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Abstract: Let R be a commutative ring and M be an R-module. We associate to M a
graph denoted by, I'(M) called the torsion graph of M, whose vertices are the non-zero
torsion elements of M and two distinct elements z,y are adjacent if and only if [z : M][y :
M]M = 0. We investigate the interplay between module-theoretic properties of M and
graph-theoretic properties of I'(M). Among other results, we prove that I'(M) is connected
and diam(I'(M)) < 3 for a faithful R-module M.
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1. INTRODUCTION

The concept of a zero-divisor graph of a commutative ring was introduced
by I. Beck in 1988 [7]. He let all elements of the ring be vertices of the graph
and was interested mainly in colorings. This investigation of colorings of a
commutative ring was then continued by Anderson and Naseer in [4]. In [3],
Anderson and Livingston introduced and studied the zero-divisor graph whose
vertices are the non-zero zero-divisors and where x — y is an edge whenever
xy = 0. The zero-divisor graph of a commutative ring has been studied
extensively by Anderson, Frazier, Lauve, Levy, Livingston and Shapiro, see
[2, 3]. The zero-divisor graph concept has been extended to non-commutative
rings by Redmond in [14]. The zero-divisor graph has also been introduced
and studied for semigroups by DeMeyer and Schneider in [9], and for near-
rings by Cannon et al. in [8].

Let R be a commutative ring with identity and M be a unitary R-module.
In this paper, we will investigate the concept of a torsion-graph for modules
as a natural generalization of the zero-divisor graph for rings, which has been
defined by Ghalandarzadeh and Malakooti Rad in [12]. The residual of Rz by
M, denoted by [z : M], is the set of elements r € R such that rM C Rx for
x € M. The annihilator of an R-module M denoted by Anng(M) is [0 : M].
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Let T'(M) be the set of elements of M such that Ann(m) # 0. It is clear
that if R is an integral domain, then 7'(M) is a submodule of M, and it is
called torsion submodule of M. If T(M) = 0, then the module M is said
to be torsion-free, and it is called a torsion module if T (M) = M. Here the
torsion graph I'(M) of M is a simple graph whose vertices are the non-zero
torsion elements of M, and two distinct elements z, y are adjacent if and only
if [x: M][y : M]M = 0. Thus, I'(M) is an empty graph if and only if M
is a torsion-free R-module. In this paper, we will investigate the interplay of
module properties of M in relation to the properties of I'(M). We believe
that this study helps illuminate the structure of T'(M). For example, if M
is a faithful multiplication R-module, we show that M is finite if and only if
I'(M) is finite. Also, we think that torsion graphs help us study the algebraic
properties of modules using graph-theoretical tools. For z,y € T(M)* =
T(M) — {0}, define  ~ y if [z : M|[y : M]M = 0 or x = y. The relation ~
is always reflexive and symmetric, but is usually not transitive. The torsion
graph I'(M') measures this lack of transitivity in the sense that it is transitive
if and only if I'(M) is complete.

An R-module M is called a multiplication module if for every submodule
K of M, there exists an ideal I of R such that K = IM (Barnard [6]). A
proper submodule N of M is called a prime submodule of M, if rm € N
(where r € R and m € M) implies that m € N or r € [N : M].

Recall that a graph is finite if both its vertices set and edge set are finite,
and we use symbol |I'(M)| to denote the number of vertices in the graph
I'(M). Also, a graph G is connected if there is a path between any two distinct
vertices. The distance d(x,y) between connected vertices z, y is the length
of a shortest path from x to y (d(x,y) = oo if there is no such path). The
diameter of G is the diameter of a connected graph, which is the supremum
of the distances between vertices. The diameter is 0 if the graph consists of
a single vertex. The girth of G, denoted by gr(G), is defined as the length of
the shortest cycle in G (gr(G) = oo if G contains no cycles).

In section 2, we give many examples and we show that I'(M) is always
connected with diam(I'(M)) < 3 if M is a faithful R-module.

Throughout the paper, for N C M, we let N* = N — {0}. As usual,
the rings of integers and integers modulo n will be denoted by Z and Z,,
respectively. We use the symbol (z,y) or  + y to denote the elements of
M = M; & M. Also, we use the symbol (M)g to denote M as an R-module.

Nil(M):= (] N,
NeSpec(M)
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where Spec(M) is a set of the prime submodules of M, and finally, let
D(M):={meM : [m:M]m : M]M =0 for some non-zero m’ € M} .

To avoid trivialities when I'(M) is empty, we will assume implicitly when
necessary that M is not torsion-free.

2. PROPERTIES OF I'(M)

In this section, we show that if M is faithful then I'(M) is connected and
has small diameter and girth.

EXAMPLE 2.1. (a) Let M = M; & My be an R-module, where M; is a
torsion-free module. So T(M)* = {(0,m2) : mao € T(Msz)*} and [(0,m2) :
M) = 0. Hence I'(M) is a complete graph. Below are the torsion graphs for
several modules. Note that these examples show that non-isomorphic modules
may have the same torsion graph.

(Z4)z,4 (Z&Zs)z  (Zg)z,
(Z® Z4)z (Zo ® Z2)z (Zo ®Z3)zs  (Zg)zs

(Z25) 745 (Z®Zs)y

(b) By part (a) above, all connected graphs with less than four vertices
may be regarded as I'(M). Of the eleven graphs with four vertices, only six
graphs are connected. Of these six graphs, only the following three graphs
may be realized as I'(M), when M is a faithful multiplication R-module, by
[3, Example 2.1], there are three I'(R).
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Lo Zg ><Z3 Zo x Fy

It is clear that every ring R is a multiplication R-module. We next explain
a proof that the graph G with vertices {a,b,c,d} and edges a — b, b — ¢,
¢ — d cannot be realized as I'(M). Suppose that there is a ring R and faithful
multiplication R-module M with T'(M)* = {a, b, c,d} together with only the
above torsion relations. Observe that

[a: M]b: MM =0 = [b: M][c: MM,
" [b: Mla =0 = [b: Mlc

and [b: Mlla+c: M]M = 0. Hence a + c € T(M)* and so a + ¢ must be
either a, b, cord. If a+c=aora+c¢ = ¢, then a = 0 or ¢ = 0 and we
have a contradiction. Also, if a + ¢ = d, then [d : M]|[b : M]M = 0, which
is a contradiction. Therefore, a + ¢ = b is the only possibility. Similarly,
b+d=c Henceb=a+c=a+b+d;so [a: M]d: MM = 0, which is a
contradiction. The proofs for the other two non-realizable connected graphs
on four vertices are similar.

THEOREM 2.2. If M is a multiplication R-module, then I'(M) can not be
an n-gon for n > 5.

Proof. Let G be the graph with vertices {ai,as,...,a,} and I'(M) be a
graph with edges
{al —a2,a2 —Aa3,...,ap—2 — Up—-1,0pn—-1 — Ap, Qp, — al} .

Since
[a1 : M][az : M]M = 0 = [a1 : M][a, : MM,

it follows that [a1 : M][ag + an : MM = 0. Thus, ag + a, must be either
ai, g, ..., Gp—1 OF an. A simple check yields that as + a, = a1 is the only
possibility. Similarly, a1 + a,—1 = a,. Hence

Gp =01 + Gp—1 = a2 + Qp + Gp—1;

so [az : M][an—1 : M]M =0, is a contradiction. Consequently I'(M) can not
be an n-gon for n > 5. 1
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An r-partite graph is one whose vertex set can be partitioned into r subsets
so that no edge has both ends in any one subset. A complete r-partite graph
is one in which each vertex is joined to every vertex that is in another subset.
The complete bipartite graph (i.e., 2-partite graph) with vertex sets having m
and n elements, respectively, will be denoted by K,, . A complete bipartite
graph of the form K, is called a star graph.

ExXAMPLE 2.3. Let M; be a multiplication torsion-free Rj-module and M,
be a multiplication torsion-free Ro-module, then M = M7 x My is R = R1 X Ry
module with multiplication

RxM— M, (r1,72)(my, ma) = (rymy, rama) .

I'(M) is a complete bipartite graph (i.e., I'(M) may be partitioned into two
disjoint vertex sets

Vlz{(ml,O) :mleMl*}, %:{(O,mg):mQEMQ*}

and two vertices x and y are adjacent if and only if they are in distinct vertex
sets), with |[T'(M)| = | M| + | Mz| — 2. Here are two specific examples:

(ZQ & Z5)Z10 (ZS ©® ZS)Zlg,

We know that I'(M) may be infinite(i.e., R-module M has infinite torsion
elements). But an interesting case occurs when I'(M) is finite, because in a
finite case a drawing of the graph is possible. First, we focus one’s attention
on the infinite graphs and later in this article we will consider the interesting
case of finite graphs, and the next theorem shows that I'(M) is finite (except
when I'(M) is empty) if and only if M is finite.

THEOREM 2.4. Let R be a commutative ring and M be a faithful multi-
plication R-module. Then T'(M) is finite if and only if either M is finite or
M is a torsion free R-module. If 1 < |I'(M)| < oo, then M is finite and not
torsion-free.



158 SH. GHALANDARZADEH, P. MALAKOOTI RAD

Proof. Suppose that I'(M)(= T'(M)*) is finite and nonempty. Then there
exists x € T'(M)* such that rz = 0 for some r € R. Let N := [z : M|M and
let 0 # s € [z : M]; we know rn = 0 for all n € N. Hence N C T(M)* is
finite and sm € N for all m € M. If M is infinite, then there is an € N
with H = {m € M : sm = n} infinite. For all distinct elements m, mg € H,
s(m1 —mg) = 0. So m; —mg € T(M)* is infinite, is a contradiction. Thus,
M must be finite. |

The following example shows that the multiplication condition is not su-
perfluous.

EXAMPLE 2.5. Let M = Z @ Z3 as Z-module. Clearly M is not a finite
multiplication module, but T'(M)* = {(0,1),(0,2)} and so I'(M) is finite.

Example 2.1 (a), gives several R-modules with diam(I'(M)) = 0,1 or 2. In
R = Zo®Z4, the path (0,1)—(1,0) — (0,2) — (1, 2) shows that diam(['(Rg)) =
3. Now we next show that the torsion graphs of faithful R-modules are all
connected with diameter < 3.

THEOREM 2.6. Let R be a commutative ring and M be a faithful R-
module. Then I'(M) is connected and diam(I'(M)) < 3. Moreover, if I'(M)
contains a cycle, then gr(I'(M)) < 7.

Proof. Let x,y € T(M)* be two distinct elements. If [z : M] or [y : M]
or [z : M]ly : M] is zero, then d(z,y) = 1. Therefore, we suppose that
[z : M][y : M] is nonzero, so there is a non-zero element « € [z : M][y : M].

If [z : M]*> = [y : M]> = 0, then there exists m € M such that am €
T(M)*, and hence x — am — y is a path of length 2; thus, d(z,y) = 2. Now
suppose that [z : M]? = 0 and [y : M]? # 0, since y € T(M)*, sy = 0 for
some 0 # s € R. Now we consider the case [z : M]Ann(y) = 0. In this case
smy € T(M)* for some mg € M and so x — smg — y is a path of length 2.
In the other case, if [x : M| Ann(y) # 0, then m; := aytm € T(M)* for some
non-zero elements oy € [x : M|, t € Ann(y), m € M and z —mj — y is a path
of length 2. A similar argument holds if [z : M]? # 0, [y : M]?> = 0. Thus, we
may assume that [z : M]?, [y : M]? and [z : M][y : M] are all nonzero.

If Ann(z) € Ann(y) and Ann(y) € Ann(z), then there are non-zero el-
ements r,s € R such that r& = 0, ry # 0 and sx # 0, sy = 0; hence
ry,sx € T(M)*. Now if ry # sx, then © — ry — sz — y is a path of length
3. In the other case, if ry = sz, then x — ry — y is a path of length
2. Therefore, d(xz,y) < 3. Thus, we may assume that Ann(z) C Ann(y)
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or Ann(y) C Ann(z), if Ann(z) C Ann(y), then rm € T(M)* for some
r € Ann(x), m € M and x — rm — y is a path of length 2. A similar ar-
gument holds if Ann(y) C Ann(x). Hence d(x,y) < 3; thus, diam(I'(M)) < 3.
The “moreover” statement follows from [10, Proposition 1.3]. I

The following example shows that the faithful condition is not superfluous.
EXAMPLE 2.7. Let M = Zo®Zs as Z-module; then I'(M) is not connected.

r—————0

Anderson and Livingston [3], proved that if I'(R) contains a cycle, then
gr(R) < 7. They also proved that gr(R) < 4 when R is Artinian. The
following theorem shows that gr(R) < 4 for any commutative rings.

THEOREM 2.8. Let M be a multiplication R-module. If I'(M) contains a
cycle, then gr(I'(M) < 4.

Proof. Let
mo —Mmp — Mg — -+ — My — Mo

be the shortest cycle of T'(M) for n > 4. If

[m1: M][my—1: M]M =0,
then I'(M) contains a cycle

my—mMmy — - —Mp_1,

which is a contradiction. So there exist non-zero elements o € [m; : M],
B € [mp—1 : M] and m € M such that afm € V(['(M)). If afm # my
and afm # my, then I'(M) contains a cycle mg — affm — my, — mg is a
contradiction. Therefore,

afm = mgy or afm = m,.

So, without loss of generality, assume afSm = my; thus [mg : M]mg = 0.
Now we show that Rmg = {0,mg} C Rmy. If there exists a non-zero element
x € Rmg such that x # myg, then myg — m; — x — mg is a cycle of length 3,
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which is a contradiction. Hence, there exists y € Rm; such that y # 0 and
y # mi. By a routine argument we obtain y # mg and y # ms; therefore,
mg —m1 — mg — Yy — myg is a cycle of length 4, which is a contradiction.
Consequently, gr(I'(M) < 4. I

THEOREM 2.9. Let M be a multiplication R-module. Then there is a
vertex of I'(M) which is adjacent to every other vertex if and only if either
M = My & My is a faithful R-module, where M7 and My are two submodules
of M such that My has only two elements, My is finitely generated with
T(M) = {(z,0), (0,mg) : * € My, mg € Ma}, or T(M) = IM, where I is
an annihilator ideal of R (and hence if T (M) # M, then T'(M) is a prime
submodule).

Proof. (=) Suppose that T(M) # IM for all annihilator ideal I of
R and let x € T(M)* be adjacent to every other vertex. Since T'(M) #
Ann(z)M, we have z ¢ Ann(z)M. We divide the proof of the theorem into 6
claims, which are of some interest in their own right.

Claim 1: N = Ann(x)M is a prime submodule of M. It is clear that N #
M, let rm € N and m ¢ N for non-zero elements m € M, r € R, therefore,
rim : M][z : M]M = 0, so rkx = 0 for all k£ € [m : M], hence r € Ann(kz).
But there is k € [m : M| such that kx € T(M)*, so Ann(kx)M C Ann(z)M.
Thus, rM C N and r € [N : M]|. Therefore, N is a prime submodule and as
a consequence [N : M] is a prime ideal.

Claim 2: [x : MM = [x : M]?M. If [x : M|M # [z : M]?M , then
x & [x: M?M, so x # az for all « € [x : M]. Since ax = 0 or ax € T(M)*
and [z : M][x : M]M = 0, hence a®>M = 0, therefore, a® € Ann(x). Since
N is a prime submodule, aM C N, thus, z € N, which is a contradiction.
Therefore, [z : MM = [z : M]?M.

Claim 3: M = Rz ® Ann(x)M. Since [z : M|M = [z : M]>*M, we have
Rz = [x : M]z. We know that Rz is a weakly cancellation R-module and so
R = [z : M]+ Ann(z). A simple check yields M = Rx @& Ann(x)M. Hence,
we may assume that M = Rx @ My with (z,0) adjacent to every other vertex.

Claim 4: Rz = {0,z}. Let ¢ € Rz, then (¢,0) € T(M)* and [(c,0) :
M][(x,0) : M]M = 0 and hence [(¢,0) : M]z =0, so ¢ = 0.

Claim 5: My is finitely generated. We claim that D(Msy) = 0. If D(Ms) #
0, then there is a 0 # mqo € M>, such that

[mg : MQ][mIQ . MQ]MQ =0
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for some 0 # mf, € My. Thus, (x,m}) € T(M)* which is adjacent to (z,0);
therefore, x = 0, which is a contradiction, consequently D(Ms) = 0. Let
st € Ann(My) for s,t € R. So stMs = 0 hence

[3M2 : MQ][tMQ . MQ]MQ =0.

Since D(Ms) = 0 we have sMy = tMy = 0. Thus, Ann(M3) is prime ideal of
R. Hence My is a faithful W—module and % is an integral domain
and by [1, p.572], Ms is a finitely generated m
finitely generated R-module.

Claim 6: M is a faithful module. Now suppose that 0 # r € Ann(z) N
Ann(mg) for some mg € Ma, hence [(z,0) : M][(x,ma) : M]M = 0 and
[z : M]?M = 0, is a contradiction. Therefore, Ann(z) N Ann(Ms) = 0. So M
is a faithful module and T'(M) = {(z,0), (0, m2) : = € My, ma € Ma}.

(<) If M = M; @ My, where M; has only two elements {0,2} and
T(M) = {(z,0), (0,ma) : mag € Ms}, then (z,0) is adjacent to every other
vertex. And if (M) = Ann(xz)M for some non-zero x € M, then z is adjacent
to every other vertex. I

-module, and so My is a

If R is reduced, M is a faithful multiplication R-module and I'(M) has
a vertex adjacent to every other vertex, then M must have the form M =
My & My where M has only two elements and M is finitely generated.

Let Spec(M) = {N < M : N is a prime submodule} and Max(M) =
{H < M : H is a maximal submodule }, by [11, Theorem 2.5], for a multi-
plication R-module M, H € Max(M) if and only if M # H = QM for some
maximal ideal @) of R.

COROLLARY 2.10. Let M be a finite multiplication R-module. Then there
is a vertex of I'(M) that is adjacent to every other vertex if and only if either
M = My & Ms is a faithful R-module, where My, Ms are two submodules of
M such that M; has only two elements and Ms is simple, or R is a local ring
(and hence |[ Max(M)| =1).

Proof. (=) Let M be a finite multiplication R-module. By Theorem
2.9, either M = M; & My or T(M) = IM where I is an annihilator ideal of R.
Let M = My & M, so Ms is finite, hence M> is an Artinian R-module, also by

[11, Theorem 2.2 and Corollary 2.9], My is cyclic, so My =2 W. Similar to

the proof of Theorem 2.9, Ann(M5) is a prime ideal. Thus, m is a finite
integral domain and so is a field and so Ann(M3) is a maximal ideal of R;
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therefore, My is a simple R-module. Now assume M # My @ My. By Theorem
2.9, T(M) = Ann(x)M for some x € M. Let M = {my,ma,...,my}, so M is
an Artinian multiplication R-module and by [11, Corollary 2.9], M is cyclic;
thus, M = Ry for some y € M. Let s € R be a non-unit element, and sM =
{sm1, sma,...,smy}. If sm; = sm; for some i # j, then s € Ann(m; — m;).
But m; —m; € M = Ry and there is a 0 # ¢t € R such that sty = 0; therefore,
sy € T(M). If sm; # smj; for all i # j, then sM = M, so Rsy = Ry. Hence
sy € T(M) = Ann(z)M. We know s € Ann(x) since Ry is weakly cancellation
R-module. By [5, Proposition 1.6], R is a local ring with only maximal ideal
Ann(z) so | Max(M)| = 1.

(<=) Let R be a local ring, M = Ry for some y € M, and s € R be a
non-unit, with a similar argument as above sy € T(M); hence s € Z(M), so
Z(M) is a maximal ideal and by [13, Theorem 82|, Z(M) = Ann(z) for some
x € M. Therefore, Ann(z)M = T(M). Consequently, by Theorem 2.9, there
is a vertex of I'(M) which is adjacent to every other vertex. I

Let M be a multiplication R-module; we next determine when I'(M) is a
complete graph (i.e., any two vertices are adjacent). By definition, I'(M) is
complete if and only if [z : M][y : M]M = 0 for all distinct =,y € T(M)*.
Except for the case when M = M; & Ms, with M, Ms having only two
elements, the proof of our next theorem shows that we must also have [z :
M]?M = 0 for all z € T(M), when I'(M) is complete. So except for the
mentioned case, Nil(M) is detected by complete graphs, because T(M) =
Nil(M).

THEOREM 2.11. Let M be a multiplication R-module. Then I'(M) is
complete if and only if, either M = My @& My is faithful, with submodules M,
My having only two elements, or [x : M][y : M|M =0 for all x,y € T(M).

Proof. (<=) By definition.

(=) Suppose that I'(M) is connected, but assume there is x € T (M)
with [z : M]?M # 0, so * € Ann(z)M and by Theorem 2.9, M = M; & M,
where M has only two elements. Similar to the proof of Theorem 2.9, [(0,y) :
M?M = [(0,y) : MM for all y € T(M). Therefore,

Ry C [(0,y) : M]y € (Ann(My) Ny : Ma])y C [y : Maly.
Hence Ry = [y : Ms]y and y = sy for some s € [y : Ms]. Let mg € Ma, so

[y : Mg][(l — s)m2 : MQ]MQ =0
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and similar to the proof of Theorem 2.9, D(Ms) = 0, thus, y = 0 or mg =
smg € Ry. Hence My = Ry. On the other hand, (0,m3) € T (M) for all
Yy # mo € Mo and

[(0,m2) : M][(0,y) : M]M =0,

therefore, ms = 0 and Ry has only two elements. |

COROLLARY 2.12. Let M be a finite multiplication R-module. If T'(M)
is complete, then either M = My @ Mo, where My, My are two submodules of

M such that My, My has only two elements or R is a local ring (and hence
| Max(M)| =1).
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