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Abstract : We describe all Folm,n-natural operators A lifting infinitesimal automorphisms
X on foliated (m + n)-dimensional manifolds (M,F) with n-dimensional foliations F into
vector fields A(X) on the r-th order adapted frame bundle P r(M,F). Next, we describe all
Folm,n-natural affinors on P r(M,F).

Key words: foliated manifold, infinitesimal automorphism, natural operator, natural affinor,
higher order adapted frame bundle.

AMS Subject Class. (2000): 58A20, 58A32.

0. Introduction

The present paper is devoted to extend results from our previous papers
[4] and [3] to similar results for foliated manifolds instead of manifolds. We
modify and joint in respective way the texts of papers [4] and [3]. All manifolds
and maps are assumed to be of class C∞.

The notion on foliated manifolds can be found in many papers, e.g. [5]. Let
Folm,n denote the category of all (m+n)-dimensional foliated manifolds with
n-dimensional foliations and their foliation respecting local diffeomorphisms.
Let (M,F) be a Folm,n-object. We have the r-th order adapted frame bundle

P r(M,F) = {jr
0ϕ | ϕ : (Rm+n,Fm,n) → (M,F) is a Folm,n-map}

over M of (M,F) with the target projection, where Fm,n = {{a}×Rn}a∈Rm

is the standard n-dimensional foliation on Rm+n. Clearly, P r(M,F) is a
principal bundle with the group Gr

m,n = P r(Rm+n, Fm,n)0 (with the multi-
plication given by the composition of jets) acting on the right on P r(M,F) by
the composition of jets. Every Folm,n-map ψ : (M1,F1) → (M2,F2) can be
extended (via composition of jets) into principal bundle (local) isomorphism
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P rψ : P r(M1,F1) → P r(M2,F2) covering ψ given by P rψ(jr
0ϕ) = jr

0(ψ ◦ ϕ) .
Thus we have the bundle functor P r : Folm,n → PBm(Gr

m,n) in the sense of
[1].

Let (M,F) be a Folm,n-object. A vector field X on M is called an in-
finitesimal automorphism of (M,F) if its flow is formed by local Folm,n-maps
(M,F) → (M,F) or (equivalently) if [X,Y ] is tangent to F for any vector
field Y tangent to F . The space X (M,F) of all infinitesimal automorphisms
of (M,F) is a Lie subalgebra in X (M).

The general concept of natural operators can be found in [1]. In this paper
we need the following partial definition.

Definition 1. A Folm,n-natural operator A : TInf−Aut Ã TP r is a fam-
ily of Folm,n-invariant regular operators (functions)

A = A(M,F) : X (M,F) → X (P r(M,F))

for any Folm,n-object (M,F). (Of course, for some (M,F) one can have
X (M,F) = ∅; then A(M,F) = ∅.) The invariance means that if X1 ∈
X (M1,F1) and X2 ∈ X (M2,F2) are two related infinitesimal automorphisms
of (M1,F1) and (M2,F2) (respectively) by a Folm,n-map ψ : (M1,F1) →
(M2,F2) then A(M1,F1)(X1) and A(M2,F2)(X2) are related by P rψ. The regu-
larity means thatA transforms smoothly parametrized families of infinitesimal
automorphisms into smoothly parametrized families of vector fields.

A Folm,n-natural operator A : TInf−Aut Ã TP r is said to be of verti-
cal type if A(M,F)(X) is a vertical vector field on P r(M,F) → M for any
infinitesimal automorphism X of an arbitrary Folm,n-object (M,F).

Let k be a non-negative integer. A Folm,n-natural operatorA : TInf−Aut Ã
TP r is said to be of order ≤ k if for any infinitesimal automorphisms X1 and
X2 of (M,F) and x ∈ M the equality of k-jets jk

x(X1) = jk
x(X2) implies

A(M,F)(X1) = A(M,F)(X2) on the fiber (P r(M,F))x of P r(M,F) over x.

Example 1. An example of a Folm,n-natural operator A : TInf−Aut Ã
TP r of order ≤ r is the flow operator Pr sending an infinitesimal automor-
phism X of a Folm,n-object (M,F) into the complete lift PrX of X to
P r(M,F). We recall that PrX is the vector field on P r(M,F) such that
if {Φt} is the flow of X then {P r(Φt)} is the flow of PrX. (We observe
that to the flow of X we can apply functor P r because the flow is formed by
Folm,n-maps.)
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Example 2. Let E ∈ L(Gr
m,n). Let E∗ denote the fundamental vector

field on P r(M,F) corresponding to E for any Folm,n-object (M,F). We
have the (constant) Folm,n-natural operator E∗ : TInf−Aut Ã TP r defined by
(E∗)(M,F)(X) = E∗ for any infinitesimal automorphism X of (M,F). Clearly,
the Folm,n-natural operator E∗ is of vertical type.

Definition 2. A Folm,n-natural affinor on P r is a Folm,n-invariant fam-
ily of tensor fields of type (1, 1) (affinors)

B = B(M,F) : TP r(M,F) → TP r(M,F)

on P r(M,F) for any Folm,n-object (M,F). The invariance means that affi-
nors B(M1,F1) and B(M2,F2) are P rψ-related for any Folm,n-map ψ : (M1,F1)
→ (M2,F2).

A Folm,n-natural affinor B on P r is said to be of vertical type if B :
TP r(M,F) → V P r(M,F) for any Folm,n-object (M,F), where V P r(M,F)
is the vertical bundle of P r(M,F) → M .

Example 3. We have the identity Folm,n-natural affinor Id on P r such
that Id : TP r(M,F) → TP r(M,F) is the identity map for any Folm,n-object
(M,F).

In the present article we solve the following two problems.

Problem 1. To classify all Folm,n-natural operators A : TInf−Aut Ã
TP r.

Problem 2. To classify all Folm,n-natural affinors on P r.

The solution of Problem 1 is given in Theorem 1. We prove that the set of
all Folm,n-natural operators A : TInf−Aut Ã TP r is a free finite-dimensional
module over some algebra. We will introduce the module structure and con-
struct explicitly a basis of this module. The solution of Problem 2 is given in
Theorem 2.

For n = 0, Folm,0 is the category Mfm of m-dimensional manifolds and
their local diffeomorphisms. Thus we reobtain the respective results from [4]
and [3]. The part of the present paper concerning Problem 1 (resp. Problem
2) is a respective modification (adaptation) of the paper [4] (resp. [3]).

Natural affinors play a very important role in the differential geometry.
They can be applied to study torsions of connections [2]. In our situation
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given a Folm,n-natural affinor B : TP r(M,F) → TP r(M,F) gives a torsion
τB(Γ) = [B, Γ] of a principal connection Γ : TP r(M,F) → V P r(M,F) on
P r(M,F), where the bracket is the Frolicher-Nijenhuis one. That is why,
natural affinors have been studied in many papers.

1. Preliminaries

Lemma 1. Let X, Y ∈ X (M,F) be infinitesimal automorphisms of (M,F)
and x ∈ M be a point. Suppose that jr

xX = jr
xY and Xx is not-tangent to F .

Then there exists a (locally defined) Folm,n-map ψ : (M,F) → (M,F) such
that jr+1

x (ψ) = jr+1
x (idM ) and ψ∗X = Y near x.

Proof. A direct modification of the proof of Lemma 42.4 in [1].

Proposition 1. Any Folm,n-natural operator A : TInf−Aut Ã TP r is of
order ≤ r.

Proof. A replica of the proof of Proposition 42.5 in [1]. We use Lemma 1
instead of Lemma 42.4 in [1].

The following lemma can be found in some previous our paper (in printing).
For the reader convenience we cite its proof.

Lemma 2. Any vector v ∈ TwP r(M,F), w ∈ (P r(M,F))x, x ∈ M is of
the form PrXw for some X ∈ X (M,F). Moreover jr

xX is uniquely determined.

Proof. We can assume that (M,F) = (Rm+n,Fm,n) and w is over 0. Since
P r(Rm+n,Fm,n) is in usual way a sub-principal bundle of P rRm+n, then by
well-known manifold version of the lemma, we find X ∈ X (Rm+n) such that
v = PrXw and jr

0X is determined uniquely. Any infinitesimal automorphism
Y of (Rm+n,Fm,n) gives PrYw which is tangent to P r(Rm+n,Fm,n). On
the other hand the dimension of P r(Rm+n,Fm,n) and the dimension of the
space of r-jets jr

0Y of infinitesimal automorphisms Y of (Rm+n,Fm,n) are
equal. Then the lemma follows from the dimension argument because the
flow operator is linear.

2. The Folm,n-natural operators B : TInf−Aut Ã T (0,0)P r

If (in the definition of Folm,n-natural operators A : TInf−Aut Ã TP r)
we replace the space X (P r(M,F)) by the space C∞(P r(M,F)) of map-
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pings P r(M,F) → R, we obtain the concept of Folm,n-natural operators
B : TInf−Aut Ã T (0,0)P r lifting infinitesimal automorphisms of (M,F) into
maps P r(M,F) → R.

Example 4. We have the following general example of Folm,n-natural
operators TInf−Aut Ã T (0,0)P r. Let

λ : Jr−1
0 (TInf−Aut(Rm+n,Fm,n)) → R

be a map, where Jr−1
0 (TInf−Aut(Rm+n,Fm,n)) is the vector space of all (r−1)-

jets jr−1
0 X at 0 ∈ Rm+n of infinitesimal automorphism X ∈ X (Rm+n,Fm,n).

Then given an infinitesimal automorphisms X on a Folm,n-object (M,F) we
have B<λ>(X) : P r(M,F) → R given by

B<λ>(X)(jr
0ψ) = λ(jr−1

0 (ψ−1
∗ X))

for all jr
0ψ ∈ (P r(M,F))x, x ∈ M , where ψ : (Rm+n,Fm,n) → (M,F) is a

Folm,n-map with ψ(0) = x. The correspondence B<λ> : TInf−Aut Ã T (0,0)P r

is a Folm,n-natural operator of order ≤ r− 1 transforming infinitesimal auto-
morphisms of (M,F) into maps P r(M,F) → R.

The set of Folm,n-natural operators B : TInf−Aut Ã T (0,0)P r is (in ob-
vious way) an algebra. Actually, given Folm,n-natural operators B1,B2 :
TInf−Aut Ã T (0,0)P r we have Folm,n-natural operator B1B2 : TInf−Aut Ã
T (0,0)P r given by

(B1B2)(M,F)(X) = (B1)(M,F)(X)(B2)(M,F)(X)

for any infinitesimal automorphism X of a Folm,n-object (M,F), where in the
right of the above formula we have the multiplication of real valued functions.
Similarly we define the sum B1 + B2 : TInf−Aut Ã T (0,0)P r.

Proposition 2. The map λ → B<λ> is an algebra isomorphism from the
algebra of smooth maps Jr−1

0 (TInf−Aut(Rm+m,Fm,n)) → R onto the algebra
of all Folm,n-natural operators TInf−Aut Ã T (0,0)P r.

Proof. Clearly, the map λ → B<λ> is an algebra monomorphism. Any
Folm,n-natural operator B : TInf−Aut Ã T (0,0)P r of order ≤ r − 1 defines
λ : Jr−1

0 (TInf−Aut(Rm+n,Fm,n)) → R by

λ(jr−1
0 X) = B(X)jr

0(idRm+n ) .
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By the order argument λ is well-defined. It is smooth because of the regularity
of B (standard argument using the Boman theorem, [1]). Then by the invari-
ance with respect to local trivialization one can easily see that B = B<λ>.

Quite similarly as Proposition 1, one can show that any B in question is
of order ≤ r − 1. Then the map λ → B<λ> is an isomorphism.

3. The Folm,n-natural operators A : TInf−Aut Ã TP r

of vertical type

Let Eν ∈ L(Gr
m,n) (ν = 1, . . . ,dim(Gr

m,n)) be a basis of L(Gr
m,n). Then

the fundamental vector fields (Eν)∗ for ν = 1, . . . ,dim(Gr
m,n) form a basis

over C∞(P r(M,F)) of the module of vertical vector fields on P r(M,F) for
any Folm,n-object (M,F).

The space of all Folm,n-natural operators TInf−Aut Ã TP r transforming
infinitesimal automorphisms of Folm,n-objects (M,F) into vector fields on
P r(M,F) is (in obvious way) a module over the algebra of Folm,n-natural
operators TInf−Aut Ã T (0,0)P r. (Actually, given Folm,n-natural operators
A : TInf−Aut Ã TP r and B : TInf−Aut Ã T (0,0)P r we have Folm,n-natural
operator BA : TInf−Aut Ã TP r given by

(BA)(M,F)(X) = B(M,F)(X)A(M,F)(X)

for any infinitesimal automorphism X on a Folm,n-object (M,F), where in
right of the above formula is the multiplication of vector fields by real valued
functions.) Then by Proposition 2 it is the module over the algebra of all
maps Jr−1

0 (TInf−Aut(Rm+n,Fm,n)) → R.

Proposition 3. The (sub)module of all vertical type Folm,n-natural op-
erators A : TInf−Aut Ã TP r is free. The Folm,n-natural operators (Eν)∗ in
question form a basis over C∞(Jr−1

0 (TInf−Aut(Rm+n,Fm,n))) of this module.

Proof. Since the fundamental vector fields (Eν)∗ on P r(M,F) form the
basis of the module of vertical vector fields on P r(M,F), then any Folm,n-
natural operator A (of vertical type) in question is of the form

A(X) =
∑

λν(X)(Eν)∗

for some uniquely determined maps λν(X) : P r(M,F) → R, where X is
an infinitesimal automorphism of a Folm,n-object (M,F). Because of the
invariance of A with respect to Folm,n-maps, λν : TInf−Aut Ã T (0,0)P r are
Folm,n-natural operators.
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4. A decomposition

Proposition 4. LetA : TInf−Aut Ã TP r be a Folm,n-natural operator of
order ≤ r. There is a unique smooth map λ : Jr−1

0 (TInf−Aut(Rm+n, Fm,n)) →
R such that A − B<λ>Pr is of vertical type, where Pr : TInf−Aut Ã TP r is
the flow operator.

Proof. Let X be an infinitesimal automorphism of (Rm+n,Fm,n). We can
write A(X)jr

0(idRm+n ) = PrX̃jr
0(idRm+n ) for some infinitesimal automorphism

X̃ (see Lemma 2). Suppose that X̃0 6= 0 and X0 6= µX̃0 for all µ ∈ R.
Then there is an Folm,n-map ψ : (Rm+n,Fm,n) → (Rm+n,Fm,n) preserving
jr
0(idRm+n) such that

JrTψ(jr
0X) = jr

0X and JrTψ(jr
0X̃) 6= jr

0X̃ .

Then

A(X)jr
0(idRm+n) = Pr(ψ∗X̃)jr

0(idRm+n) 6= Pr(X̃)jr
0(idRm+n ) = A(X)jr

0(idRm+n) .

This is a contradiction. Consequently, we have

(∗) Tπr ◦ A(X)jr
0(idRm+n ) = λ(jr−1

0 X)X0

for some (not necessarily unique and not necessarily smooth) map

λ : Jr−1
0 (TInf−Aut(Rm+n,Fm,n)) → R

and all infinitesimal automorphisms of (Rm+n,Fm,n) with coefficients (with
respect to the basis of canonical vector fields on Rm+n) being polynomials of
degree ≤ r− 1, where πr : P r(Rm+m,Fm,n) → Rm+m is the usual projection
jr
0ψ → ψ(0).

We are going to show that λ can be chosen smooth. Of course (since the
left hand side of (∗) depends smoothly on jr

0X), the map

Φ : Jr−1
0 (TInf−Aut(Rm+n,Fm,n)) → R

given by
Φ(jr−1

0 X) = λ(jr−1
0 X)X1(0)

is smooth and Φ(jr−1
0 X) = 0 if X1(0) = 0, where X0 =

∑
i X

i(0) ∂
∂xi 0

. Then
(this is a known fact from the mathematical analysis) there is a smooth map

Ψ : Jr−1
0 (TInf−Aut(Rm+n,Fm,n)) → R
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such that Φ(jr−1
0 X) = Ψ(jr−1

0 X)X1(0). Then we can define new λ = Ψ. This
new λ is equal to the old one for X1(0) 6= 0. Then for the new λ we have (∗)
if additionally X1(0) 6= 0. Then we have (∗) for all X in question because of
the smooth and density arguments.

Then (A(X)−B<λ>(X)PrX)jr
0(idRm+n ) is vertical for all infinitesimal au-

tomorphisms X of (Rm+n,Fm,n) with coefficients (with respect to the basis
of vector fields) being polynomials of degree ≤ r − 1.

Since the union of orbits with respect to the Folm,n-maps preserving
jr
0(idRm+n) of all jr

0X for infinitesimal automorphisms X with coefficients
(with respect to the basis as above) being polynomials of degree ≤ r − 1
is dense in Jr

0 (TInf−Aut(Rm+n,Fm,n)) (see Lemma 1), the vector (A(X) −
B<λ>(X)PrX)jr

0(idRm+n ) is vertical for all infinitesimal automorphisms X of
(Rm+n,Fm,n) with coefficients (with respect to the basis) being polynomials
of degree ≤ r. Then (A(X) − B<λ>(X)PrX)jr

0(idRm+n ) is vertical for all in-
finitesimal automorphisms X of (Rm+n,Fm,n) because of the order argument.
Then A−B<λ>Pr is of vertical type because of the Folm,n-invariance and the
fact that P r is a transitive bundle functor (i.e. P r(M,F) is the Folm,n-orbit
of jr

0(idRm+m)).

5. Solution of Problem 1

We know that any Folm,n-natural operator A : TInf−Aut Ã TP r is of
order ≤ r (see Proposition 1). Then summing up Propositions 3 and 4 we get.

Theorem 1. All Folm,n-natural operators TInf−Aut Ã TP r form a free
finite-dimensional module over the algebra of all smooth functions

Jr−1
0 (TInf−Aut(Rm+n,Fm,n)) → R.

The operators Pr and (Eν)∗ for ν = 1, . . . , dim(Gr
m,n) form a basis in this

module, where (Eν) is a basis of L(Gr
m,n) and given E ∈ L(Gr

m,n) the funda-
mental vector field on P r(M,F) is denoted by E∗.

6. A decomposition for Folm,n-natural affinors

Proposition 5. Let B be a Folm,n-natural affinor on P r. There is a
unique real number λ such that B − λId is of vertical type.

Proof. Using B we define a linear Folm,n-natural operator A : TInf−Aut Ã
TP r by A(X) = B(PrX) for any X ∈ X (M,F) (the linearity means that
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A(X) is linear in X). By Proposition 4 and the homogeneous function theorem
[1], since A is linear, there exists a unique real number λ such that A−λPr is
vertical. Then (B−λId)(PrXσ) is vertical for any infinitesimal automorphism
X ∈ X (M,F) and σ ∈ P r(M,F). Then (B − λId)(v) is vertical for any
v ∈ TP r(M,F) because of Lemma 2. Then B − λId is vertical.

7. An example of Folm,n-natural affinors of vertical type

We have the following example.

Example 5. Let

C : Jr−1
0 (TInf−Aut(Rm+n,Fm,n)) → (Jr

0 (TInf−Aut(Rm+n,Fm,n)))0

be a linear map, where

Jr−1
0 (TInf−Aut(Rm+n,Fm,n)) = {jr−1

0 X| X ∈ X (Rm+n,Fm,n)}
and (Jr

0 (TInf−Aut(Rm+n,Fm,n)))0 = {jr
0X | X ∈ X (Rm+n,Fm,n) , X0 = 0}.

Define a vertical Folm,n-natural affinor BC : TP r(M,F) → V P r(M,F) on
P r by

BC(v) = V P rψ((Prṽ)θ) , v ∈ Tjr
0ψP r(M,F) , jr

0ψ ∈ P r(M,F) ,

where θ = jr
0(idRm+m) ∈ P r(Rm+n,Fm,n) is the element and ṽ ∈ X (Rm+n,

Fm,n) is an infinitesimal automorphism of (Rm+n,Fm,n) such that jr
0 ṽ =

C(jr−1
0 ((ψ−1)∗v)) and v = (Prv)jr

0ψ. One can standardly show that BC(v) is
well-defined. More precisely (by Lemma 2), jr

ψ(0)
v is uniquely determined by

v. Then jr−1
0 ((ψ−1)∗v) ∈ Jr−1

0 (TInf−Aut(Rm+n, Fm,n)) is determined by v.
Then jr

0(ṽ) ∈ (Jr
0 (TInf−Aut(Rm+n,Fm,n)))0 is determined by v. Then (Prṽ)θ

is determined by v and vertical. Then BC(v) is determined by v and vertical.
Using the linearity of the flow operator, we deduce that BC : TP r(M,F) →

V P r(M,F) is a vertical affinor on P r(M,F). Clearly the family BC is a
Folm,n-natural affinor on P r.

8. Solution of Problem 2

Theorem 2. Any Folm,n-natural affinor on P r is of the form

B = λId + BC

for a unique real number λ and a unique linear map C : Jr−1
0 (TInf−Aut

(Rm+n,Fm,n)) → (Jr
0 (TInf−Aut(Rm+n,Fm,n)))0.
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Proof. Because of Proposition 5, we can assume that B is vertical. Define
a linear map

C : Jr−1
0 (TInf−Aut(Rm+m,Fm,n)) → (Jr

0 (TInf−Aut(Rm+n,Fm,n)))0

by C(jr−1
0 X) = jr

0X̃ , where X̃ is an infinitesimal automorphism of (Rm+n,
Fm,n) such that (PrX̃)θ = B((PrX)θ) and X is an unique infinitesimal auto-
morphism of (Rm+n,Fm,n) such that jr−1

0 X = jr−1
0 X and X has coefficients

with respect to the basis of canonical vector fields ∂
∂xi on Rm+n being poly-

nomials of degree ≤ r − 1.
Then B((PrX)θ) = BC((PrX)θ) for all infinitesimal automorphisms of

(Rm+n,Fm,n) such that X has coefficients (with respect to the basis as above)
being polynomials of degree r−1. Since the union of all orbits with respect to
the Folm,n-maps preserving θ of jets jr

0X of infinitesimal automorphisms X
of (Rm+n,Fm,n) with coefficients (with respect to the basis as above) being
polynomials of degree ≤ r − 1 is dense in Jr

0 (TInf−Aut(Rm+n,Fm,n)) (see
Lemma 1), B((PrX)θ) = BC((PrX)θ) for all infinitesimal automorphisms X
of (Rm+n,Fm,n). Then B(v) = BC(v) for all v ∈ TθP

r(Rm+n,Fm,n) because
of Lemma 2. Then B=BC because of the Folm,n-invariance and the fact that
P r is a transitive bundle functor (i.e., P r(M,F) is the Folm,n-orbit of θ).

References

[1] I. Kolář, P.W. Michor, J. Slovák, “Natural Operations in Differential
Geometry”, Springer Verlag, Berlin, 1993.
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