ K[6x] = GT, x G°

But this group G is also the algebraic group associated with D. To see this,
recall that two vector fields D’ = ZZ—J— Aij2i0z; and D' = Zij pijri0y; on K™ —{0}
projet to the same vector field D on P"~! if and only if they differ on A- (3=, 2:0:,),
that is, if the matrix (p;;) differs from (A;;) in A - Id. We can then assume that
the matrix M = ();;) has the eigenvalue zero, and in this case the affine space
generated by the eigenvalues is the vector space generated by the eigenvalues.

Let v € K™ be an eigenvector such that M -v = 0. If H, stands for the closed
subgroup of Gl (K) of the automorphisms h € Gl(K) such that h - v = v, then
it is clear that the morphism expp: : G, — Gl, (K), u— e*M factors through H,.
Analogously, let H! be the closed subgroup of the projectivities that let v € P!
fixed.

At the Lie algebras, the natural morphism Gl,(K) — PGl,(K) = AutP"~!

maps D’ to D. Therefore, expp coincides with the composition Gy © =" Gl (K) —
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AutP"~!. As a consequence, we have:

exp s

Go —2 Gl (K) — PG, (K)

~N) )

!

v v
that shows that the algebraic group associated with D’ is the same as that associated
with D, so we are done. (I

Theorem 8.28. Let K be an algebraically closed field of characteristic p > 0. Let
D = w(32;; Nijwidz;) be a vector field on P*~H(K), and let G be its associated
algebraic group. Then,

G = P X gy
where T is the dimension of the Z/pZ-affine space generated by the eigenvalues of
the matriz (N\ij) in K, and m is such that, if s is the greatest of the orders of the
Jordan boxes, then p™ < s —1 < p™*t (if s =1 we say that m = —1).

Proof. Everything is analogous to the previous theorem, except the calculation of
the algebraic group G associated with D’ =37, Ajjz;0; on K™ — {0}.

Reordering, let A1,..., A, be a base of the Z/pZ-vector space generated by
A,...,As in K. Let s be the greatest of the orders of the Jordan boxes and
m € N such that p™ < s —1 < p™*! (if s = 1 we say that m = —1). A similar
computation to that used in the characteristic cero case, shows that:

G = Spec K[e"™ ..., e et A s/ (b, o2l )

o

. V
= H1 X Qppqg

9. APPENDIX
9.1. Tannakian Categories.

In this subsection we use Theorem to derive the so called Tannaka’s theorem
(see [2] and references therein for the standard treatment).

Let K be a field.

Definition 9.1. A neutralized K-linear category (C,w) is an abelian category C
together with a “fibre” functor w: C ~» Vectk into the category of finite dimensional
K -vector spaces such that w is exact, additive and for every X, X' € Ob(C),

Homc(X, X') € Homg (w(X),w(X"))
is a K -linear vector subspace.

A K -linear morphism between neutralized K-linear categories F: (C,w) — (C,@)
is an additive functor F': C ~» C such that w o F = w.

Example 9.2. Let A be finite a K -algebra. The category Mod 4 of finitely generated
modules over A together with the forgetful functor is a neutralized K -linear category.

Recall also that morphisms of K-algebras A — B correspond to K-linear mor-
phisms Modg — Mod 4.



AFFINE FUNCTORS AND DUALITY 35

If (C,w) is a neutralized K-linear category and X € ObC is an object, we will
denote by (X) the full subcategory of C whose objects are (isomorphic to) quotients
of subobjects of finite direct sums X & ... H X.

By standard arguments, it can be proved the following:

Theorem 9.3 (Main Theorem). Let (X) be a neutralized K -linear category gen-
erated by an object X. There exists a (weak) equivalence of neutralized K -linear
categories (X) ~ Modsx, where AX is a finite K-algebra unique up to isomor-
phisms.

Moreover, every K -linear morphism F: (X) ~ (X) induces a unique morphism
of K -algebras f: AX — AX.

A neutralized K-linear category (C,w) is said to admit a set of generators if there
exists a filtering set I of objects in C such that: C = lim (X).
—

Xel
In this case, a standard argument passing to the limit allows to prove:

C = lim (X) ~lim Modyx = Modc¢-
Xer -
where C* := lim AX, that is a K-algebra scheme and Modc- is the category of
—

KC-coherent C*-modules.

Let (C,w) and (C,®) be two neutralized K-linear categories that admit a set of
generators. Every K-linear morphism F: (C,w) ~» (C,@) induces a unique mor-
phism of K-algebra schemes f: C* — C*.

Definition 9.4. A tensor product on a neutralized K -linear category (C,w) is a
bilinear functor ®: C x C~- C that fits into the square:

CxC 2 C

Vectx x Vect g L Vect g

(where the symbol @k denotes the standard tensor product on vector spaces) and
satisfies:
a) Associativity and commutativity.
b) Unity. There exists an object K together with functorial isomorphisms for
every object X :
XK~ X~K®X

that through w become the natural identifications w(X) Qg K = w(X) = K Qw(X).
¢) Duals. There exists a covariant additive functor v: C— C°, satisfying:

c— .c¢°

Vect g —— Vect$,
where w*(X) := w(X)*. There also exists functorial isomorphisms (XV)¥ = X

and a morphism K — X ® XV such that via w is the natural morphism K —
w(X) @K w(X)*.
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Definition 9.5. A Tannakian category neutralized over K is a triple (C,w,®)
where (C,w) is a neutralized K -linear category that admits a set of generators and
® s a tensor product on (C,w).

Now it is not difficult to check that the existence of a tensor product in a neutral-
ized K-linear category C ~ Mod¢- amounts to the existence of a comultiplication
on the algebra scheme C*. As a consequence:

Theorem 9.6. Let (C,w,®) be a Tannakian category neutralized over K. There
exists a unique (up to isomorphism) cocommutative Hopf algebra K-scheme C* such
that (C,w, ®) is equivalent to the category Modc~.

Corollary 9.7 (Tannaka’s Theorem). If (C,w,®) is a Tannakian category neutral-
ized over K, then there exists a unique (up to isomorphism) affine K-group scheme
G such that (C,w,®) is equivalent to the category of finite linear representations of

G.

Proof. By the previous theorem, there exists a scheme of Hopf algebras C* such that
C ~ Modc~. If we define the affine group scheme G := Spec C, then the statement
follows from Theorem [6.2 O

9.2. Lie Algebras and Infinitesimal Formal Monoids in Characteristic
Zero.

Notation 9.8. In this subsection all algebra schemes are assumed to be commuta-
tive and R = K is assumed to be a field of characteristic zero.

Let f: N — M be a morphism of R-modules and let f*: M* — N* be the
dual morphism. Kerf* = M3 and Coker f* = N, where M; = Coker f and
N1 = Ker f

Let C* be a commutative algebra scheme. If f*: M* — AN* is a morphism of
C*-modules then Coker f* and Ker f*, are C*-modules.

Let 77 — C* ideal schemes and m: I ® - - -®Z;;, — C* the obvious multiplication
morphism. We denote by Z - - - Z» = J* the module scheme closure of Imm in C*,
which is an ideal scheme of A*: the dual morphism of m, ¢: C - 1 ® --- ® I, is
a morphism of C*-modules and J = Ime.

Given a functor of X-modules M we will denote its K-module scheme closure M.
Observe that M*(K) = M*(K). Hence, M = N'*, where N = M*(K) (see [I, 2.7]).
We say that a morphism of functors of K-modules M — N is dense if M — N is
surjective, that is, if N*(K) — M*(K) is injective.

We have

@ @I ‘ST It
Iy IF =17 - (Z3 - - - I}): observe the diagram
oo L) ' Sn e I, S I (T; - I)) — C*
T (13- I3) =17 - I3 - I3 = (I - 1) - 3.
Notation 9.9. Let M be an R-module. We denote S"M the functor of R-modules
defined by (S"M)(S) := S™(M(S)) the n-th symmetric power of the S-module
M(S). Let S,M be the functor of modules defined by (S,M)(S) := (M(S) ®g

" ®g M(S))S". The natural morphism Sp,M — S™M is an isomorphism when R
is a Q-algebra.
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Denote Z*" = Z*.".Z*. The composition T* @ -*- @ I* — I*" — T*"/T*"+1 is

dense and factors through S™(Z*/Z*?). Then, the morphism
ST 1 7 T

is surjective.

Observe that S”" M is the quasi-coherent module associated to the K-module
S™M and S?M* = (S"M)*, because

Homy (S"M*, K) = Homy (S" M*, K) = Homg (M*® .. @ M*, K)"
= (M® .m. @M)5 = S"M

Definition 9.10. Let A* be a commutative bialgebra scheme, e: A* — K its counit

and T* = Kere. We will say that G := Spec A* is an infinitesimal formal monoid
if A* = hﬁlA*/I*i.

Theorem 9.11. Let G = Spec A* be an infinitesimal formal monoid, e: A* — K
the unit of G and Z* = Kere. The natural morphism

ST T 1 I T
s an isomorphism.

Proof. Let us construct the inverse morphism Z*"/Z*"*1 — §n(T*/I*2) of m:

consider the multiplication morphism G X 2. xG = G, (g1y---39n) = g1 Gns
which corresponds to the comultiplication morphism c: A* = A*® - - RA*.
For any f € 7* we have that

n J n B 5 5 B B _
()= 18 @f® -@lmod Y AQ BTG QLG QA
j=1 r#s

- J
because the classes of ¢(f) and f := E?le®-~-®f®-~- Llin A/I*"® -+ ®
A*® - @ A*JIT* = A* are equal to f, for every s, so

o(f) ~ FeMo (Y A@ GG - @) = Y A BTG BTG DA
r#s r#s
(for the latter equation recall A* = I @® I*). Therefore, we obtain the morphism

Jio fa = c(fiee o) = clfi)elfn) = Yges, fo) @ @ forn)

for every fi,...,fn € ¥, that defines a morphism ¢: Z*"/Z*"+1 — §n(T*/T+2).
Now it can be checked that & o m: S™(Z*/7*2?) — S™(Z*/I*2) is equal to the
homothety with scale factor n!.

O

Definition 9.12. If A is a bialgebra, we say that an element is primitive if c(a) =
a®1+1® a, where c is the comultiplication of A.

It can be checked that a € A is a primitive element if and only if a € T.G :=
Derx (A*,K) = Homg (Z*/Z*?,K) .

The inclusion TG < A is a morphism of Lie algebras that extends to a morphism
of algebras U(T.G) — A, where U(T.G) is the universal algebra of T.G.
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Let L be a Lie algebra. U(L) is a quotient of the tensorial algebra of L, T"L. Tt
is easy to see, (|12} I.IIL.4.]) that S"L has a surjective morphism onto the graduated
algebra by the filtration of U(L), {U(L), := [®i<.T"L]}.

Let G = Spec A* be an infinitesimal formal group. Let us denote A,, = (A*/Z*"T1)*.
The equality A* = 1(131./4* /Z*" is equivalent to the equality A = hﬁn}l.& Ob-

serve that A; - A; C A 0 let ¢t A* — A*®A* be the comultiplication. Then,
c(T*) C T*RA* + A*®T*, so that ¢(Z*HiT1) C T*Ht.A* + A*ST . The dual
morphism of

A*/I*iJerrl _C> A*/I*i+1®A*/I*j+l
is the multiplication morphism A; ® A; — A;;;. The morphism U(L) — A maps

U(L); into Ay, so U(L),, maps into A,. Lastly, it is easy to check that A,/ A,_1 =
(I*n/I*n—i-l)* = ﬁn
Theorem 9.13. Let G = Spec A* an infinitesimal formal group, and write L :=
T.G. Then,

(1) U(L) — A is an isomorphism of bialgebras.

(2) The morphism U(L)n/U(L)pn—1 — An/An—1 is an isomorphism.

(3) L is the module of primitive elements of U(L) and U(L)yn/U(L)p—1 = S™L.

Proof. From the commutative diagram

9. 11]

S™L L,

S|

U(L)n/U(L)nfl

it easily follows (2). By induction on n, it is easy to see that U(L), — A, is an
isomorphism, then U(L) — A is an isomorphism.

Moreover, U(L) — A is a morphism of coalgebras because it maps L, that are
primitive elements of U(L), into primitive elements of A and U(L) is generated
algebraically by L. Finally, the module of primitive elements of A is L, so the
module of primitive elements of U(L) is precisely L.

O

Corollary 9.14. Let G = Spec A*, G’ = Spec B* be infinitesimal formal groups.
Then,

Homy,,(G,G") = Homp(T.G, T.G’)
Proof. Tt follows from:
HomQTP(Gv Gl) = Hombialg (B*, A*) = Hombialg (A, B)
= Hombialg(U(TeG)a U(TBG/)) = HomLie (TeG7 TeG/)
O

Note 9.15. If L is a Lie algebra, consider G = SpecU(L)*. Let L = T.G, that
is, the primitive elements of U(L). We have a natural morphism L — L. With
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adequate basis in L and L we have the commutative diagram:
SL——SL
lsurj ‘ [T 13(2)
[@13(1)

U(L) U(L)
that allows to prove that the morphism L — L is surjective.

Let us also outline very briefly that the morphism L — L, D + D is injective (see
[12, 5.4]). We only have to prove that there exists a faithful linear representation of
L, since U(L) = U(L). If L is commutative, then S'L = U(L) and the morphism
L — U(L) is injective. Let Z be the kernel of the surjection L — L (notice that
[L,Z] = 0). Let Gz and Gy be the formal groups associated to Z and L. It is
enough to see that there exists a morphism of Lie algebras L — Derg(Gz x Gy)
injective. To do that, it is enough to prove that there exists a section of Lie algebras
w: LogU(L)* — LogU(L)* of the natural surjection Lo U(L)* — Lo U(L)*.
Let s: L — L be any K -linear section. It can be checked that the 2-form of Gy with
values in Z, wy: L x L — Z, we(D,D') = s(|[D,D']) — [D,D'] is closed. By
Poincare Lemma, there exists a 1-form of Gy with values in Z, w': L@y U(L)* —
Z @ U(L)*, such that dw' = wy. The section of Lie algebras that we were looking
forisw=s+w.

Theorem 9.16. The category of infinitesimal formal groups is equivalent to the
category of Lie algebras.

Proof. The functors giving the equivalence assign to each infinitesimal formal group
G its tangent space at the identity T.G and to each Lie algebra L, the group
SpecU (L)*. O

Corollary 9.17. The category of linear representations of an infinitesimal formal
group G is equivalent to the category of linear representations of its Lie algebra

T.G.

Proof. The category of linear representations of the formal group G = Spec A*
is equivalent to the category of A-modules, that is equivalent to the category of
linear representations of the Lie algebra T.G, because A is the universal algebra
associated to T,.G. O

Let G = Spec A be an affine K-group scheme and I, the ideal of functions that
vanish at the identity element of G. Let J be the set of ideals of finite codimension
of A that are included in I, and let us denote Dist(G) := lim(A/I)*.

—

IeJ

Corollary 9.18. Let G = Spec A be an affine K-group scheme. There exists a
canonical isomorphism of bialgebras:

U(T.G) = Dist G

Therefore, U(T.G)* = A and the infinitesimal formal group associated to T.G is
G.
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Proof. Let A := limA/Z and G = Spec.A. Observe that Homy (A, K) = Dist G.
—

IeJ
Moreover,
T.G = Homgpee x (Spec K [z]/(22), G) = Homspec k. (Spec K[z]/(22), G) = T.G
Therefore, by Theorem [I13, Dist G = U(T.G) = U(T.G). O

(See [4], I11.6.1], where G is algebraic).

Corollary 9.19. If G = Spec A is a commutative unipotent K-group, then it is
isomorphic to V*, where V =T.G".

Proof. G is a commutative unipotent K-group if and only if G¥ is a commutative
infinitesimal formal group. By Theorem Q.13 GV = Spec (U(T.GY))*. As T.GY C
A is a trivial Lie algebra, G = Spec U (T.G") = Spec S"(T.G") = V*. O

9.3. Another examples of affine functors.

Definition 9.20. Let M be a functor of R-modules and let Ay be the functor of
functions of X = M. We define

[Am], =={F € Am: F(A\-m) = A" - F(m), for all \ € R and m € M}.
Proposition 9.21. Let M be a functor of R-modules. Then,
®n [Am],, € Am C H [Aml,, ,

which are inclusions of [ [ R-modules. Specifically,
Ay = {Z F, € H [Am],, : for each m € M there exists 7 € N such that

F,(m)=0, foralln>r}

Proof. Given m € M, let G™: R — R be defined by G™(\) = F(Am). Then,
G"(x) =Y, ria™ € Ag = Rlz] (r =0, for all n >> 0) and F(Am) =3, ri*A"™.
Let F,,: M — R be defined by F,(m) = " (given m, F,(m) = 0, for all n >> 0).
Observe that F(A(um)) =, rit(Ap)™ = >, (ri*p™) - A", then F,,(um) = rl'p™ =
W' Fp(m) and F,, € [Ay],,. Moreover, F(m) = i =5 F,(m).

Finally, let (wy,) € [, [Am], such that for each m € M there exists r € N
so that w,(m) = 0, for all n > r. If ' := > w, = 0 then w, = 0, for all n:
0= (>, wn)(Am) = >, wy(m)A™, for all A, then wy,(m) = 0 for all n, and w,, =0
for all n.

(]

Proposition 9.22. Let R be a commutative Q-algebra. Let M be a functor of
R-modules. Then,

[A],, = (S M)".

Proof. Let i: M — S,M be the morphism of functors of sets defined by i(m) =

m® - ®m and i*: Ag v — Ay the morphism induced over the functors of
functions. If w € (S,M)* then i*(w) = woi € [Am],. If i*(w) = woi =0 then
w = 0: By hypothesis, w(m ® AN m) = 0, for all m € M. Given my,...,m, € M
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and m = Y. A\;m; (\; being variables), then 0 = w(m®-"-@m) = 2 la=n AT W(M®).
Hence, w(m®) =0, and w = 0.

Now, let F' € [Am],. Given mi,...,m, € M let G: R" — R be defined by
G((M)) = F(X2; Aimi). Then, G = 37, _, raz® € [Ars], = [Rlz1,... 2],
That is, F'(32; Aimi) = 32|, =, Ta A" Let

Fo:Mx - x M= R, Fy(m,...,mp) =10 n1)

Let us check that Fj, is a symmetric n-multilinear mapping of M", that is, F,, €
(S"M)*. Obviously F,, is symmetric. F(Aymq + -+ Apumy,) = Z|a\:n T A%,
then F,(mq, -+, umy) = p- Fo(ma,...,my,). Let us write

FAami+ -+ App1mpt1) = Z ag\?
[B]=n
= A1 Aot (aq 11,00 0 @, 1,0,1) Ant )

+ Z aB)\'B

[Bl=n,(B1s--,Bn—1)#(1,...,1)

Considering A, 11 = 0 we obtain Fy,(ma,...,mp_1,My) = a(1,...1,1,0)- Considering
An = 0 we obtain Fy,(mi,...,mMp_1,Mny1) = a(1,...1,0,1)- Considering A\, = A\p11
we obtain Fy,(m1, ..., My +Muy1) = aq1,..1,1,0) + a(1,...,1,0,1)- Hence Fy, is linear.

Let F,: M®-"- @M — R be the morphism defined by F),. Let us prove that
n! - I is the composite morphism

M5 SMcMe-"-oMBR

Given m € M, write a,, := F(m). Then, F(A-m) = \a,. F(Am+ -+
Aem) = F(A+ -4+ X)m) =AM+ + A)"an =nl(A1 - \p)ay, + - -+, hence,

n

(Fn oi)(m) = F,(m,--

- m) =nla, =n!- F(m).

O

Proposition 9.23. Let M be a flat R-module. Then,
(A, = (Sn M),
which is a reflexive functor of modules.

Proof. By Govorov-Lazard Theorem ([8, A6.6]), M is a direct limit of free modules
of finite type, M = lim V;. Then,
—
[Anml, = hgl [Av.], = lgl((SnVi) ) = (hgl SnVi)" = (SnM)
Observe that S, M is a quasi-coherent module because it is a direct limit of quasi-

coherent modules. Hence, (S, M)* is reflexive.
(]

Proposition 9.24. Let R be a commutative Q-algebra. Let M be a quasi-coherent
R-module, then X = M is an affine functor.

Proof. By [10 5.1] and Lemma [0.22 A is reflexive.
A morphism ¢: Ay — R is determined by the restriction of ¢ on @, (S, M)*
(see [10} 5.1]). Observe that (S"M*)** = ([],, SnM)* = ®,(Sp,M)*. Then,
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Spec Ay C HomR_alg(EBn(SnM)*,R)@Homn_alg(S'M*,R) = Homg (M*,R)

=M
The composition of the natural morphism M — Spec Apq with the inclusion
Spec Ay C M is the identity morphism. Therefore, Spec Ay = M. O

Proposition 9.25. Let M be a flat R-module. Then, M is an affine functor.
Proof. Proceed as in the proof of Proposition [0.24] O
Theorem 9.26. Let M € §. Then, M is an affine functor.

Proof. There exist inclusions ;R C M C [] ; R, which are morphisms of 11 1 R-
modules.

Let us prove that Ay C Ag,r: Let f € Ay such that fig,z = 0. Given
m = (ri)icr € M C [[; R let F: [[;R = R be defined by F((\;)) = f((Xiri))-
Then, F' € A, » = S (®rR) = R[xi]icr. Hence, there exists a finite subset J C I
such that F' € R['rj]jGJ- Therefore F(()\l’l”l)lej) = F(()\jrj)je]) and f((ri)iel) =
f((rj)jEJ) =0, that is, f =0.

In conclusion we have

" 23
EBNS (®rR) = A, R CAu CAg,r C
ne

H w(®IR))*
neN

Then, Ay € § and it is reflexive.
Any morphism of R-modules ¢: Ayy — R is determined by its restriction to
S (®rR), by [10, 5.1]. Then, any morphism of R-algebras ¢: Ayy — R is deter-
mined by its restriction to @;R. Since &R = ([[; R)* € M*, ¢ is determined by
its restriction to M*. Hence, Spec Ay € M** = M. Then, Spec Ayy = M
O
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