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13 We have modified the paper attending to the comments and suggestions raised by
the Reviewers. An itemized reply is presented here. We thank all the Reviewers for
16 their comments which have improved the content and the readability of the paper.

18 We have acknowledged their work in the paper.

23 Reviewer 1

26 The manuscript introduces a novel, straightforward, and useful Bayesian Dirichlet-
28 Multinomial model, for the analysis of inter-rater agreement. The new contribution
15 tmportant. The manuscript appears to be technically correct. The model is con-

31 vincingly demonstrated on real data sets.
1. The section numbers are not appearing in the text (LaTex issue?).

36 We have displayed sections and subsections in the LaTex source file, but section
numbering is not presented because the format of Journal Applied Psychological

39 Measurements does not consider it.

2. An extra line space is appearing before some of the equations.

44 It has been fixed.

47 Reviewer 2

50 This paper submission presents a Bayesian approach based on measures of agree-
52 ment. This paper is very well written and should supply readers with valuable infor-
mation that is relatively easy to compute. I noted several strengths such as a great

55 description of the history of agreement studies, general mathematical description for

gaining posterior calculations for general agreement measures, a flexible set of priors
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including Dirichlet and mixture of Dirichlet, and a nice set of examples. One weak-
ness was the lack of references on Bayesian agreement studies from the statistics
literature, for example I know that papers in Statistics in Medicine have addressed

this issue of Bayesian kappa agreement and will need to be included in this paper.

1. P.7, line 42. I suggest making it clear that that Ah is a denominator calculation
that is done so that one gets the posterior distribution of the agreement measure,
pie(h(rho)—mn). Just add a sentence that says this to clarify the goal.(Appendiz A
is very helpful, but Id like kappa in the main paper).

According to your comment, we have specified that the result of Ay, is the mean of
the sampling posterior distribution of the agreement index. Also, Cohen’s Kappa
has been included in the main paper as recommended, considering it is one of the

most important measures of agreement.

2. P. 11. It would be helpful in the first application to give the reader the summary
of the 4x4 table so that readers may apply the approach themselves.

We agree with you, but the space for the article is limited. We have included this

information, waiting for the editor’s opinion about the length of the article.

Reviewer 3

The authors present an interesting approach for measuring agreement in a qualitative
scale. The main contribution is to provide a unified Monte Carlo-based framework to
estimate all types of measures of agreement in both informative and non-informative
scenarios. The discussion of this methodology and the applications are valuable.

Howewver, the following points should be addressed.

1. There are a number of papers that have been published in recent years that may
relate to your work. I give a selection below. Please understand, it is not imperative
that you use any of these particular references. Howewver, the content they describe
is relevant.

- Sotaridona, L. S., van der Linden, W. J., € Meijer, R. R. (2006). Detecting
answer copying using the kappa statistic. Applied Psychological Measurement,30 (5),
412-431.
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- Belov, D. I., & Armstrong, R. D. (2010). Automatic detection of answer
copying via Kullback-Leibler divergence and K-index. Applied Psychological Mea-
surement, 34 (6), 379-392.

- Zopluoglu, C. (2018). CopyDetect An R Package for Computing Statistical
Indices to Detect Answer Copying on Multiple-Choice FExaminations. Applied Psy-
chological Measurement, 37 (1), 93-95.

- Lindell, M. K., Brandt, C. J., & Whitney, D. J. (1999). A revised indezx of
interrater agreement for multi-item ratings of a single target. Applied Psychological
Measurement, 23 (2), 127-135.

- Blackman, N. J., & Koval, J. J. (1993). Estimating Rater Agreement in 2 x
2 Tables: Correction for Chance and Intraclass Correlation. Applied Psychological
Measurement, 17 (3), 211-225.

- Janson, H., & Olsson, U. (2001). A measure of agreement for interval or
nominal multivariate observations. FEducational and Psychological Measurement,
61(2), 277-289.

These references are very interesting. Most of them have been previously read. Now,

we have included some of them in the article.

2. In the Figure 1, all the posterior distributions are obtained by using non infor-
mative prior distributions, and, therefore, the influence of the prior information is
very low. It is important to explain which would be the effect of informative prior

distributions in these cases.

For illustrative purpose, we have solved the problem with non-informative prior
distributions. Anyway, an explanation about the effect of informative prior distri-

butions has been included before the figure.

3. The authors use credible intervals instead of confidence intervals, since the ap-
proach s based on Bayesian methodology. The authors should give more details on

this topic.

We have included an explanation about the main difference between confidence
intervals and credible intervals. Now, credible intervals can be better understood

and the results in the table should be easier to interpret.
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4. According to my understanding measuring agreement is not included in the ISO

norms for sensory analysis. Could it be an interesting proposal?

In the ISO norms there is nothing related to measures of agreement up to now.
The tests defined for differentiation by ISO are only based on the binomial distri-
bution. Some methods have been proposed in the last years to improve the study
of differentiation, and they are used in practice, but ISO has not included these
methods in the normalization. Last year, a differentiation method based on mea-
sures of agreement was proposed (see Calle-Alonso, F. and Pérez, C. J. (2013). A
Statistical Agreement-Based Approach for Difference Testing. Journal of Sensory
Studies, 28(5), 358-369). We think your suggestion could be developed to provide
an interesting proposal that ISO might address in the future.

5. Although, the paper is well written, there are some mistakes that should be cor-
rected. For example, in the same direction with. I suggest to carefully proofread the

manuscript.
The paper has been proofread and some typos and expressions have been corrected.

6. The code presented in the appendix would be more understandable by adding some

comments.

Following your advise, we have included more comments to describe each specific

step in the code. Now, we feel it is more intelligible.

Reviewer 4

This paper discussed the Bayesian approach to qualitative agreement inference with
two priors, respectively, where one is informative and the other is non-informative.

Several remarks are listed below.

1. The relation between agreement and intraclass correlation coefficient (author used
inter-rater here) should be addressed. Some discussions about when these two are

considered the same and when they are not would be of great help.

In the new version of the paper, we have included some information about intraclass

correlation and its use. This article refers specially to qualitative scale measures of

4
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agreement without the assumption of common marginal distribution among raters,

and for this reason we have not used intraclass coefficient.

2. Some modification of the writing style will definitely improve the current version.
One example is to be concrete as much as possible. For instance, (1) in the beginning,
it was stated that The most popular measure is .., although it has some disadvantages,
see. It would be clearer to the readers if you can state what the disadvantages are in
one or two sentences. (2) Same paragraph, There are many other available measures,

.n different contexts. What are the contexts?
We have modified the writing style in order to follow your suggestion.

3. There are many sentences about applying the current method to multiple raters.
Specifically, author considered the two-way (p;;) and three-way (pijx in Appendiz A)
interaction and adopted a transformation (function h) on these interactions. It is
not clear to me what to do if there are more than 3 raters. In that case, how to
define the multiple-way interaction such as piju Or pijkim then? Is there a general

rule?

The method includes the chosen measure of agreement in the function A . It must
be considered that measures of agreement are very different among them and there
is not a general rule to estimate all of them with any number of raters. The general-
ization must be considered for each measure. For example, proportion agreement is
easy to denote ). p;;;, but others are more difficult to denote. Anyway, computer
implementation can be easily addressed for any concrete measure and any number

of raters.

4. It was stated first on page 3 that “By treatment the measures of agreement from
a Bayesian viewpoint. .. This issue has not been much explored yet in this context”.
This is not quite true. The coverage of the reference about existing Bayesian treat-
ment of this topic is too limited. In this manuscript, author focused most of the dis-
cussion on previous results, for instance, the case when no covariates are involved.
There have been many papers published considering the case when explanatory vari-
ables exist. Author should carefully discuss the current state of the research. And

clarify how much input the current manuscript can contribute. Here are simply a
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few recent references,

(1) S. Vanbelle et al. (2012) Hierarchical modeling of agreement, Statistics in
Medicine, 31, 3667-3680.

(2) M. Tsai (2012) Assessing inter- and intra-agreement for dependent binary
data: a Bayesian hierarchical correlation approach, Journal of Applied Statistics,
39, 173-187.

(3) C. Hsiao et al. (2011) Bayesian random effects for interrater and testretest
reliability with nested clinical observations, 64, 808-814.

(4) M. Ahmed and M. Shoukri (2010) A Bayesian Estimator of the intracluster
Correlation coefficient from Correlated Binary Responses, Journal of Data Science,
8, 127-137.

In the first version of the paper, we did not include all these valuable references
because we found this topic out of the scope of the article. In these references,
agreement is considered by focusing on both intra-rater and inter-rater. This is very
important for problems with test-retest or with nested observations, which is not
our case. Also most of them use hierarchical regression methods with explanatory
covariables, which are not used in our article. In this article we discuss a method
for raters with possibly different expected marginal distributions and without test-
retest of the same subjects. Kappa-like measures of agreement should be applied in
our case for qualitative scale data. In addition, with our method we do not need
to use regression models nor Markov Chain to estimate the measures of agreement.
We propose a simpler way to estimate them based on the Monte Carlo method and
eliciting prior distributions in two different ways to include information from experts.
In the other articles, information from experts is not mentioned to be elicited, so
the interest of this proposal is the development of a Bayesian framework where the
prior distribution is elicited in two possible ways and a direct computing method
for inter-rater measures of agreement is proposed.

However, we agree with you, it is interesting to reference and discuss the articles
you mentioned. The references have been incorporated and some explanations have

been included to clarify our contribution according to your advice.

5. Some references are missing in the reference list. For example, the four examples

on the second paragraph in Introduction showed only the year but not the authors.
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On page 21, the reference of Mounchili et al. contains several missing authors. [

gave up checking after a while. I will leave the rest to the author.

All the citations in the text have been proofread and all the missing items have
been added. Note that APA citation style has been used according to the journal
of Applied Psychological Measurement requirements.

For the reference of Mounchili et al., we have followed the 6th edition of the APA
manual. In this style manual, when there are entries with more than seven authors
the way to reference them is the following: The names of the first 6 authors should
be listed, followed by ..., followed by the name of the final author. Nevertheless,
we have modified this to allow the inclusion of all the authors of the paper, as you

have suggested and it seems logical.

6. On page 3, lines 14-22, the numbers of the section (or maybe the titles of the
section) are missing. And, the last sentence of this paragraph is Finally, two appen-
dices contain some interesting information related to the proposal. It would be better
to state specifically, what the interesting information is here, rather than simply say

1t s interesting.

We are sorry for this erratum, the article was written with LaTeX and the format
of the journal does not include numbering for the sections. We have rewritten the
outline according to your recommendation. Also we have specified the available

information in the appendices.
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Abstract

Agreement analysis has been an active research area whose techniques have been widely applied in psy-
chology and other fields. However, statistical agreement among raters has been mainly considered from
a classical statistics point of view. Bayesian methodology is a viable alternative that allows the inclusion
of subjective initial information coming from expert opinions, personal judgments, or historical data. A
Bayesian approach is proposed by providing a unified Monte Carlo-based framework to estimate all types of
measures of agreement in a qualitative scale of response. The approach is conceptually simple and it has a
low computational cost. Both informative and non-informative scenarios are considered. In case no initial
information is available, the results are in line with the classical methodology, but providing more informa-
tion on the measures of agreement. For the informative case, some guidelines are presented to elicitate the
prior distribution. The approach has been applied to two applications related to schizophrenia diagnosis and
sensory analysis.

Keywords: Bayesian methodology; Measures of agreement; Monte Carlo methods; Multiple raters;

Prior elicitation.
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A Monte Carlo-based Bayesian approach for measuring agreement in a qualitative scale
Introduction

Agreement among raters is of great importance for researchers and practitioners who describe and evaluate
objects and behaviors in a number of fields, including the social and behavioral sciences. Fleiss et al.
(1969) and Fleiss (1971) presented two of the most influential articles on measures of agreement. Since then,
agreement analysis has been an active research area whose techniques have been widely used in practice. The
most popular measure of agreement is Cohen’s Kappa, although it has some disadvantages (see Cicchetti and
Feinstein (1990a, 1990b)). For instance, the effect of sensitivity and specificity makes Kappa vary decisively,
showing very different values with a same proportion of agreement but different marginal distributions.
This indicates a serious limitation when comparing Cohen’s kappa coefficient values among studies with
varying prevalence. There are many other available measures, each one with its own characteristics, that
can be used in different contexts. For example, there are specific measures to be used in problems with a
gold standard, with ordinal weighted values, or problems with stratified data. Two valuable references on
inter-rater measures of agreement are Gwet (2010) and Agresti (1992).

Measures of agreement have been widely used in psychology publications, for example, to measure scales
for autism spectrum disorders (Cicchetti (2012)), to validate the results of a mathematical model for brain-
storming (Coskun and Yilmaz (2009)), to detect answer copying in tests (Zopluoglu (2013) or Belov and
Armstrong (2010)), to measure agreement with interval or nominal multivariate observations (Janson and
Olsson (2001)), or to analyze the agreement between tests for developmental coordination disorder (Cairney
and Streiner (2011)). In the sensory analysis context, few but interesting results can be found in the litera-
ture. Sensory analysis belongs to a psychology area known as psychophysics (see, e.g., Bruce et al. (1996)).
It can be defined as the knowledge area studying some properties or characteristics of a product that can
be perceived by human sensory organs. Sensory analysis techniques provide subjective information from
acceptance about different products and they can be used for determining the overall quality. Measures of
agreement are appropriate to be applied to data collected from experiments in this area. For example, Wu
and Chen (1995) considered the agreement among raters to evaluate the accordance of tea sensory data,
whereas Mounchili et al. (2005) considered the agreement in a sensory analysis of milk samples. Calle and
Pérez (2013) proposed an agreement-based methodology for difference testing.

Bayesian methodology provides a full paradigm for statistical thinking. By design, Bayesian methods natively
consider, in opposite to the classical methodology, the uncertainty associated with the parameters of a model.
Bayesian methods are recommended as the proper way to make formal use of subjective initial information
such as expert opinions and personal judgments or beliefs (see, e.g., Bernardo (2003)). Nevertheless, non-

informative prior scenarios can also be considered. By treating the measures of agreement from a Bayesian
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viewpoint, profitable approaches can be built.

Measuring agreement with Bayesian methodology has been considered in different contexts. When the prob-
lem is focused on qualitative data and there are no assumptions about a common marginal distribution for the
raters, Kappa-like measures of agreement should be applied to estimate inter-rater agreement (Broemeling
(2009)). When intra-rater reliability is also the focus, correlation measures and regression models of agree-
ment are generally used. This is common with test-retest evaluations and also with nested observations.
There are some recent publications analyzing correlation between the observations from the same rater and
among the different raters at the same time from a Bayesian perspective. For example, Tsai (2012) and Hsiao
et al. (2011) proposed methods with hierarchical correlation approaches for test-retest observations. It is
also possible, but less common, to hierarchically study the agreement with measures from Kappa-like family.
For example, Vanbelle et al. (2012) proposed two Bayesian hierarchical indices to quantify the agreement
between a pair of examiners in the context of multilevel data. From a similar point of view, but just paying
attention to intraclass correlation, Ahmed and Shoukri (2010) presented a Bayesian estimator under the
Beta-Binomial distribution.

In this paper, a novel Bayesian approach based on measures of inter-rater agreement for qualitative scale
response is proposed. The approach considers two models, where two or more raters are involved. Both
informative and non-informative scenarios are considered, using the Dirichlet-Multinomial family of distri-
butions. When there is no prior information, the measure of agreement is directly comparable to the classic
inter-rater agreement. However, when there is initial information, one or more experts elicitate this informa-
tion through a prior distribution. Then, the posterior measure of agreement contains the current information
from the raters and the expert. The participation of the expert allows including information that the raters
could not dispose. A discussion on the main measures of agreement and a Monte Carlo-based framework to
calculate them is also presented.

The paper is organized as follows. The first section presents a short non-exhaustive review of the main
measures of agreement in a qualitative scale of response. Then, the approach is described using the Dirichlet-
Multinomial model and a mixture-based generalization. Following, two applications are presented. The first
one relates to schizophrenia diagnosis, whereas the second one considers a sensory analysis for food products.
The last section presents the conclusions. Finally, two appendices include the definition of the main measures

of agreement and the code to apply the proposed method in R software.

Measures of agreement

The literature on inter-rater agreement has extensively grown and numerous accordance measures have been

proposed. This paper is focused on inter-rater agreement when the response variable is nominal or ordinal.
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In other contexts, it is also interesting to study the agreement with quantitative variables. For quantitative
data, the measure of reliability is often studied by association indices such as the intraclass coefficient (Koch
(1982)). On the other hand, accordance among raters in qualitative scale data is usually described with
inter-rater Kappa-like agreement measures (Fleiss et al. (2013)). In general, when the assumption of a
common marginal distribution across raters is not tenable, using measures similar to Cohen’s kappa is more
appropriate. If each rater uses the same underlying marginal distribution of ratings, then the intraclass
correlation is suitable (Bloch and Kraemer (1989)) and the intraclass correlation and Kappa offer the same
results. In our case, marginal distributions across raters are not demonstrated to be the same so, from now
on, measures of inter-rater agreement for qualitative scale data are considered.

A short non-exhaustive review containing the most known measures of agreement in a qualitative scale is
presented. The measures can be classified in two groups: corrected and non-corrected by chance. Some
authors have noticed that a certain amount of agreement is to be expected by chance and they try to correct
the measures according to this assumption (see, e.g., Gwet (2010)), but others, who believe that there is no
need for such adjustment or even that it is wrong (see, e.g., Guggenmos (2006)), use measures that are not
chance-corrected. Most of the measures of agreement have been proposed for the two raters case, and very
few have been defined for several raters. A summary of measures of agreement is presented in the rest of
this section.

Firstly, the accordance without chance correction is considered. Agreement is defined as the association
among raters, reflecting if they classify subjects in the same category. For this purpose, and considering
two raters, the most elementary index of agreement is the sum of proportions of subjects classified into the
same category by both observers (Goodman and Kruskal (1954)). This measure of inter-rater agreement is
called agreement proportion. It takes values between 0 (when there is no agreement at all) and 1 (when the
agreement is complete). Several authors use this measure as the starting point and then define their indices
applying some transformations to it (Armitage et al. (1966)).

The conditional agreement for a single response can also be considered. Dice (1945) proposed a measure for
two raters and two alternatives that gives the agreement for only one of the alternatives. It is called Sp for
the first alternative and ST, for the second one. It takes values in [0, 1], but later on Goodman and Kruskal
(1954) defined a new measure which was simply a rescaled Dice index varying in [—1, 1]. Another important
conditional measure was proposed by Jaccard (1908). Dice indices are actually the most used measures for
conditional agreement.

By other hand, Holley and Guildford (1964) proposed the G coefficient for measuring overall agreement,
which was later redefined by Maxwell (1977). This coefficient has some good properties, such as not being

affected by prevalence or bias, and it coincides with Bennet’s sigma index (Bennet et al. (1954)) in the case
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of two raters. Rogot and Goldberg (1966) defined two measures of agreement A; and As. The first one is
the mean of four conditional probabilities, and it has an interesting property, being 0.5 when the two raters
are completely independent. The second measure As is just the mean of Sp and S}, measures.

All these non-corrected by chance measures have been widely used for two raters through the years, but
there are still few generalized measures for more than two raters. Agreement proportion, Dice indices and
G coeflicient generalizations are the most used measures.

Now, the focus is on measures corrected by chance for two raters. One of the first chance-corrected measure
was introduced by Bennet et al. (1954), using a fixed chance correction equal to the inverse of the number
of alternatives. Later Scott’s 7 (1955) was defined by assuming that the marginal distribution of both raters
is uniform. This measure was extended by Cohen (1960) and it came to be known as Cohen’s kappa. There
is only one applicability condition for Cohen’s measure: the raters have to operate independently. There is
no restriction on the marginal distribution, what made Kappa a much more used measure than Scott’s .
It varies in the interval [-1,1], and the most extended interpretation of this measure was provided by Landis
and Koch (1977), i.e., values greater than 0.60 may show a good agreement, values below 0.40 imply a poor
agreement, and values between 0.40 and 0.60 show that the agreement is moderate. This rule is clearly
subjective, but it has been widely considered as the standard for the interpretation of Cohen’s Kappa.
Some measures of agreement defined as non-corrected by chance can be corrected. For example, Rogot and
Goldberg’s A; can be corrected to provide values in [-1,1]. Several authors have noted that some of these
coefficients become equivalent after correction and, curiously, many of them coincide with Cohen’s Kappa.
For example, when correcting by chance Rogot and Goldberg’s As, Goodman and Kruskal’s Lambda or
Dice’s indices, the Cohen’s Kappa is recovered (see Broemeling (2009)).

For some special cases there exist specific measures of agreement. For instance, in the case that the studied
population is separated in strata, Barlow et al. (1991) defined the stratified Kappa. They used weights based
on the size of stratum, on the variance, and on uniform weights. Another common case is the comparison
between two raters and a gold standard. It can be very interesting for training raters. Thompson and
Walter (1988) solved this problem by dividing the information in two tables and then obtaining the overall
agreement for both in one single measure. Another example is the weighted Kappa (Cohen (1968)). This
measure is specially defined for those situations where more than two alternatives in an ordinal scale are
evaluated by two raters. Fleiss and Cohen (1973) and Cicchetti and Fleiss (1977) proposed a selection of
weights for Cohen’s weighted Kappa.

Finally, some chance-corrected measures of agreement have been defined for more than two raters by ex-
tending already existing measures. For example, Conger (1980) defined a generalized Kappa as an overall

agreement measure for three or more raters based on Cohen’s Kappa, Fleiss (1971) proposed a generalization
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of Scott’s m, and Mielke et al. (2007) proposed a generalized weighted Kappa, giving more weight to the
diagonal values for the estimation of the agreement.

For further information on measures of agreement the following reference books are useful. Von Eye and
Mun (2005) describe the agreement from different points of view including agreement based on log-linear
models, cross-classification indicators, and correlation/covariation structures. Shoukri (2010) focuses on the
basics of inter-rater agreement and the practical topics, including many real examples to understand all the
concepts without heavy mathematical details. By using Bayesian approaches, Broemeling (2009) provides
statistical inferences based on various models of intra and inter-rater agreement using WinBUGS software.

Numerous examples, especially from medical research, psychology and sociology are described.

The Bayesian approach

Measures of agreement for m raters and c alternatives in a qualitative scale are analyzed from a Bayesian
point of view. In order to simplify and without loss of generality, the notation is considered for two raters
(m = 2) and two alternatives (¢ = 2). If a qualitative variable X ranges over 1,2, then n;; denotes the
number of observations for which Rater 1 gives the answer X = ¢ and Rater 2 gives the answer X = j, with
1,7 = 1,2. Table 1 shows the observed and marginal frequencies. The corresponding probabilities, denoted
by pij, ¢, 7 = 1,2, constitute the parameters of interest in the proposed model.

Table 1

Absolute frequencies in a 2 X 2

contingency table.

Rater 2

Rater1 | X =1 X =2 | Total

X=1 nii 12 ni.
X=2 na1 sy na.
Total n.1 .o n

In classical statistics, data in a contingency table are used to calculate punctual and confidential estimations
of the measures of agreement. This is performed by considering p;; = n;;/n, i,j = 1, 2. However, in Bayesian
methodology, the parameters of interest are random variables instead of fixed quantities. In this case the
unknown probability vector is p = (p11, p12, P21, p22) and has a prior density function denoted by 7 (p). This
distribution contains all the initial information obtained independently of the data collection, as, for example,
information provided by experts’ beliefs and/or by historical data. On the other hand, the experimental

results, n = (n11,Mn12,N21, N22), and the chosen model provide the likelihood function L(n|p). The prior
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distribution and the likelihood function are combined by using Bayes’ theorem to provide the posterior

distribution, i.e.:
o) — TP Lnlp)
el = ) Lnle)dp

The posterior distribution contains all the current information about the parameter vector p. This posterior

(1)

distribution is analytically available for the models presented in this section. Otherwise, it can be estimated
by using numerical methods. Anyway, this allows to obtain all the current information on the parameter
vector through a probability distribution, instead of providing only punctual and confidential estimations
as with the classical methodology. Besides, it is possible to quantify how much our beliefs or historical
information have changed after collecting the data. This can be performed by means of the Kullback-Leibler

divergence (see Kullback and Leibler (1987))

Ko, 7(p) = [ tohyion (L2 ) ap, 2)

Now, the interest is focused on estimating posterior measures of agreement. They are defined as

Ap = / h(p)m(pln)dp, (3)

where h(-) is the agreement function related to a concrete measure (see Appendix A for the main agreement

functions). For example, Cohen’s x agreement index function for two raters is defined as,

(p11 4 p22) — (p1.p.1 + p2.p.2)
h e e
(p) = K(p) T (rpa b papa)

Note that the previous integral can not be analytically calculated for any agreement function, so numerical
integration must be performed. A Monte Carlo-based approach is proposed for this task (see, e.g., Fishman
(1996)). Firstly, a random sample p(*), t = 1,2,... T, is generated from the posterior distribution given in
(1) based on an independent identically distributed (i.i.d.) sampling. Then, the measure of agreement Ay, is

estimated by
T

> ")

A= (4)
where T is the sample size. This procedure provides consistent and unbiased estimates. The estimation
Aj, is the mean of the sampling posterior distribution of the measure of agreement. The theoretical result
supporting the convergence of Ay to Ay, is the Law of Large Numbers (see Geweke (1989)). The larger the
sample size is, the more accurate the estimations are. The Monte Carlo error estimate is

T S
@(Ah) = \/Zt_l(;j((;())l) Ah)Q. i
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Applied Psychological Measurement

This approach provides a unified framework to estimate all types of measures of agreement in a qualitative
scale of response, allowing the incorporation of initial information. When initial information is included,
the posterior measure of agreement contains the current information from the raters and the expert/s.
The participation of the expert/s allows including information that the raters could not dispose. When
there is no prior information, the measure of agreement is directly comparable to the traditional inter-
rater agreement, but more information can be obtained since the probability distribution for the measure of
agreement is available. The approach leads to accurate results with a very low computational cost. Besides, it

is conceptually simple. The specific details of the concrete models are presented in the following subsections.

Dirichlet-Multinomial model

The Multinomial distribution is used to describe data where each observation is classified into a number
of possible outcomes. In this model, the likelihood L(n|p) is considered to be a Multinomial distribution
with vector parameter p related to the count data n = (ni1,n12,721,n22). The Dirichlet distribution is a
conjugate prior for the parameters of the Multinomial one, i.e., if p ~ D(11, a12, @21, (a2), then the posterior
distribution is also a Dirichlet distribution, specifically, p|n ~ D(a11 + n11, @12 + 112, a1 + a1, @os + n22).
See Lindley (1964) and Good (1965).

A great advantage of this model is that the posterior distribution is analytically known, which allows easy
calculations for several quantities of interest (mean, mode, variance...). Besides, random variates from
Dirichlet distributions are straightforward to generate, so an i.i.d. random sample p(*), ¢t = 1,2,..., T, can
be easily obtained (see Warnes (2014)). This allows to estimate the measure of agreement (4) and its Monte
Carlo error (5).

The remaining task is the elicitation of the prior distribution parameters. This approach allows to treat
both non-informative and informative settings. For the non-informative scenario, the uniform and the least-
informative Jeffreys’ prior distributions are particular cases of the Dirichlet distribution. They are recovered
when a;; =1, 4,5 = 1,2, and ay; = 1/2, 4,5 = 1,2, respectively. Therefore, the Dirichlet class includes the
natural “non-informative” prior distributions where there is no prior information to favor one component over
any other. Technically, the improper distribution is not a particular case, since o;; must be greater than 0 for
all 4, j. However, Lindley (1964) gave special attention to this improper limiting case. From a practical point
of view, the improper distribution can be used as a Dirichlet one with parameters a;; = 0.001, 4,5 = 1,2.
In the three cases the data will dominate the prior distribution, i.e., the posterior distribution will be more
influenced by the data than by the prior distribution. The results obtained by using the three posterior
distributions are similar, but even more when the sample size is large.

When initial information is available, it can be included in the prior distribution through a parameter
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elicitation. The selection of an appropriate procedure to elicitate subjective probabilities must consider the
expert training and/or the historical information available. In this subsection, an expert-based approach is
considered to elicitate the prior parameters for the Dirichlet distribution. The expert must not participate
in the data collection process and must be an experienced analyst in the field, with knowledge of all the
important information on the concrete experiment, the raters involved, and the historical information, if
available. The expert can incorporate his/her initial information on the parameters by using the mean and

variance of the marginal distributions, i.e.,

i ai-(ao—ai‘)
Elpij] = a;, and  Var[pi;] = m
0

i,j =12, (6)

where ag = ZZ j Qi 1s known as flattening constant. The expert’s best guess about the true value of the
parameter vector p is denoted by p* = (piy, pia, P31, P52). This information can be included in the prior
distribution by using the relationship a;; = aopj;, i, = 1,2. The flattening constant controls the marginal
variances, so the expert may use it to express the strength of his/her belief on the prior estimate of the
parameters. Large (small) values of the flattening constant match to a high (low) degree of belief in the prior
estimations. In other words, the larger (smaller) «y, the less (more) spread out the prior distribution is, and
therefore the more (less) confidence the expert has in the prior mean before considering the data. When
ap is large compared to n, the prior will tend to dominate the data. When n greatly outnumbers aq, the
data will dominate the prior distribution. This procedure has been applied in a maintenance optimization
context by van Noortwijk et al. (1992).

An Empirical Bayes approach can also be used. The prior parameters can be obtained by directly using
historical data or a randomly selected small portion of the current data (see Carlin and Louis (1996)). In an
iterative process, the estimated probability parameters of the current posterior distribution can be considered
as the parameters for the prior one in the next stage. Anyway, the initial guess for the probability parameters
is obtained by using the available information or a non-informative prior. Then, the previous procedure to
elicitate the parameters of the prior Dirichlet distribution can be applied.

Finally, this model allows to obtain an analytical expression for the Kullback-Leibler divergence presented
in (2) (see, e.g, Penny (2001)), i.e.,

KL(m(pn), m(p)) = log WJF

T'(ni;
+ izjlog F(aw(n;;”) + Znij[¢(aij +niz) — Y(ao +n)],

where I and ¢ represent the gamma and digamma functions, respectively.
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A mixture-based generalized model

Assume that two or more experts are providing initial information on the experiment. The initial information
of each rater can be individually elicitated through a Dirichlet distribution, as presented in the previous
subsection. Then, the prior distributions are combined into a consensus prior distribution through a mixture.
Bayes’ theorem is applied to the multinomial likelihood and provides a posterior distribution that is a mixture
of Dirichlet ones, so the conjugacy property is kept. Although this model is already known (see, e.g., Holmes
et al. (2012) for probabilistic modeling of microbial metagenomics data), its use in a systematic procedure
in the agreement context is completely new.

In order to simplify notation and without loss of generality, assume that two experts are involved by providing
D1 () and D4 () as the respective Dirichlet prior distributions. They are combined to provide the consensus
prior distribution

m(p) = w1 D1(a) + waD2(B),

where w; and wy are non-negative weights summing to unity. Then, the posterior distribution is expressed

as
7(p[n) = wiDi (e +n) +w;Da(B + n), (8)
where the updated weights are
W = w1 C1 wt — woCs (9)
! w1Ch -l—’ngQ’ 2 w1C1 —I—UIQCQ’
with
c nll(32; 5 o)L, ; Bij + nij)
' IL ; T(i)T(Bij + mij)mig!
o nT(32, ; Bip) T (X2 ; g + nij)
2 = .

[L;; T(Bij)T (vij + nij)m!

The remaining task is the weight choice. The weights can be chosen to reflect the relative importance of each
expert. There are numerous methods that have been proposed in the literature. A natural choice considers
fixed weights proportional to the ranking of the experts in terms of expertise. More complex choices can be
implemented depending on the objective. Rufo et al. (2009; 2010) proposed calculating the weights through
Bayesian hierarchical models. Noortwijk et al. (1992) discussed on some available methods to determine the
weights.

Once the prior parameters for the Dirichlet distributions and the weights are known, generating from the
posterior mixture (8) is straightforward. It is based on generating from the individual posterior distributions

with probabilities given by the weights. Therefore, the proposed Monte Carlo framework is also applicable
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to this model. In this case, the two experts can incorporate initial information that the raters could not
dispose. The R! code for this approach is presented in Appendix B.

Note that the Dirichlet-Multinomial model presented in the previous subsection is recovered when w; = 1
and ws = 0. When no weight is zero, there is no analytical expression for the Kullback-Leibler divergence
given in (2). However, it can also be computed by using a Monte Carlo approach. If pM t=12...,T,
is an i.i.d. random sample generated from the posterior distribution (8), the Monte Carlo estimate for the

Kullback-Leibler divergence is

(t)

= (p*"|n)

KL(r(pln) T}j o (M) (10)
The next section shows two applications of the proposed approach, where non-informative and informative

scenarios are considered.

Applications
Schizophrenia study

Young et al. (1982) analyzed four different methods for schizophrenia diagnosis in 196 patients from the
Illinois State Psychiatric Institute and classified them by using data from the Present State Examination
(1974). The four methods were: Taylor and Abrams (1978), Research Diagnostic Criteria (RDC) (Spitzer
et al. (1978)), Flexible 6 (Carpenter et al. (1973)), and Schneider (1959). Table 2 shows the diagnostics
and frequencies, meaning S schizophrenia and NS non-schizophrenia. They studied a pattern of relationship
among the diagnoses with latent class analysis, and indicated that the four methods estimated a single
underlying diagnosis, but with different degrees of accuracy. The agreement among methods was low. The
classification of the disease was better with the Taylor and Abrams’ method.

The proposed methodology is applied to these data. In this case, there is no initial information available,
so a non-informative approach will be used. The three non-informative prior distributions shown in the pre-
vious sections are considered. Firstly, Kullback-Leibler divergence is estimated between posterior and prior
distributions. As expected, the distance tends to infinity, because the posterior and the prior distributions
are extremely different, since the posterior distribution is highly influenced by the data.

Posterior distributions and Kappa measures were calculated by using the proposed Monte Carlo method
with the function x (see Appendix A). Figure 1(a) shows the estimated posterior distributions of overall
Kappa with the different prior distributions. This figure also presents the Kappa measures obtained for the

pairwise comparisons between all the methods, according to the following prior distributions: (b) Improper,
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Table 2

Four methods for schizophrenia diagnosis.

TA RDC Flexible Schneider Frequency

S S S S 10
S S S NS 8
S S NS S 4
S S NS NS 7
S NS S S 9
S NS S NS 6
S NS NS S 7
S NS NS NS 7
NS S S S 0
NS S S NS 2
NS S NS S 0
NS S NS NS 7
NS NS S S 7
NS NS S NS 13
NS NS NS S 15
NS NS NS NS 94

(c) Jeffrey, and (d) Uniform. The diagnostic methods are numerically denoted by (1) Taylor and Abrams,
(2) RDC, (3) Flexible 6, and (4) Schneider. Since prior distributions are non-informative, the differences
among the distributions are small. In the case that informative prior distributions were used, the differences
among posterior distributions would be greater, and the Kullback-Leibler divergence between the prior and
posterior distributions would be reduced.

Figure 1 (a) shows density estimations of the overall Kappa statistic provided by the three non-informative
prior distributions. The lowest agreement is achieved with the uniform prior distribution, whereas the highest
one is achieved with the Jeffrey’s prior distribution. Nevertheless, the differences among the three posterior
distributions are very small. Data dominate the prior distributions.

The classic estimation for Kappa is 4. = 0.325 with a confidence interval (0.267,0.384). Following Landis and
Koc’s (1977) scale, it shows a fair agreement. By using classic estimation, only a punctual and confidential

estimation can be provided. However, by using the Bayesian approach a probability distribution is obtained
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Figure 1. (a) Overall k, (b) Pairwise £ with improper prior distribution, (c)
Pairwise k with prior distribution D(a;; = 0.5), (d) Pairwise x with prior

distribution D(a;; = 1).

for the Kappa measure. This provides more information about the Kappa measure, and the statistics of
interest can be easily calculated from this distribution. Table 3 presents the statistics summary for the
Kappa measures. Attending to the mean (or median because of the symmetry), the agreement among
all the diagnostic methods together is also fair. The highest value is achieved when using the improper
prior distribution, i.e., 0.324. Note that 95% credibility intervals are presented, which are conceptually

different from confidence intervals. Credible intervals capture the current uncertainty in the location of the
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parameter values and thus can be interpreted as probabilistic statement about the parameter. In contrast,
confidence intervals capture the uncertainty about the obtained interval and they can not be interpreted as
a probabilistic statement about the true parameter values.

Table 3

Descriptive summary of the posterior distribution for Kappa by using three

non-informative prior distributions.

A~

Prior A, SE(AA,{) Median P Pys Cred. Int.

Improper 0.324 | 0.00042 0.323 | 0.256 | 0.394 | (0.242,0.406)
D(a;; =0.5) | 0.315 | 0.00041 0.315 | 0.250 | 0.383 | (0.236,0.395)
D(a;; =1) | 0.307 | 0.00039 0.307 | 0.244 | 0.373 | (0.231,0.384)

When measuring agreement for more than two diagnostic methods the pairwise comparisons may provide
complementary information to that of the global measure. By this way, the influence of every pair on the
general agreement may be uncovered. The partial agreement measures are lower than expected because of
the dimensional effect. Figure 1 (b-d) presents the posterior estimations of the partial Kappa distributions
for all the diagnostic methods by using the three prior distributions. Table 4 presents the statistics summary.
The highest agreement values between methods correspond to the comparisons between Taylor and Abrams’
method and the other three. All the estimated pairs including Taylor and Abrams’ method achieve agreement
average values between 0.36 and 0.48 (fair/moderate), whereas the rest remain between 0.11 and 0.29. This
shows that Taylor and Abrams’ method truly discovers the core of the diagnosis and the others only some
groups of features. By other hand, the agreement found between RDC, Flexible and Schneider is fair/slight.
They greatly influence the low value obtained for overall Kappa estimation, specially RDC and Schneider’s
methods with an average agreement « close to 0.11. For these two methods, the credibility intervals include
null values of x, meaning that there is the same agreement as if the diagnosis was just performed by chance.
But also RDC/Flexible and Flexible/Schneider’s achieve low agreement values (under 0.3 in all the cases),
concluding that these methods are not suitable to precisely diagnose the disease.

Health diagnoses are expected to have a very high accuracy. Only Taylor and Abrams’ method seems
to be appropriated and reliable enough. The low overall agreement together with the pairwise agreement
results show that the other three methods can be applied to diagnose some kinds of schizophrenia, but not

individually or as a gold standard.
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Descriptive statistics for pairwise Kappa.

Pair Prior A, | SE(A,) | Median | P; Pys Cred. Int.
Improper | 0.481 | 0.00070 | 0.482 | 0.364 | 0.593 | (0.345,0.617)
k1o | D(ag; =0.5) | 0.476 | 0.00069 | 0.478 | 0.360 | 0.587 | (0.340,0.610)
D(a;; =1) | 0.472 | 0.00069 | 0.473 | 0.356 | 0.583 | (0.337,0.607)
Improper | 0.414 | 0.00071 | 0.415 | 0.295 | 0.528 | (0.276,0.551)
k13 | D(ai; =0.5) | 0.410 | 0.00070 | 0.411 | 0.291 | 0.523 | (0.272,0.547)
D(a;; =1) | 0.406 | 0.00070 | 0.407 | 0.290 | 0.519 | (0.270,0.543)
Improper | 0.367 | 0.00072 | 0.368 | 0.246 | 0.484 | (0.225,0.508)
ks | D(ai; =0.5) | 0.365 | 0.00072 | 0.366 | 0.245 | 0.481 | (0.224,0.504)
D(a;; =1) | 0.361 | 0.00071 | 0.362 | 0.242 | 0.477 | (0.221,0.500)
Improper | 0.259 | 0.00075 | 0.259 | 0.138 | 0.383 | (0.113,0.406)
Koz | D(ay; =0.5) | 0.258 | 0.00074 | 0.258 | 0.136 | 0.380 | (0.113,0.403)
D(a;; =1) | 0.257 | 0.00074 | 0.257 | 0.137 | 0.379 | (0.113,0.402)
Improper | 0.111 | 0.00073 | 0.110 | -0.007 | 0.235 | (-0.032,0.255)
Kos | D(ay; =0.5) | 0.113 | 0.00073 | 0.111 | -0.004 | 0.236 | (-0.029,0.256)
D(eij=1) | 0.115 | 0.00073 | 0.114 | -0.001 | 0.237 | (-0.026,0.257)
Improper | 0.292 | 0.00074 | 0.292 | 0.169 | 0.414 | (0.147,0.437)
k3a | D(ai; =0.5) | 0.289 | 0.00074 | 0.290 | 0.168 | 0.410 | (0.146,0.434)
D(eij=1) | 0.212 | 0.00088 | 0.214 | 0.065 | 0.354 | (0.041,0.385)

Sensory analysis

16

Sensory analysis belongs to a psychology area known as psychophysics (see, e.g., Bruce et al. (1996)). It can

be defined as the branch of psychology concerned with the relationship between physical stimuli perceived

by human sensory organs and the effects they produce in the mind. In sensory analysis, some products

are evaluated with the sensory organs and described using the perception.

Sensory analysis techniques

provide subjective information about these products and it can be used for determining the overall quality

or differences. It has been widely applied to analyze food and drink appearance, texture, touch, odor, or taste

(see e.g., Lawless and Heymann (2010)). Bayesian methodology has almost not been used in this context.

Bi (2011) provided an interesting Bayesian approach to non-replicated sensory preference, difference and

equivalence tests.
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There are many methods to evaluate if there are any perceptible differences between two products, but
only three of them have been standardized: the triangle test (ISO 4120:2004 (2004)), the paired comparison
test (ISO 5495:2005, (2005)) and the duo-trio test (ISO 10399:2004, (2004)). All three are supported by
the International Standardization Organization (ISO), which has developed an international standard for
sensory analysis to ensure that products and services are safe, reliable and of good quality. The triangle
test is statistically the most efficient one. In this kind of sensory analysis each panelist (rater) receives three
product samples, two of the same one and a third different. The panelists are asked to choose the odd sample
from the three. Then, the differences are inferred by studying the proportion of right answers above the
expected by chance with the binomial distribution.

An experiment has been specifically designed and performed to discriminate two trademarks of Spanish
sausage from the highest quality (Iberian extra) through the proposed approach. There were two panelists
who participated in six different tasting sessions. Each panelist tasted six samples in each session. The
number of sessions was large in order to avoid sensory fatigue. The layout of the products was the same
for both panelists. The samples were presented on a plate forming a triangle with one different and two
alike pieces of sausage slices of the same shape and thickness (2 mm). Six possible order combinations
were randomized across panelists: AAB, ABA, BAA, BBA, BAB, and ABB, being A and B the respective
trademarks. The panelists used a document to record their answers. The results of the experiment are shown

in Table 5.
Table 5

Sausage tasting results.

Panelist 1

Panelist 2 | Right Wrong Total

Right 26 5 31
Wrong ) 0 )
Total 31 5 36

The most common event is that the two panelists success in the differentiation, happening 26 times out of 36,
and it never happened that both of them simultaneously fail at the differentiation. If the interest is focused
on measuring the agreement between panelists, Cohen’s Kappa is not an appropriate measure because the
frequencies are very asymmetrically distributed (across the second diagonal) and this extremely affects to the
Kappa index value. Cicchetti and Feinstein (1990b) defined the paradoxes where Kappa should not be used,
and partial agreement measures should be considered. Calle-Alonso and Pérez (2013) proposed the use of

Dice indices as proper measures of agreement in this context. This allows to separately evaluate the positive
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and negative agreement (agreement on right and wrong responses), giving information on the discrimination
problem. High Sp and low S, indicate that the raters are differentiating the products.

There were two experts controlling the experiment. These experts have managed many related experiments
and they had knowledge of all the aspects involved. In fact, they knew the panelist staff and specifically the
two panelists involved in the experiment. Also, the historical information on the laboratory was known to
them. The experts did not participate in the data collection process. The first expert’s best guess about
the true value of the parameter vector was (0.66,0.18,0.15,0.01), whereas for the second expert it was
(0.55,0.2,0.2,0.05). The first expert provided a flattering constant equal to oy = 60, which is larger than
n = 36. This means that he had a high degree of belief in his prior estimation. The second one had a less
degree of belief in his prior estimation, providing a flattering constant equal to oy = 40. This allowed to build
two Dirichlet prior distributions with parameters (39.6,10.8,9,0.6) and (22,8,8,2), respectively. The experts
decided that the initial weights were wy = 0.75 and we = 0.25, giving more importance to the first prior
distribution. By this way, they built in a mixture of Dirichlet distributions as a consensus prior distribution.
This prior distribution contained all the initial information available to the experts.

The distributions of the three agreement indices (Cohen’s Kappa and Dice indices) have been estimated
by using the proposed Monte Carlo-based approach with simulated samples of size 10,000 by following the
previous specifications. The approach has also been applied in a non-informative scenario (uniform prior
distribution) for comparative purposes. Kullback Leibler (KL) divergence has been calculated as a way
to evaluate the divergence between the prior and posterior distributions in each scenario. The lowest KL
divergence is achieved when the informative prior distribution is used, providing an estimated value of 0.3854
with a Monte Carlo error estimation equal to 0.0063. When the uniform prior distribution is used, the KL
divergence is approximately ten times more, i.e., 3.890 with a Monte Carlo error estimate equal to 0.0135.
Then, the prior and the posterior distributions are closer when the initial information provided by the experts
is considered.

The distributions of the indices have been summarized in Table 6 by means of /fh, SE (Ah), median, 5-th
and 95-th percentiles, and the 95% credible interval.

With the mixture prior distribution, the estimated value for Kappa is -0.1393, indicating a very poor agree-
ment. As it has been previously mentioned, this is influenced by the asymmetric data distribution. A high
positive agreement Sp = 0.8120 and a low negative agreement S, = 0.0086 are obtained. According to
Calle-Alonso and Pérez (2013), this indicates a high degree of differentiation between the two products.
Analogously, in the non-informative scenario, Dice indices indicate a high positive (Sp = 0.8147) and a
low negative agreement (S, = 0.1353), but credibility intervals are wider than in the informative scenario.

Besides, the value of the negative agreement 0.1353 is greater than the one for the informative scenario, i.e.,
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Table 6
Summarized distributions of the agreement measures with mizture and uniform

prior distributions.

A~ A~

Ap | SE(A) | Median Ps Pys Cred. Int.
Mixture
K -0.1393 0.0006 | -0.1491 | -0.2223 | -0.0189 | (-0.2479,-0.0038)
Sp 0.8120 0.0004 0.8141 | 0.7516 | 0.8665 (0.7422,0.8790)
Sh 0.0086 0.0001 | 0.0042 | 0.0001 | 0.0322 | (0.0000,0.03218)
Uniform
K -0.0366 0.0013 | -0.0618 | -0.2085 | 0.2156 | (-0.2518,0.2456)
Sp 0.8147 0.0005 | 0.8199 | 0.7199 | 0.8922 (0.7102,0.9124)
Sh 0.1353 0.0011 0.1062 | 0.0089 | 0.3639 (0.0000,0.3640)

0.0086. Anyway, there is also evidence to confirm the differentiation between products.

Comparing the results from the two scenarios set out, it is apparent that prior distributions should not
be thought of as an innocuous tool. On the contrary, consensually informed prior distributions permit
cumulative scientific knowledge to rationally affect conclusions drawn from new observations (see Kruschke
(2010)). In this example the data are fairly clear to observe the differentiation, and the prior distribution
has a moderate effect. However, there are other situations where the prior distribution can be determinant,
leading to very distinct results.

Finally, the distribution of positive and negative Dice indices are shown in Figure 2, Sp in the left histogram
and S7, in the right histogram. White bars represent the simulated values of Dice with the mixture prior
distribution, and dark bars represent dice indices simulated with the uniform prior distribution. Interme-
diate shaded bars are the overlapped values for both distributions. It can be appreciated that the values
obtained with non-informative prior distributions are more dispersed, whereas the use of an informative prior

distribution produces more concentrated values.

Conclusion

The proposed approach is conceptually simple and computationally efficient to estimate all types of measures
of agreement on a qualitative scale of response. The two presented models allow the inclusion of subjective
initial information coming from expert opinions, personal judgments or beliefs, or from historical data.
They provide probability distributions for the measures of interest instead of only punctual and confidential

estimations, as happens with the classical statistical methodology.
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Figure 2. Histograms for Dice indices with non-informative and informative prior distributions

The use of this approach in non-informative settings can be useful in psychology and other related fields. For
example, it has been used to analyze the agreement among four different methods to diagnose schizophrenia.
However, even more interesting is the approach for informative settings. For example, the proposed approach
has been proved to be useful to discriminate among food products in a sensorial analysis context by using
Dice indices. The power of this approach can be obtained through real experiments in applied research fields.
The proposed approach can be considered as a small step in this research area. Extending this type of
Bayesian approach to other experimental structures for quantitative scale of response should be addressed
in the immediate future. Broemeling (2009) focused on non-informative settings. Therefore, the challenging
task is to develop elicitation techniques to describe the initial information obtained from expert opinions
or other ways. Applying these techniques to real experiments will make them more popular and will allow

more practitioners to benefit from their advantages.
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Appendix A. Main agreement functions

APPENDICES FOR PUBLICATION AS ONLINE SUPPLEMENTS

Measures for two raters

e Proportion of agreement [14]:

P(p) = p11 + pa2.

Dice indices [7]:

o P11 / o P22
Sp(p) = it )2 Sp(p) = —"—"7

Goodman and Kruskal A, [9]:

_ 2p11 — (p12 + p21) N (p) = 2P22~ (p12 + p21)

Ay = , = .
(p) 2p11 + (p12 + p21) rip 2p22 + (p12 + p21)

Jaccard indices [11]:

P11 ’ P22
J = J =
() P11+ p12 + p21 ) p22 + p12 + p21

Concordance indices [16]:

Clp) = p11/(p11 + p21) —;—pu/(ﬂlz + ,011)’ C(p) = p22/(p22 + p21) —;—p22/(012 + p22).

G coefficient [12]:

G(p) = (p11 + p22) — (p21 + p12)-

Rogot and Goldberg A; [14]:

1
A1<p):<fm+pn+fm+m>.
4\p1. p1 p2 p2
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Rogot and Goldberg Ay [14]:

P11 P22
Ao = + .
(o) p1-+p1 p2.+pa

Rescaled standard deviation index [1]:

RSD(p) = \/ p11 + p22 — (p11 — p22)?

1 —1/4(p1. + pa+ p2. + p2)?’

Bennet’s o [3]:

o(p) = 2(pur + paa) — 1.

Scott’s 7 [15]:

4(p11p22 — p1ap21) — (p12 — p21)?
(p1. + p1)(p2. + p2)

m(p) =

Cohen’s k [4]:

P11+ p22) — (p1.p1 + p2.p-2
w(p) _( ) = (p1-p1+ p2.p2)
1= (p1.p1 + p2.p2)

r11 index [13]:

) = 2p11p22 — p12p21

T11
(o p1.p2. + pap-2

Chance corrected Rogot and Goldberg A; [14]:

— .p2. + p.1p.
C AL (p) = (p11p22 /;12/721)(/)1 p2. + p.1p.2)
P1-P2-p-1P-2

Conditional Kappa [5]:

Pii — Pi.P-i

ri(p) =
(#) Pi- = Pi-P-i

Stratified Kappa [2]:
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19 1. Uniform weights.

14 20 2. Stratum size.

23 21 3. Deviation inverse.

B Var_l(ms)
26 ’ 2;921 VCW’_1</€S)’

S
29 Hvar(p) = ZWsﬁs-
s=1

32 »  Measures for more than two raters

34 23 For the general case with m raters, there exists few measures of agree-
35 2 ment available. These are natural extensions of the ones proposed for two
36 » raters. The agreement for more than two raters decrease by the effect of
26 the dimension, and this kind of measures are not used very often in the
27 statistical applications. Without loss of generality, the main measures for
40 28 three raters are presented.

42 29 e Agreement proportion:

44
7

30 e Dice indices [17]:

Piii
50 Sp. = .
51 ’ (pz + pa + p..i)/?)

http://mc.manuscriptcentral.com/apm



©CoO~NOUTA,WNPE

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

a7

48

49
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e G coefficient [10]:

[

GZ?ZPiii—l-

i=1

e Bennet’s o [6]:

Cc
Z cpizi — 1

g = =1
c—1

e Fleiss’ x [8]:

& (&
Z Piii — Z Pi- i i
=1 =1
. .
1- Z PivPi-Pvi
=1

Appendix B. R code

#Libraries
library(TeachingDemos)
library(gtools)

#Data

n<-c(26,5,5,0)

#Guessing probabilities
alphastar<-c(0.66,0.18,0.15,0.01)
betastar<-c(0.55,0.2,0.2,0.05)
#Flattering constants
alpha0<-60

beta0<-40

#Dirichlet parameters
alpha<-alphaO*alphastar
beta<-betalO*betastar

#Initial weights
w<-c(0.75,0.25)

#Auxiliary constants

c1<-(gamma (sum(alpha))*factorial (sum(n))*prod(gamma (alpha+n)))/
/ (prod (gamma (alpha) ) *prod(factorial(n))*gamma(sum(alpha+n)))
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c2<-(gamma (sum(beta))*factorial (sum(n) ) *prod (gamma (beta+n)))/
/ (prod (gamma (beta) ) *prod (factorial (n) ) *gamma (sum(beta+n)))
#Final weights
wstar<-c((wl1l*c1)/(wl1]l*cl+w[2]*c2), (w[2]*c2)/ (w1l *cl+w[2] *c2))
#Simulation size
T<-10000
#Auxiliary matrix
samp<-matrix(NA,ncol=4,nrow=T)
#Generation proccess
for (i in 1:T){
u<-runif(1,0,1)
ifelse(u<wstar[1],samp[i,]<-rdirichlet(1,alpha+n),
samp[i,]<-rdirichlet(1,beta+n))
}
#Agreement generated values
agree<-(samp[,1]+sampl[,4])
cagree<-(samp[,1]+samp[,2])*(samp[,1]+samp[,3])+
+(samp[,3]+ samp[,4])*(samp[,2]+samp[,4])
kappai<-(agree-cagree)/(1-cagree)
Diceli<-2%*samp[,1]/(2*samp[,1]+samp[,2]+samp[,3])
Dice2i<-2*samp[,4]/(2*samp[,4]+samp[,2] +samp[,3])
KLesti<-log(wstar[1]*ddirichlet (samp,alpha+n)+
+wstar [2] *ddirichlet (samp,beta+n))-
-log((w[1]*ddirichlet (samp,alpha)+w[2] *ddirichlet (samp,beta)))
#Kappa and Monte Carlo error estimations
Kappa<-mean (kappai,na.rm=TRUE)
MCEKappa<-sqrt (sum( (Kappa-kappai) "2) / (T*(T-1)))
#Dice indices and Monte Carlo error estimations
Dicel<-mean(Diceli,na.rm=TRUE)
MCEDicel1<-sqrt (sum((Dicel-Dicel1i) ~2)/(T*(T-1)))
Dice2<-mean(Dice2i,na.rm=TRUE)
MCEDice2<-sqrt (sum((Dice2-Dice2i) ~2)/(T*(T-1)))
KLD<-mean(KLesti,na.rm=TRUE)
MCEKLD<-sqrt (sum((na.omit (KLesti)-KLD)"2)/
/ (length(KLesti)*(length(KLesti)-1)))
#Summary
result<-matrix(c(Kappa,MCEKappa,median(kappai),
quantile (kappai,c(.05,.95)) ,emp.hpd(kappai,conf=0.95) [1],
emp . hpd (kappai,conf=0.95) [2] ,Dicel,MCEDicel,median(Diceli),
quantile(Diceli, c(.05, .95)),emp.hpd(Diceli,conf=0.95) [1],
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emp.hpd(Diceli,conf=0.95) [2] ,Dice2,MCEDice2,median(Dice2i),
quantile(Dice2i, c(.05,.95)),emp.hpd(Dice2i,conf=0.95) [1],
emp.hpd(Dice2i,conf=0.95) [2]) ,nrow=3,ncol=7,

byrow=TRUE, dimnames=1list(c("kappa","Dicel","Dice2"),
c("A","MCE", "Median","P5","P95","L-BCI","U-BCI")))

#Print summary

result
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