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Abstract

For family x’ = (ag + ajcost + ap sint)|x| + bg + by cost + by sint, we solve
three basic problems related with its dynamics. First, we characterize when it has a
center (Poincaré center focus problem). Second, we show that each equation has a
finite number of limit cycles (finiteness problem), and finally we give a uniform upper
bound for the number of limit cycles (Hilbert problem 16).
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1 Introduction and Main Results
Consider the scalar piecewise equation

f(,x), ifx >0,

1.1
g(t,x), ifx <0, (D

xX'=h(t,x)= {

where f (¢, x) and g (¢, x) are continuous and locally Lipschitz continuous with respect
to x in R? and f(,0) = g(¢,0). Under these hypotheses, there is a unique maximal
solution that satisfies each of the initial conditions.
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Let u(t, T, x) be the maximal solution of (1.1) determined by u(z, 7, x) = x. Let
f,g € CH(R?) and (z, x) € R%. Suppose the set of zeroes of f(r,0) = g(z, 0) does
not contain any interval, then there exists

t
uy(t, t,x) =exp (f hy(s,u(s, t,x)) ds>

and it is continuous with respect to ¢ and x (see [4, Appendix A]). In this paper,
subscripts in a function indicate its partial derivatives.

Now assume that f and g are T —periodic functions with respect to . We say
that u(z, 7, x) is closed or periodic if u(T, 7, x) = x. Let u(z, t, x) be closed. It is
singular or multiple if u, (T, t, x) = 1, otherwise it is simple or hyperbolic. Isolated
periodic solutions are also called limit cycles. By analogy with the planar case and
for simplicity, a continuum of periodic solutions (period annulus) is called a center of
(1.1). A more precise definition is given in Sect. 2.1.

Several authors have studied the case in which f and g are linear in x, i.e.
ft,x) = at(t)x + b@) and g(t,x) = a (t)x + b(t), where a*(t),a™ (t), b(1)
are real continuous functions defined on R. Then, since f and g are globally Lipschitz
continuous with respect to x, the solutions are defined in R.

In [6], from a three-dimensional piecewise linear system with two zones, the fol-
lowing reduced one-dimensional 27t —periodic differential equation is obtained

; atx +b(@t), ifx >0,
T ax + b(t), if x <O,

where a™,a” € R, b(t) = by + by cos(t), by € {0, 1}, and b; > 0. The analysis
of the limit cycles of this equation determines the dynamics of the three-dimensional
piecewise linear system.

In [11] the authors obtain upper bounds for the number of limit cycles of

= ap()x™ +b(), if x > 0,
" |ax)x™ +b(0), ifx <0,

where m is a positive integer and aj (¢), a»(¢) and b(t) are 2 —periodic functions such
that a; () and a;(¢) do not change sign.
In [10], an upper bound for the number of limit cycles of equation

x ' =a()|x| + b(1), (1.2)

is obtained by analyzing the displacement application, where a(¢) and b(¢) are real,
1 —periodic and C! functions such that one of them does not change sign.

In contrast, when a(#) or b(t) changes sign, there is no uniform upper bound for
the number of limit cycles of (1.1); indeed, in [7] (see also [4]) it is shown that
for any natural number k > 2 and ¢ small enough, the differential equation x’ =
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€ cos(kt)|x| 4+ sin(z) has at least k — 2 limit cycles. However, if f (¢, x) and g(¢, x)
are T —periodic analytic functions, the following finiteness theorem holds.

Theorem 1.1 ([4]) Let f and g be real T —periodic analytic functions such that
f(t,0) = g(t,0) has n simple zeroes in [0, T]. Then there exist x| < ... < X,
where 1 <r <n+ 2, such that, if u(t) is a periodic solution that changes sign, then
u(0) € [x1, x,]. Moreover, for each 1 < k < r one of the following statements holds:

(1) There is a finite number of values x € [xi, Xr+1] such that u(t, 0, x) is periodic.
(2) For every x € [xy, xk+1], u(t, 0, x) is periodic.

In this paper we solve three fundamental problems related to the dynamics of
(1.2) when a(t) and b(¢) are linear trigonometric polynomials. First, we characterize
when (1.2) has a center (Poincaré center-focus problem). Second, we prove that each
equation has a finite number of limit cycles (finiteness problem), and finally we set a
uniform upper bound for the number of limit cycles (Hilbert’s problem 16).

2 Linear Trigonometric Coefficients
Consider the Abel piecewise linear equation
x'=a()lx| +b(), (2.3)

where a(t) = ag + aj cos(t) + as sin(t) and b(t) = by + b cos(t) + by sin(z).

Since periodic solutions with constant sign are determined by a linear differential
equation, the key point is to study periodic solutions that change sign, that is, those
solutions u(¢) such that there exist #1, t» such that u(¢1)u(t2) < 0. In particular, b(r)
must change sign, otherwise x = 0 is a lower or an upper solution, thus avoiding
the existence of periodic solutions that change sign. By a translation of time, it is not
restrictive to assume b(0) = 0 and b(¢t) > 0 for r > 0 close to 0. Moreover, since b(t)
is linear, b(z) = 0 has a unique solution in (0, 27r), which we denote 7.

In consequence, if u(t) is a periodic solution of (2.3) that changes sign, then there
exist 0 < t; < f < tp < 27 such that u(t;) = u(t) = 0. Moreover, u(t) < 0
ift € (0,11), u(¢) > 0ifr € (t1,0p) and u(t) < 0if t € (1, t; + 27). Since
u(t) is a solution of the IVP x’ = a(t)x + b(¢), x(t;) = 0 for ¢t € (¢, t2), and of
x'=—a)x +b(@), x(tp) =0fort € (tr, t; + 27), and u(t; + 27w) = 0, we have

15 15
/ b(t) exp </ a(s) ds) dt =0,
11 t

42w t 2
/ b(t) exp (f —a(s) ds) dt =0, 2.4)
n t

and conversely, if there exist 0 < 1] < < tp < 27 such that (2.4) holds, then there
exists a periodic solution u(¢) of (1.1) determined by u(#;) = 0. This allows to reduce
the problem of finding periodic solutions to the problem of finding the points where
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two Poincaré half-maps intersect. Specifically, let
TV:(0,1) —» (f,2n) and T : Qm, 27w +1) — (,27),

where T (11) is the first time where the solution u(z) of (2.3) determined by u(#;) = 0
is zero, that is,

T+(t]) =inf{f: tp > t1, u(ty) =0}, 2.5)
and 7 (#1) is determined by
T (1)) =sup{th <t1 +2m: tr > 11, u(tr) = 0}, (2.6)

where u(t) is, now, determined by u (27 + t1) = 0.

Proposition 2.1 The periodic solutions of (2.3) that change sign are in a one-to-one
correspondence with the solutions of TT(t) = T~ (¢), t € (0, 7).

Proof Assume u(t) is a periodic solution of (2.3) that changes sign.

If u(0) = u(2w) > 0,as b(t) > 0 fort € (0, 1), then u(z) > 0 for ¢ € [0, 7], and,
as b(t) < O fort € (f,2m), then u(t) > 0 for r € [z, 27], so it has definite sign, in
contradiction with the assumption.

Therefore, u(0) = u(2w) < 0. Since b(¢) has a single zero at (0, 27), u(¢) has at
most one sign change at both (0, 7) and (7, 27). So, as u(¢) has indefinite sign, there
exist0 <t < f < tp < 27 such that u(t;) = u(t2) = u(t; + 2mw) = 0. Therefore,
(2.4) holds and, consequently, T+ (t;) = T~ (t1).

Conversely, suppose ¢ € (0, 7) is such that TV () = T~ (¢). Note that if T7(¢) is
well defined, by the sign of b(¢), we have that

TH(t) =T (t) € (i, 2n).

Let u(#) be the solution of (2.3) determined by u(¢) = 0. As u(¢) can change sign
at most once in each interval where b(r) has definite sign, u(s) > Ofort < s < 7, and,
by (2.5), u(T*(t)) = 0. And, since TT(¢) = T~ (¢), then u(T~(¢)) = 0. Therefore,
u() < 0for T~ (t) < s < 2m, and, by (2.6), u(t + 2m) = 0, so u(t) is a periodic

solution. O

Note that the Poincaré half-maps are defined implicitly by

TH(1) TH(1)
/ b(s) exp / a(r)ydr | ds =0,
t N

t4+2m t+4+2m
/ b(s) exp (—f a(r) dr) ds = 0. 2.7
T=() s
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Lemma 2.2 The functions T (t) and T~ (t) are solutions of the differential equations

b(x)x" — b(t) exp (/x a(s) ds) =0, (2.8)
'

b(x)x" — b(t) exp (/x —a(s) ds) =0, (2.9
t+2m

respectively.

Proof 1t is enough to observe that deriving (2.7) with respect to ¢, we obtain

dT~+ T+ ()
b(T+(t))7(t) —b(t)exp (/ a(s)ds) =0, (2.10)
t
a7~ ( o )
b(T~ (1)) —— (1) — b(t) exp —/ a(s)ds | = 0. 2.11)
dt 421
m}

2.1 The Center Problem

Let u(z, x) denote the solution of (2.3) determined by u(0, x) = x. Given x € R
define the displacement application

d(x) :=um, x) — x.

Note that the solution u(-, x) is 27 —periodic if and only if d(x) = 0. Equation (2.3)
has a center if d(x) = 0O for every x in an interval. We say that (2.3) has a global center
if d is identically zero.

A linear center is defined as a center where the periodic solutions of the continuum
have definite sign.

For x > 0 large enough, the solution u(-, x) is positive, so the displacement appli-
cation is

dix)=(A—1x+ B,

where

2 27 21
A =exp (/ a(r) dr> , B= / b(s) exp (/ a(r) dr) ds. (2.12)
0 0 s

Analogously, for x < 0 small enough d(x) = (A —Dx+ B, where A, B, are defined
analogously. Therefore, for |x| large enough, the equation is linear, so it has a center
ifA=1,B=0,forx > 0,andif A =1, B =0 forx <« 0.



119 Page6of17 J.L.Bravoetal.

If b(r) = 0, the non-zero solutions are either always positive or negative, so the
possible centers are linear (or global) and determined by conditions above. The general
case is covered in the next result.

Theorem 2.3 Equation (2.3) has linear centers or a global center. Moreover, it has a
global center if and only if ag = 0 and a(t) and b(t) are proportional.

Proof If b(¢) is identically zero, in particular it is proportional to a(¢). Since u(t) = 0
is a solution, there are no periodic solutions that change sign. Therefore, (2.3) has only
linear centers. Moreover, by comment above, (2.3) has a global center if and only if
A = A = 1, which is equivalent to ag = 0.

If b(¢) does not change sign and it is not identically zero, then x = 0 is either a
lower or an upper solution, so there are no periodic solutions that change sign. That
is, there are only linear centers and they are characterized by A = 1, B = 0 when
the periodic solutions are positive and A = 1, B = 0 when the periodic solutions are
negative.

Assume that b(¢) changes sign. First we prove that if (2.3) has a center that is not
linear, that is, if there exists a continuum of periodic solutions that change sign, then
(2.3) has a global center. Recall that we can assume that 5(0) = b(7) = 0 are the
unique zeroes of b(¢) in [0, 27), and that b(r) > 0 for r € (0,7) and b(r) < O for
t € (f,2m). Then there is a continuum of periodic solutions crossing x = 0 twice,
one in (0, 7) and one in (7, 277). By analyticity, these crossing must cover all (0, 7) and
(t, 27). In particular, the value at r = 0 of these solutions is an interval of the form
(x, 0), where u(¢, x) and u(¢, 0) do not change sign, and the displacement application
d is identically zero in the interval (x, 0) and linear in (—oo, x] U [0, 4-00). However,
since d is differentiable, we conclude that d is identically zero, and thus the center is
global.

Next we show that the global centers are characterized by the fact that ag = 0 and
that the functions a(¢) and b(¢) are proportional. Assume that (2.3) has a global center.
Asforx > 0,d(x) = (A—1)x+ B,then A = 1, so ag = 0. Also, since all solutions
are periodic, solutions that change sign are, then T'(¢) := T (¢t) = T (¢) for every
t € [0, 7]. Therefore, the vector fields of (2.8) and (2.9), coincide, so

T (1) T(r)
/ a(s)ds = / —a(s)ds.
t t

+2

for every t € (0, 7). But, as ap = 0,

T(t) T(1) T(1) t
Ozf a(s)ds+/ a(s)ds:Z/ a(s)ds+[ a(s)ds
' t t t

+2r +27
T(t)
= 2/ a(s)ds.
t

Considering that for some constants ¢ # 0 and 7, € (0,27), a(t) = ajcos(t) +
ap sin(t) = csin(t — t;), we have that cos(t — ;) = cos(T (t) — t,), which implies
that T () = —t + 27 because 0 <t < < T(t) < 2w, T(¢) is strictly decreasing and
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T(0) = T (2m). If we now derive the expression fl_tH” a(s)ds = 0 withrespecttot,
weobtaina(t)+a(—t+2m) = 0,implying a(¢) = a sin(t). Moreover, T (1) = 2w —t¢
also implies that 7 = 7, so b(¢) is proportional to sin(¢), and axb(t) = ay sin(t) = a(t)

Conversely, ifag = 0 and b(r) = Aa(t) # 0, then there existc > Oand y € [0, 27)
such that a(t) = csin(t — y). By the change of variables t — t + y, x — x/c,
equation (2.3) transforms into x’ = sin(z)|x| + A sin(¢) which has a center because
u(t) = u(—t) for every solution u(t). O

2.2 The Finiteness Problem

The finiteness problem is essentially solved in Theorem 1.1 of [4]. Thus, we only show
here that (2.3) satisfies the hypotheses of that theorem.

Theorem 2.4 Equation?2.3 has a finite number of limit cycles.

Proof If the zeroes of b(t) are simple, then the result follows from Theorem 1.1. Now,
as b(t) is linear trigonometric, if b(¢) has multiple zero, then it does not change sign,
so x = 0 is a lower or an upper solution. In particular, no periodic solution crosses
x = 0, and there is at most one positive and one negative periodic solution because
the equation is linear in these regions. O

2.3 Hilbert’s 16th Problem

When a(t) or b(t) does not change sign, an uniform upper bound is 2 (see [10, 14]),
so we assume that a(¢) and b(¢) change sign.
If we denote

F(t,x,ag. bo) := (ao + aj cos(t) + az sin(1))|x| + bo(1 — cos()) + sin(t),

then % = |x|] > 0 and g—}z = 1 — cos(#) > 0, being strict inequalities for x # 0
and ¢ # 2km, k € Z, respectively. Thus, since the vector field defined by (2.3) is
increasing with respect to ag and by, the same is true for the displacement application,
that is, if d (x, ag) (resp. d(x, bp)) denotes the displacement application in terms of ag
(resp. bp), then d is strictly increasing with respect to ag (resp. by).

Proposition 2.5 Assume that (2.3) has at least n limit cycles for a certain value of ag
(resp. bo). Then there exist nearby values of agy (resp. bo) such that (2.3) has at least
n limit cycles.

Proof Assume X is a zero of d such that d changes sign. Then d changes sign for
nearby values of aq for any sufficiently small neighborhood of x.

Assume x is a zero of d such that d does not change sign for ay = ag; for instance,
d(x, ap) > 0 for x in a neighborhood of x, being the strict inequality for x # x. Then
for ay < ap sufficiently small, d has at least two zeroes close to x.

Now, by conveniently selecting ap, we get the desired result. O
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From the previous proposition, to obtain a uniform upper bound for the limit cycles
of (2.3), we can exclude any finite number of values of ag and bg. In particular, in the
following we assume that ag # 0.

When b(¢) changes sign, it has two simple roots in [0, 2;7). By a translation of time,
it is not restrictive to assume that 0 is one of them and that 5'(0) > 0. Moreover, by
rescaling x we can assume that the coefficient of sin(¢) is one, so we assume that

b(t) = sin(t) + bo(1 — cos(?)).

Moreover, we have that b(z) > Ofort € (0,%) and b(t) < Ofort € (¢, 27), where £ is
the zero of b(¢) in (0, 27r). By Proposition 2.1, there is a one-to-one correspondence
between the periodic solutions of (2.3) that change sign and the solutions of T (¢) =
T ().

Unfortunately, the equation T (¢) = T~ (¢) is difficult to handle, since T+ and T~
are implicitly defined functions. In the following steps, the problem of bounding the
number of solutions to this equation is reduced to bounding the number of solutions
to simpler equations. For this, we first consider the function

h(t,x) = /xa(s) ds + /x a(s)ds.
t t

+2

Proposition 2.6 Letn— 1 be the maximum number of isolated points in the intersection
of h(t, x) = O with the graph of a solution of (2.8) in (0, t) x (t, 21). Then the number
of limit cycles of (2.3) that change sign is less than or equal to n.

Proof First, we recall that, by Lemma 2.2, T7(¢) and 7~ (¢) are solutions of (2.8)
and (2.9) respectively. Consider the vector fields defined by (2.8) and (2.9). The set
of points (¢, x) € (0, ) x (¢, 27r) where the two vector fields are proportional are the
solutions of

by ([ _ b (T
—%exp<[ a(s)ds>— b(x)eXp<[+2ﬂ a(s)ds).

This equation is equivalent to (¢, x) = 0.

By Proposition 2.1, the number of limit cycles of (2.3) that change sign is the number
of solutions of TF(¢) = T~ (¢), which is bounded by the number of intersections of
the graph of a solution of (2.8) with the graph of a solution of (2.9), both restricted to
(0,7) x (t,2m). Let u(r) and v(¢) be solutions of (2.8) and (2.9), respectively. If the
graphs of x = u(¢) and x = v(¢) intersect in two consecutive points of u(z), then both
vector fields are proportional in an intermediate value, that is, the graph of x = u(¢)
and (¢, x) = Ointersect at one point. Therefore, if n — 1 is the number of intersections
of the graph of x = u(¢) and i (¢, x) = 0, then the number of intersections of the graphs
of x = u(¢t) and x = v(¢) is at most n. O
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To control the number of intersections of solutions of (2.8) or (2.9) with i(f, x) = 0
we need some additional properties of 4 (¢, x) = 0. Note that

h(t,x) = /xa(s) ds —i—/x a(s)ds
13 13

+2
X t
= 2/ a(s)ds~|—/ a(s)ds
t t+2m
X
= 2/ a(s)ds — 2mayg. (2.13)
t

Lemma 2.7 The graph of h(t,x) = 0 for (t,x) € R := (0,1) x (f,2m) is, after a
linear change of variables, the restriction to R of the graph of a function.

Proof As agy # 0, then
1 . .
—h(t,x) =2 (r; sin(x) — rpcos(x) +x — rysin(t) + rocos(t) —t) — 2w
ao

withr; = aj/ap, i =1, 2.
By the change of variables:

21\ 11 t
) \—-11 x )’
%h(r, x) can be written in the form

1
a—h(m, 22) =4 (r1 cos(z1/2) + rasin(z1/2)) sin(z2/2) — 27w + 225.
0

Thus the graph of the equation Z(z, x) = 0, restricted to 0 < ¢ < fand? < x < 27,
becomes in part of the (bigger) graph of

T 722 5y cos(z1/2) + rasin(z1/2)) (2.14)
sin(zz/2)

restrictedtof < z; < t+2m and 0 < zo < 2. Now, since the left hand side of (2.14)
is a strictly decreasing function in (0, 2r), we conclude that z; is a function of z1. O

Now, by studying the tangencies of T along the curve h(t, x) = 0, it is possible
to simplify the problem even further. Let us denote

m(t, x) :=a@)b(x) — a(x)b(t)e™ ™.
Proposition 2.8 Let n — 2 be the number of isolated solutions of

h(t,x) =m(t,x) =0,
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where 0 < x —t <2mandt <t +x <t + 2m. Then the number of limit cycles of
(2.3) that change sign is less than or equal to n.

Proof By Lemma 2.7, h(t, x) = 0 is the graph of a function in the region 0 < x — 1 <
27 and 7 < t + x < 7+ 27. Then, between any two consecutive intersections of
h(t, x) = 0 and the graph of a solution of (2.8), the vector field defined by (2.8) must
be tangent to the curve, that is, for some point of h(z, x) = 0,

l&x%:hﬂhﬂb@em(/ma@ﬂh)+hALMbu)=Q
t

Moreover, since h(t, x) = 0 is equivalent to flx a(s)ds = mayp, the set of points such
that [(z, x) = h(z, x) = 0 is the set of points such that

ht,x) =a(t)b(x) —a(x)b(t)e™ = 0.

Therefore, if the number of isolated intersections of the curve h(¢,x) = 0 with
m(t, x) = 0is at most n — 2, then the number of isolated intersections of the curve
h(t, x) = 0 with the graph of a solution of (2.8) in (0, ) x (7, 27) is at most n — 1
and, by Proposition 2.6, we are done. O

The following result guarantees finiteness and a (very thick) upper bound for the
number of limit cycles. To obtain this bound, we use the following Khovanskii theorem
([12, Section 1.4]), which gives an estimate of the number of solutions of a system of
real exponential and trigonometric polynomials.

Theorem 2.9 (Khovanskii). Let P; = ... = P, = 0 be a system of n equations with n
real unknowns x = x1, ..., X, where P; is a polynomial of degree m; inn + k + 2p
real variables x, y1, ..., Yk, U1, ..., Up, V1, ..., Vp, Where y; = explaj,x), j =
1,....k and uy = sin(by, x), vy = cos(by,x), q = 1,..., p. Then the number

of isolated real solutions of this system in the region bounded by the inequalities
[(bg,x)| <m/2, g =1,...,pis finite and less than

n p+k
my---my, (Z mi+p + 1) 2P +H(p+k) (p+k—1)/2
i=1

Theorem 2.10 The number of limit cycles of (2.3) is less than or equal to 9834500 =
742124242,

Proof First, note that there are at most two limit cycles that do not change sign, so
we only need to limit the number of limit cycles that change sign. Also, as we noted
earlier, we assume ag # 0.

Now, since

1
—h(t,x) =2 (r; sin(x) — rpcos(x) +x — rysin(t) + rocos(t) —t) — 2w
ap
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and

azm(t, x) =a()b(x) — a(x)b(t)e™
0

=" — 1)(bory — r1) sin(x + 1)
+ (™ — 1)(bob1 + r2) cos(x + 1)
+ (™ — 1)(bory — ry) sin(x — 1)
+ (€™ — 1)(bor1 — rp) cos(x — 1)
+ 2(bory — €7%) sin(r) 4+ 2bo(r] + €7%) cos()
—2(e™bgry — 1) sin(x) — 2bg(e™®ry + 1) cos(x)
—2(7 — )by

with r; = a;j/ag, i = 1, 2, are polynomials of degree 1 in the variables ¢, x, sin(t),
sin(x), sin(x + ), sin(x — t), cos(t), cos(x), cos(x +7), and cos(x — t). By the Kho-
vanskii theorem (Theorem 2.9), withn = 2, x; = t,x = x,k = 0,m; = mp =
1,by = (1,0),bo = (0,1),b3 = (1, 1) and by = (—1, 1), that is p = 4, we have
that the number of isolated real solutions of the system A(¢, x) = m(¢, x) = 0 in the
region

O ={l{bg,x)| <m/2 :q=1,...,4)
={x, 1) eR?: |x+1| <7/2, |x — 1| <7/2}

is finite and less than 74 - 219, Now, since we need four translations of Q to cover
the region (0, w) x (m, 2m), we conclude that the number of isolated real solutions
of the system h(t,x) = m(t,x) = 0 for (¢, x) € (0, 7) x (7, 27) is bounded by
4_74_210274.212'

Finally, by Proposition 2.8, we conclude that the of limit cycles of (2.3) that change
sign is less than or equal to 7% - 212 + 2. O

2.4 Improving the Upper Bound

The aim of this subsection is to improve the upper bound given by Theorem 2.10, by
performing a more detailed analysis of the system of equations m(¢, x) = h(¢, x) = 0.

Note that m (¢, x) is a trigonometric polynomial, while A (¢, x) is the primitive of a
trigonometric polynomial. Our goal is to reduce the problem of bounding the number of
limit cycles to computing the number of intersections of two trigonometric polynomial
curves, which can be done by Bezout’s theorem. Then, we repeat the arguments above
and study the tangencies of /1 (¢, x) along the branches of m (¢, x) = 0, so the next step
is to study the implicit equation m (¢, x) = 0.

Recall that as in the previous subsection, we assume that a(¢) and b(¢) change sign,
and that ag and b are generic.

Proposition 2.11 The number of connected components of m(t, x) = 0in (0, 2w) X
(0, 2m) is at most 4.
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Proof Asay, by are generic, we may assume that a(¢) and b(¢) have not common zeroes
in [0, 27]. By the change of variables r — 2 atan(z1) + 7 and x — 2atan(z») + 7,
m(t, x) becomes

51 22) = 2 f(z1,22)
’ @G+ D@+
where f(z1, z2) is a polynomial of degree 3 which is irreducible over the complex by
Lemma A.1. According to [13, p. 300], applying Harnack’s theorem, we obtain that
the real connected components of an affine algebraic algebraic curve of degree d is less
than or equal to max(g + 1, g+ ), where N is the number of non-compact connected
components of the affine algebraic curve and g is the genus of the corresponding
projective curve. Therefore, since f(z1, z2) = 0 defines a curve of degree 3 in R? we
conclude that g = w = 1 and, according to Bezout’s theorem, that N is less
than or equal to 3. So, f(z1, z2) = 0 has at most 1 4+ 3 = 4 connected components in
R?. Therefore, ¢ (z1, z2) has at most four connected components. Now, since the above
change of variables is a diffeomorphism from R? to (0, 27) x (0, 27); in particular, it
is an homeomorphism and we conclude that m (¢, x) = 0 has at most four connected
components in (0, 27) x (0, 27). O

Since we are assuming ag # 0, dividing a(¢) by ag, we cantake a(¢) := a(t)/ag =
14 ry cos(t) + ro sin(t) and ¢ := €. Then m(¢t, x) = 0 is equivalent to a(t)b(x) —
a(x)b(t)c = 0, which for ¢, x such that b(t)b(x) # 0 can be rewritten as

k(t) — k(x)c =0,

where k(1) = a(t)/b(t).

By Proposition 2.8, to bound the number of limit cycles of (2.3), it suffices to
compute the number of isolated solutions of (¢, x) = 0,m(¢,x) = 0,for0 < x —t <
2r andf < t +x <t + 2m. Note that in every connected component of m (¢, x) = 0,
if we have two consecutive zeros of A(z, x) = 0, then the gradients of m(¢, x) = 0
and of i(z, x) = 0 must be proportional. Therefore, the number of isolated zeros of
m(t, x) = h(t, x) = 0is bounded by the number of points of m (¢, x) = 0 where both
gradients are proportionals, plus four by Proposition 2.11.

Next, we show that the points of m(#, x) = 0 where both gradients are proportional
are, after a suitable variable change, the real solutions of two algebraic equations, so
that we can bound their number using Bezout’s theorem.

Observe that the gradient of m(r, x) = 0 is (K'(r), —k’(x)c), where k'(r) =
—n(t)/b(1)? with

n(t) := ((bori + bo) sin(t) + (1 — bory) cos(t) + boro + ry.

Proposition 2.12 The set of points (t,x) € (0, ) x (w, 2m) such that m(t,x) = 0
and (hy, hy) = (=2a(t), 2a(x)) is proportional to (k'(t), —k'(x)c) is the set Z of
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solutions of

a)b(x) — a(x)b(t)c =0, 2.15)
n(®)b(x)? = n(x)b()3c% = 0. ’

The number of isolated points of Z is less than or equal to 27.

Proof A point (t,x) € (0,7) x (,27w) satisfies both that m(¢, x) = 0 and that
(h¢, hy) = (=2a(t), 2a(x)) is proportional to (k'(¢), —k’(x)c) if and only if the matrix

—a(t) b(te K@)
a(x) —b(x) —k'(x)c

has rank two, that is, the 2 x 2—minors of the above matrix are equal to zero.

Now, by the change of variables + — 2atan(z;) + 7, x — 2atan(zz) + 7, we
obtain that (2.15) is equivalent to a polynomial system of equations determined by
two polynomials; one of degree 3 and another of degree 9. Therefore, by Bezout’s
theorem (see [1, Theorem 4.106] for more details) Z has at most 27 isolated points. O

Remark 2.13 Applying Grobner basis techniques, one can show that cardinality of
the set Z in Proposition 2.12 is less than or equal to 15. Indeed, using Singular [8],
we can compute a Grobner basis of the ideal a of C[zy, zo] generated by the two
polynomials that define the system equivalent to (2.15) after the change of variable
t — 2atan(zy) +m, x — 2atan(zp) + 7, for generic ry, 12, by and c. The initial ideal
of a with respect to the graded reverse lexicographic monomial order on C[z, z2]
is generated by {z?, Z%Zz, Z]Zg, zg}. Therefore, C[z1, z2]/a is a finite C—algebra of
degree equal to

dim¢ Clzy, zz]/(z?, z%zz, 1123, zS) =15,
that is, for generic r1, 72, by and c, the set Z has cardinality 15 at most.

Summarizing all of the above results, we obtain the following.

Theorem 2.14 The number of limit cycles of (2.3) is less than or equal to 35 = 27 +
44242 (r23=15+4+42+42 by Remark 2.13).
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Appendix A. Irreducibility of m

Next we prove that, generically, the function f(z;, z2) defined in Proposition 2.11 is
irreducible.

Lemma A.1 Let ay # 0. The following statements are equivalent.

(1) a(t) and b(t) have not common zeroes in [0, 27 ].

(2) (r14+ D (1 + Db — 2bory — 1 + 1) £ 0.

(3) After the change of variables t — 2 atan(z) + m and x — 2 atan(z2) + 7, the
numerator of m(t, x) is an irreducible polynomial over the complex.

Proof (1) <= (2). Let us prove that a(¢) and b(¢) has common zeroes if and only if
(ri+1) ((r1 + )b — 2bory — r1 4+ 1) = 0. Since a(t) = ag(1+ry cos(t)+r; sin(t))
and b(t) = sin(t) + bo(1 — cos(t)), we have that

r1 2 cos(r) \ [ —1
<—b0 1) (sin(t)) - <—b0> ' (1.16)
If bory + r1 = 0, then (1.16) has solutions if and only if 1 = —1 and bor, = —1,

whichis equivalentto (r1+1) ((r1 + 1)b§ —2bory —r1 + 1) = Owhen borp+r; = 0.
Otherwise, if boro + r1 # 0, then

cos)\ _( rnrn) ' (-1)_ 1 bory — 1

sin(r) ] — \ =by 1 —bo ) bora+r; \bo(ri+1) )’
thus, the system (1.16) has solutions if and only if (boro, — D2+ bo(r1 + 1)? =
(bor + r1)?; equivalently, (r; + 1)((r1 + )b — 2bory —r + 1) = 0.

(3) < (2). Set ¢ = ™%, By the change of variables r — 2atan(z;) + 7 and
x — 2atan(zp) + 7w we have that m(¢, x) becomes

2 f(z1,22)
@+ DEE+D
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where

fz1,22) = — (r1 + Dztza + c(r1 + Dz1z5 + bo(r1 + Dz}
— 2(c — Draz1z2 — boc(ry +—1)Z§ — (2bory + c(r1 — 1))z1
+ 2bocry +r1 — Dzo + bo(c — D) (r1 — 1)

Suppose that f factorizes into two nonconstant polynomials, say
\ﬁ=am%r+@mé+aﬂ%+mmm+ﬂﬂ%+%m+ﬂu2+@
and
o =b1z2i22 + brz123 + b3z} + baziza + bszs + bez1 + brza + bs.

Therefore, the coefficients of the monomials of f1 f> — f* = 0 have to be equal to zero.

Let us first notice that the coefficients of the monomials z%z% and z’i zé fori > 2or
Jj > 2 must be zero, that is,

0 =ai1by = axby + a1by = axby = asby + aibs
= azby + asby + a1bz + axbs = asby + azby + axbz + a1 bs
= asby + axbs = asby = agby + asbz + azby + abg
= a7by + agby + azbz + asby + asbs + axbe + a1by
= a7by + asb3 + azbs + a,b7 = asbs = agby + asbe = azbs + asb7.(1.17)

With the following Singular [8] commands:

LIB "primdec.lib";
ring r = 0, (b0,rl,r2,c,
al,a2,a3,ad,ab5,a6,a’,as8,
bl,b2,b3,bd,b5,b6,b7,b8),dp;
ideal m =
al*bl,a2*bl+al*b2,a2*b2,ad*bl+al*b4,
a3*bl+ad*b2+al*b3+a2*b4d,a5*bl+a3*b2+a2*b3+al*b5s,
ab*b2+a2*b5,ad*bd,a6*bl+ad*b3+a3*bd+al*bb6,
a7*bl+a6*b2+a3*b3+a5*b4d+ad*b5+a2*b6+al*b7,
a7*b2+a5*b3+a3*b5+a2*b7,a5*b5,a6*bd+ad*b6,a7*b5+a5*b7;
list L = minAss(m);
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we obtain that the system (1.17) has the following eight solutions:

b7 =bg =bs =by =bz =by =b; =0,

b1=bs=bs=b3=by=b1 =as =a» =a; =0,
be=bs=bys=b3=by=by=as=ay=a; =0,
b5=b4=b3=b2=b1=a5=a4=a2=a1=O,
bs=by=by=by=as=as=a3=ay=a; =0,
bs=by=b=as=as=ar=a3=ay =a; =0,
by=by=by=ar=a5=a4=a3 =ar» =a; =0,

aj=as=as=a4=a3 =a» =a; = 0.

Notice that the first and last solutions imply f> € Rand f; € R, respectively. So, they
can be removed. .

Consider now the coefficients of the monomials z’izé of fif> — f such that 0 <
i <2,0<j<2and(,j)# (2,2), namely

0 = agb + agb3 + ajbs + azbg + asb7 + a1bg +r1 + 1
= —ric + agby + a7bs + aegbs + asbg + azb7 + arbg — ¢
= —r1bo + agbs + asbe + asbg — bo
= 2ryc + agbs + arbg + agb7 + azbg — 2r>
= r1boc + boc + agbs + a7b7 + asbg
= 2rybg + ric + agbe + agbg — ¢
= —2rboc + agb7 + azbg —r1 + 1
= —r1boc + r1bo + boc + agbg — by.

ideal A =
a8*bl+ab6*b3+a7*bd+ald*bb6+ad*b7+al*b8+rl+1,
-rl*c+a8*b2+a7*b3+a6*b5+a5*b6+a3*b7+a2*b8-c,
-r1*b0+a8*bd+ab6*b6+ad*b8-b0,
2*r2*c+a8*b3+a7*b6+ab6*b7+a3*b8-2*r2,
r1*b0*c+b0*c+a8*b5+a7*b7+a5*b8,
2*r2*b0+rl*c+a8*b6+ab*b8-c,
-2*r2*pb0*c+a8*b7+a7*b8-rl+1,
-r1*b0*c+r1*b0+b0*c+a8*b8-b0;

If we restrict these equations to each of the eight solutions obtained above, eliminat-
ing the first and the last for the reasons given above, we obtain six systems of equations

defined by the six ideals a;, i = 1, ..., 6, of C[bg, r1, 12, ¢, ay,...,a7, by, ..., bsg].
If we now impose the conditions ¢ > 0 (actually only ¢ # —1 is needed) and
ap # 0, 1.e. ¢ # 1, and eliminate the variables ay, ..., ag, by, ..., bg, we obtain the

conditions that must be satisfied by by, c, 1, and ro, if any, for f to factorize into

fi- .
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for (int 1=2; i<=7; 1i=i+1)
{
eliminate(sat (A+L[i],c*(c"2-1)) [1],
al*a2*al3*ad*ab*a6*a7*a8*bl*b2*b3*b4d*b5*b6*b7*b8) ;
}

As a result of the above computation we conclude that equation f1f> — f = 0 has
solutions if and only if (r; + 1) ((r1 + 1)b§ — 2bory — r1 + 1) = 0. Therefore, f is

irreducible if, and only if, (r; + 1)((r1 + l)b(z) —2bory —r1 + 1) # 0. O
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