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1. INTRODUCTION AND PRELIMINARIES

One of the targets of the multifractal formalism is to establish the packing
dimension of the iso-Hoélder set

lo B(x,
X = {x € supp i, limsupM = a} ,
r—0 logr

where 1 is a Borel probability measure on R? and « is a positive number.

By a heuristics approach, physicists [9, 6, 8] obtained for some self-similar
measures that Dim(X?®), where Dim is the packing dimension [16], is equal to
the Legendre transform of a free energy function 7, i.e.,

Dim(X%) = 7* (a).

This income is generally false. Besides mathematicians [12, 5, 4, 14, 1, 10, 2,
11, 3, 15, 13] proved the inequality below

Dim(X®) < 7* (a).

By considering the nature of X, the classic formalism is based on quantities
connecting systematically the measure of every ball of a centered packing
in its diameter. We present in this paper a new approach that consists in
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64 L.B. YOUSSEF

introducing quantities not connecting necessarily the measure of every ball of
a centered packing in its diameter.

We were inspired by the work of F. Ben Nasr in [2] to establish a new
. . . . . =01
inequality involving Dim(X ), where

— lo B(x,r
X% = {x € supp W, lims.upM < a} .
r—0 log r

Our result would be better if we take place outside of the framework of the
classic measure classes as illustrates it the example developed in the third sec-
tion on a class of of coin-tossing measure. This paper contains three sections.
We finish this section by giving some preliminaries. In the second section
we establish our main theorems. Finally in the third section we develop an
application of our result.

We present afterward the multifractal formalism and the main results es-
tablished by Olsen in [10]. We shall use these preliminaries in the following
sections.

Let u be a Borel probability measure on R?. For E € R?, ¢, t € R and
€ > 0, by adopting the convention

09 = 400, g <0,
00 =1,

put

FZZZ(E) = sup {ZM(B (w4, 75) )q(QTi)t} ,

where the supremum is taken over all the centered —packing (B (4,77) )Z cI
of E. Also put , ,

54 . 54

P, (E)=1lmP, (E).

0 M

. -9, . . .
Since P, is a prepacking-measure, then we consider,

P4'(E) = inf {prf(Ei), EcC UE} .

It is clear that

P4'(E) = inf {prf(Ei), E = UEZ-} . (1.1)
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and
Pg,t(E) = inf {ZPZJ(E@), (U E,) is a partition of E} . (1.2)

The prepacking-measure ?Z’t and the measure P;f’t assign respectively a di-
mension to each subset E. These dimensions are respectively denoted by
Af(E) and Dim{(FE). They are respectively characterized by

K 0if t > AL(E)

oo if ¢ < Dim,(E)
0 if ¢ > Dim?(E)

and

7t p—
PIN(E) =

Remark 1. The numbers Aj,(E) and Dim{,(E) are respectively the multi-

fractal extensions of the prepacking dimension A(E) and the packing dimen-
sion Dim(F) of E [16], in fact

0 _ 0 7
AL(E) =A(E) and Dim,, (E) = Dim(E).
Note that L. Olsen established in [10] the following results
Dim(F) < A(E) (1.3)
and

Dim <U En> = sup Dim(E},). (1.4)
n
n
In [10], L. Olsen also proved the proposition and the theorem below.

PROPOSITION 1. Write A, (q) = Aji(supp p) and By, (q) = Dim{,(supp ).
(i) By <Ay, Bu(1) = Ayu(1) = 0.
(i) A,(0) = A(supp ) and B, (0) = Dim(supp ).

(i) The functions A, : ¢ — Au(q) and B, : ¢ — B,(q) are convex and
decreasing.

THEOREM 1. For a > 0, if aq + B, (q) > 0, then
Dim(X") < igg(aq + Byu(q)).
9=
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2. ANOTHER INEQUALITY INVOLVING Dim(X®)

In this section, before giving our new inequality involving Dim(X") for
a > 0, we start by illustrating our main idea on the set E% defined by

E® = {z € supp p, if r < ro then (2r)* < u(B(z,r))}, (2.1)

where 7o > 0 is a fixed number. Note that the set E is very similar to X
and that it is established in the classic formalism [10] the inequality

Dim(E%) < inf (aq + B, (). (2.2)

which proof is based on the inequality

log pu(B(w;, 7))
log 27;

e

where (B(x;,7;))icr is a centered e—packing of E*.
First, we give the definition of a centered e—k—Besicovich packing of a set
E C R

DEFINITION 1. Let € > 0 be a real number and k£ > 1 be an integer.
A family (B(xi,m))i ¢ 1s called a centered e-k-Besicovich packing of a set
E when there exists a finite partition of I such that I = Iy U--- U I, with
1<s<k and (B(aci,ri))l.elj a centered e—packing of E for all 1 < j < s.

This definition is useful to introduce the following quantities not connect-
ing necessarily the measure of every ball of a centered packing in its diameter.

For all e > 0, let (uc)e>0 be a decreasing family of numbers such that € < w,
and lim._,gus. = 0. Let £ > 1 be an integer. If £ C supp u, for each centered
e-packing (B (i, Ti))ie] of E, we consider all the families (B(y;, 6i))iel that
are centered u.—k—Besicovich packing, and we define the quantity

. log 11(B(yi, 6i))
k _
LEv(B(Iiﬂ”i))iGI (E) = inf (Sup ( log 2r; )

el

where the infimum is taken over all the centered u.—k—Besicovich packing
(B(yi, 5i))iel' Now write

L?(E) = sup {ng,(B(xiJ'i))iEI (E)} ’
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where the supremum is taken over all the centered e—packing (B (4,77) )Z cl
of E. Remark that

log 11(B(z4,74))
6,(B(:Ei,7‘i))iel( ) - Szlel? ( log 2ri ( )

On the other hand, when ¢ < &', L% (E) > L¥(E), then we define

L¥(E) = lim LE(E).

e—0

As the sequence (L¥(E)), is decreasing, write

k

L(E) = Jim L¥E).

PRrROPOSITION 2. For o > 0,
L(E*) < a.

Proof. For € < 2rg and (B (24, 7“1))Z ¢ @ centered e-packing of £, thanks
to the characteristic property of E¢ (2.1), we have for all ¢ € I,

log pt(B(zi,75)) -

log 2r; ’
hence
log p(B(wi,74)) N
i€l log 2r; =
from the inequality (2.3), we deduce that
k
LE,(B(Iiﬂ"i))ie](Ea) S «,

while considering the supremum over all the centered e—packing, it results
that LE(E®) < a. Letting ¢ — 0, we obtain that L*(E%) < «, then letting
k — 400, it follows that L(E*) < a. 1

THEOREM 2. Assume s := inf, B, (¢) < 0. Then for o > 0,

Dim(5) < 2 iuf (ag + B, (o)
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Proof. The proof of the Theorem 2 is organized in two steps.
1%t Step: For z > s, put 1(z) = inf Bljl(]—oo,z[). Then

1
inf {(at) +1, g <t<0}= - inf (aq+ Bu(g)).

In fact, as B, is convex, decreasing on [0,4o0[ and taking strictly negative
values for = < ¢t < 0, there exists an unique ¢ > 1 such that at = B,(q).
We deduce that for all n € N\ {0}, By(g + ;) < Bu(q) = at. Thus ¢+ ;; €
B;l(]—oo, at|), therefore 1 (at) < q.

On the other hand, from the equalities

Y(at) = inf B;l(]—oo,at[) =inf {0, B,(0) < at} =inf{0, 6 > ¢},

it follows that ¥ (at) > ¢. So ¥ (at) = q.
Two possible cases appear :
If s = —o0, then it is clear that

B
inf{¢(at)+t, g <t< 0} :inf{q—l— *;Eq), q> 1}.
If s > —o0, put ¢s = inf1 {q, Bu(q) = s}. As B, is convex, it follows that for
7>

all ¢ > qs, B,(q) = s. Then g + Bula) > g 4 2. It results that

«

B B
inf{q+“@, q>1}:inf{q+ “(Q), 1<ngs}.
(6%

«

Consider a sequence (g,) such that ¢, — ¢s and 1 < ¢, < ¢s. As B, is

continuous, surely we obtain that g, + w — qs + %. It follows that

B
inf{q—i—B”@, q>1}:inf{q+ ,;(q)) 1<q<q5},
(6%

i.e.,

B
inf{q—l— wla), q>1}:inf{w(o¢t)+t, 5<t<0}.
(6% «Q

Bu(1)

B B
inf{q+m,q>1}:inf{q+ “(q),q21}.
@

1
Otherwise, (1 + %) + %

— 14 , SO
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Finally,
inf {w(at) +t, 2 <t< O} = é ;rzlfl (g + Bu(q)).
274 Step: From the first step, it follows that
if 2 <t <0, then ¢¥(at)+t>0.

For v > 0and 2 <t <0, if v > ¢(at) + ¢, then B, (y —t) < at. It results
that P~ tat(supp @) = 0. Then P "*(E®) = 0. According to the equality
(1.1), we can write

*=|J Enm (2.4)
meM
such that for all m € M,
PN (Ep) < oo (2.5)

Let A > L (E®). First of all let us prove that for all m € M, A(E,,) < yA.
As E,, C E* and A > L(E,,), then there exists an integer k£ > 1 and ¢y < 2r
such that for all £ < g,

LE(En) < A
It follows that for all (B(:Ui,ri)) a centered e—packing of F,,, there exists a
centered u.—k—Besicovich packing (B (yi, 5Z)) of E,, such that for 7 € I,

log 1u(B(ys, 6:))
log 2r;

il
<A

So that

w(B(yi, 6:)) > (2ri). (2.6)
Let us recall that thanks to the characteristic property of E* (2.1), we can
write

(25i>a < M(B(y,,&)) (2.7)
Thus, from the inequalities (2.6) and (2.7) we obtain that for v > 0 and
2 <t <0,
(2r) < n(Blyi,6:)"" (25)
Then, using the equality I = I U---U I, with 1 <s <k and (B(:J;i,m))ielj
a centered e—packing of F,, for all 1 < j < s, it follows that

@)™ <> u(Byi0:)) " (20,)° ZZu (i, 0))"" (20)

el i€l Jj=liel;
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Therefore, it results that

ST @r) " < kP2 (Br). (2.8)
el

Note that from the inequality (2.5), we can write that there exists 1 > 0 such

that for all u. < e1,
—7—t,at
PH»UE

Then from the inequality (2.8) it comes that for all m € M,

(Ep) < 0.

A(Em) < YA
Therefore, from the inequality (1.3), we obtain that
Dim(E,,) <X, me€ M.
And from the equalities (2.4) and (1.4), we deduce that
Dim(E“) <A
So for 2 <t <0,
Dim(E®) < L(E®) inf {¢(at) +t, 2 <t< 0} .

Finally, according to the first step, it results that for all o > 0,

Dim(E%) < [fa) ;gfl (g + Bu(q)).

Let us now present our main theorem. Thereafter, for n > « and p €
N\ {0}, write

—a 1
Xa(n,p) = {x € X, if 2r < — then (2r)7 < M(B(x,r))} .
p

It is clear that X, (n,p) C Xo(n,p+1). Furthermore, considering the equality

— lo B(x,
X = {x € supp i, limsupM < a} ,
r—0 log 27

it occurs that
=10
X ={JXa(n,p). (2.9)
P
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THEOREM 3. Assume s := inf,; B,(¢q) < 0. For a > 0, write

Tu(aﬂ?ap) = sup L(E)7
ECXa(n,p)

Tu(aﬂ?) = pggloo T#(avnvp)7
Tu(o) = Iim+ T, (o, m),
n—a

then,
Tu(a)

Dim(X“) <
im(X ") < o

;gfl (aq + Bu(q)).

Remark 2. The limits T),(a,n) and T, (o) are well defined, indeed the se-
quence (TM(Oz,n,p))p>1 is increasing, since X, (n,p) C Xa(n,p + 1) and for
all n < 1, Xa(n,p) C Xa(7,p), what involves that the quantity T,(a,m)
is decreasing( W%len n — «. Note that, according to the(P)roposition 2, the

L(E~ o

inequality =_— < 1 is true, as well as the inequality T"T

when the equality

< 1. Moreover,

inf (ag+ Bu(q) = inf (ag+ Bu(q)), (2.10)

occurs, the hypothesis (s :=inf, B,(q) < 0) of Theorem 2 and Theorem 3
is satisfied and the inequality given in Theorem 3 is better than the one
established by L. Olsen in Theorem 1.

Proof. We stand in the interesting case where X~ # @. From the Theo-
rem 2 it follows that for all n > «

L(Xa(n,p))

Dim (Xa(nap)) < 1

inf (ng + Bu(q)).
Thus
T#(a7 7, p)

n
From the equalities (2.9) and (1.4), letting p — 400, we obtain that

Dim (X4(n,p)) < nf (nq + Bu(q)).

. way _ Tulayn) .
Dim(X™) < == === inf (ng + Bu(q)-

Finally, letting n — «, it follows that

Dim(X") < 4 st (g + (), :
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3. EXAMPLE

In this paragraph, we intend to construct a class of coin-tossing measures
u verifying the conditions

T“Cia) <1 and (}121{1' (aq + Bu(q)) = ci]IZlf(; (aq + BM(Q)). (3.1)

that will lead us, thanks to the Theorem 3, to establish that

Dim(X%) < Tu()

o i (00 Bul0) < o0+ B

Put A the set of the words constructed with {0,1} as alphabet. The length
of a word j is denoted by |j|. For all j € A, put Ny(j) the number of times
the letter 0 appears in j. If j, 7/ € A, write jj’ the word starting by j and
gotten while putting j" after j. For all j € A such that j = j1j2- - jn, put I
the dyadic interval of order n defined by

We denote by F,, the family of all the dyadic intervals of order n and for all
x € [0,1[ we call I,,(x) the element of F,, containing x. Let 0 < py < p; such
that po +p1 =1 and £ C (U,F,) we associate the following measure p on R
such that

p(R\[0,1[) =0
and for all I; € F, and I € {0, 1},

pipe(I;) if I; contains an interval of L,

) = 3 w(Iy)

2

It is clear that supp p = [0, 1]. For the construction of the example satisfying

the conditions (3.1), we choose the part £ as follows. Let (1, B2, 71 and 2
be real numbers such that

otherwise.

1 1
§<51<71<52<72<§-

We say that an interval I; € F,, is of
No(4) No(j)
n

type 17 if (1 < <7, andof typeTsif (B2 < - < Y2
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Let I € F, be of type T} (respectively of type T5), put T the set of intervals
of order n 4+ 6 contained in I and of the same type that I. Let ng € N be a
multiple of 6 and (n,) be the sequence of integers defined by:

no, N3yl = 2N, nzip2 = 2n341  and  ngip3 = 2n3iq0.

Remark that
ny, =no + 6k, k€ N.

For £k € N we construct the family Gi of disjoined dyadic intervals of order
ng + 6k such that:

e any element I; of G verifies the relation

No(4)

n

B <

<72,

Go contains two intervals I,ll0 and 17210 respectively of type 17 and 75,

e any element of Gy, is contained in an element of G that we call his
father,

all the elements of Gy, give birth to the same number of son in G, 1, to
pass from G to Giy1 we distinguish the three following cases:

15 case: If nzi < no + 6k < nsi+1, then for each I € Gy we select two
intervals in I. So Gg41 is the union of all these selected intervals.

2nd cqse: If nsi+1 < ng + 6k < ns;to, then for each I € Gy of type T
we select an interval in f, and for each I € G of type Tb we select an
interval I; of order ng + 6(k + 1) containing a selected interval of order
nsiy2 of type T1. So Giy1 is the union of all these selected intervals.
Note that all the intervals in Gy, , are of type T7.

3" case: If ngipo < ng + 6k < nsiys, then for each I € G, having an
ancestor of order ng;41 and of type 11, we select an interval I; of order
no + 6(k + 1) containing a selected interval of order ns;;3 of type Tb,
and for each I € Gy remaining of type 77 we select an interval in I. So
Gk+1 is the union of all these selected intervals.

An elementary calculus of counting assures that the construction of the
family (Ug>0 Gx) is possible for any ny big enough, and allows us furthermore
to impose the following separation condition: for all £ > 0, if I, J € G are
of order n, then the distance between I and J is bigger than w%l Besides
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for all kK > 1, if I € G, is of order n, then the distances between I and his
father’s endpoints are bigger than 2% We associate the following relation on
(Ug>0Gr): the two elements of Gy are in relation and two elements of G
are in relation if their fathers, elements of G, are in relation. Thereafter we
write £ = (Ug>0 Gr) and we call selected interval any interval I € L.

The diagram below summarizes this construction, note that the arrows

indicate the intervals of the same generation that are in relation.

I* case

Step n;; -

Step ny, ;- m

T 7 7, 7,
2" case
Step ny;, ;- /\
7; B
Step ny; 5 T T
3™ case
Step n, Z}/\;}

Step n3i+3: /\

3
N
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PROPOSITION 3.

li B —00.
Jm Bulg) = —oc

Proof. First, let us remark that for all I; € F,,

po < p(Ly) < pf. (3.2)

Let (B (x4, n))l ¢; be a centered e-packing of supp p1. For all i € I, let us con-
sider the largest interval I,,(z;) included in B(x;,r;). It results that B(z;,r;)
is covered by at the more two contiguous intervals of F,,_1. It follows that

1 1

27 S 2741 ~ 271—2 (33)
and according to (3.2), we obtain
w5 < u(Blwi, 1)) < 2p77 (34)

From (3.3), we deduce that for all ¢ € R, there exist ¢1, co € R such that for
alln € N,

c1 2
and from (3.4), it follows that for all ¢ > 0,
oy < (B, i)t < 2019, (3.6)

Then, considering (3.5) and (3.6), there exists c3 € R such that
p(B(m, 1)) (2r)" < 032qp§n_1)q27"t. (3.7)

Otherwise, for all n € N\ {0}, any interval of F,_1, meets to the more two
balls of (B(a:i,m))i I verifying the relation 2% <2r; < 2,1%2, so according to
(3.7), there exists a constant C' that only depends on ¢ and t such that

> w(Blai,m) (2r) < C@2pl27)" (3.8)

1 . 1
2T§2r1§ on—2

For € > 0 small enough, while writing,

Z,u (zi,m:)) " (2r;)" Z Z (B, 1)) (2r5)",

iel n>1 1 7 <2r; <

—2



76 L.B. YOUSSEF

it comes from the inequality (3.8) that

1
E u I“T‘Z 27“1) <oo, t>1+4gq ngl.
log 2
i€l
We deduce that |
0g P1
A <1 0.
Then, according to the Proposition 1
log p1
B <1 > 0. 3.9
u(q) < e ¢ (3.9)
Finally
lim B,(q) = —oc.
g—-+oo I

PROPOSITION 4. Put B;L_(l) the left derivative number of B, at 1. Then
B, (1)< -1

Proof. Let us recall that B,,(1) = 0 and B, is convex. So to prove that

’

B,_(1) < —1, it is sufficient to establish that for all ¢ < 1,
Bﬂ(q) Z 1-—- q,

what comes back to show that, according to (1.2), if (U;E;) is a partition of
supp p, then ) 7., ?Z’t(Ei) = 0o. Let us consider the case where for all ¢ € I,

?Z’t(Ei) < 00, the contrary case is obvious. Put 0 < & < 5. For all i € I,
choose §; < € such that

54t 54t 1

s <P, + 5 (3.10)

According to the Besicovitch covering theorem [7], there exists an integer ¢
(that only depends on R) such that each E; is covered by Uizl (Uj B(ij,6:))
and for all 1 < u <, (B(xij, 5i))j is a packing. Considering (3.10), it follows

that
ZZ“ (37, 0:))*(28;)" < C<Pq’( )+21i>.

u=1 j
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Then,

> ZZ“ (zi5,0:))7(28;)! <§ZPq’ (3.11)

i \u=1l j

Let us consider the sum

¢
S (03 w(Ba.0)) @) | (3.12)

7 u=1l j

where Z/ is taken on all j Such that the distance between z;; and I} , (re-

spectively I ) is bigger than 2TO In this case, there exists C' € R that only
depends on ng such that

M(B(arw,d )) < Cm( (xij,5i))7
where m is the Lebesgue measure. We deduce that
CI71(26) 7 < (B, 60)) "1 (260) (B2, 6)).- (3.13)

Otherwise, the union of the balls that appear in the sum (3.12) recovers supp i
deprived of I, Tbo’ no and the intervals of order ng that their are contiguous.
Therefore, according to (3.13), we obtain that

<1_>cq12gq 2 5 (S5 u(Blag,60) 20

i \u=1l j

We deduce that, while considering (3.11),
—a.t
(1_2”> Ce 1( £)? 1+t SCZPZ (E)) +¢.

Letting € — 0, it results that »,; qujt(Ei) = oo while ¢t <1 — g, so that

Bu(¢)>1—-q, ¢q<1. (3.14)
i

Remark 3. From the Proposition 1, and the inequality (3.14), we can de-
duce that
Bu(q) :1_q> qe [071]

Moreover while considering the inequality (3.9), we draw below the typical
shape of the function B,,.
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ProrosiTION 5. Consider the Cantor set
e-n( Ul
k>1 \I;€G
and the function g defined on [0, 1] by

x log (1’;—2) +log py
B log 2

g(x) =

(i) If x ¢ C, then
I log(p(B(z, 1)) B
im AT )
r—0 log 2r

(ii) If z € C, then

g9(f1) < liminf w < lim sup w

< .
r—0 log 2r r—0 log 2 > g(yg)
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Proof. (i) Put x ¢ C. Thanks to the separation condition, for r > 0 small
enough, the ball B(z, ) is contained in the union of two contiguous intervals
of order N, I} and I% that do not meet C. For all interval of order n,
I, C I}, U I there exist ¢, ¢ € R such that

c c
on < ,LL(In(fU)) < on
We deduce that
1 I,
lim M =1. (3.15)

n—-+00 1
log on

Consider the largest interval I,,(x) contained in the ball B(x,r), it follows that
B(z,r) is contained in the union of two contiguous intervals of order n — 1,
I,—1(x) and J,,_1, thus

/
o Sn(Br) < o

and
()] < 2r < 2[L,1(a)].

Therefore, from (3.15), we obtain

1 B
i os(u(B(x,r))
r—0 log 2r

(ii) It is clear that if I; € Gy is of order n, then

No(j) n—No(j
L (Ij) — 0(7) o(7)

Po P )
thus o)
olJ
u(ry) = |57057) (3.16)
Otherwise, let us recall that for I; € Gy, ,
Nl
8 < 0(4) <
n
Since the function g is strictly increasing, it follows that
tog(11(I;(x)
g (A1) < Log(u(1(x)) <g(2)- (3.17)

log |1 ()|
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Put x € C and r < 2710%. Thanks to the separation condition, B(z,r) is
contained in one of the intervals —77110 or —77210' Consider the smallest interval
I,(x) containing the ball B(x,r), it follows, from the separation condition,
that if B(z,r) doesn’t contain the selected interval I,,16(z), then it necessarily
contains the selected interval I,,112(x), therefore, we can write

p(Ins12(x)) < p(B(z,7)) < p(In(@))

and
Isia(@)] < 2r < [L(a)].

From (3.17), it results that

log (u(B(x,7)) log (u(B(z,))

o
< lim inf < .
9(Br) < lgl—}él log 27 -0 log 2r <9(n)

We stand thereafter in the case where g(v2) < 1, Even if we choose pg > vo.
Thus, according to the Proposition 5,

X902 _ o
In all what follows, we choose the real number « such that
g(m) <a < g(y) and X° # 2.

PROPOSITION 6.
Tu(a) <g(n) < a.

Proof. Put M C Xq(n,p) and (B(zi,r;)) a centered e—packing of M. It
is clear that for all ¢ € I, x; € C. Then consider the largest selected interval
I,,(z;) of order n, containing x; and contained in B(z;,7;). It follows that

1

- S 27“1'.

2n
Consider the partition I1 U Iy of I such that

L ={iel:I,(x;)isof type T1} and Ir =T\ I;.

Let us recall that, any interval I,,(z;), ¢ € I3, is in relation with an unique

selected interval of order n and of type T} centered in z; € M that is denoted

by I,(2;). Thanks to the separation condition, (B(x, 2%))z ¢, is a centered
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e—packing of M. Then we consider the family (B (yi, (51))Z ¢ indexed by I and

defined by
B(x,',ri), iEIl
B(yi, 6i) = { 1 .
B(x},57), i€ .
We verify that
logu(B(yi, 6Z)) - logu([n(xi))

g%, = log(h) ‘<N

and
log 11(B(yi, 6i)) < log (In(7) i€l
g2, () | O

From (3.16) and as g is increasing, we deduce that for all i € I,

log 1t(B(ys, 6:))
log 251‘

< g(m)-

Thus
Lgv(B(xiari))ieI (M) < 9(71)-
Then LZ(M) < g(m1), letting & — 0, we deduce that L*(M) < g(y1). Since

the sequence (L¥(M)) . is decreasing it follows that L(M) < g(v1). Therefore,
Ty(a) < g(m). But g(71) < o, and then T, (o) < . I

COROLLARY 1.

Dim(X") < T#O(éa) ;gfl (aq + Bu(q)) < (illzlf(; (aq + BN(Q))-

Proof. From the Proposition 3 and the Theorem 3, we deduce the first
inequality. Otherwise, as a < 1 and from the Proposition 4, it follows that

’

B“_(l) < —a. Then
inf (aq + Bu(q)) = inf (aq + By(q))-
Therefore,

Ty (o)

«

Inf (aq + Bu(q)) = T”(ia) inf (aq + By(q))-

Finally, according to the Proposition 6, we deduce that
Tu(a)

—— Iuf (ag + Bu(q)) < inf (aq + Bu(@))-
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