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Abstract: In alignment with a programme by Donaldson and Thomas, Thomas [48]
constructed a deformation invariant for smooth projective Calabi-Yau threefolds, which is
now called the Donaldson-Thomas invariant, from the moduli space of (semi-)stable sheaves
by using algebraic geometry techniques. In the same paper [48], Thomas noted that certain
perturbed Hermitian-Einstein equations might possibly produce an analytic theory of the
invariant. This article sets up the equations on symplectic 6-manifolds, and gives the local
model and structures of the moduli space coming from the equations. We then describe
a Hitchin-Kobayashi style correspondence for the equations on compact Kéhler threefolds,

which turns out to be a special case of results by Alvarez-Cénsul and Garcfa-Prada [1].
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1. INTRODUCTION

In [21], Donaldson and Thomas suggested higher-dimensional analogues
of gauge theories, and proposed the following two directions: gauge theories
on Spin(7) and Ge-manifolds; and gauge theories in complex 3 and 4 dimen-
sions. The first ones could be related to “Topological M-theory” proposed
by Nekrasov and others [39], [15]. The second ones are a “complexification”
of the lower-dimensional gauge theories. In this direction, Thomas [48] con-
structed a deformation invariant of smooth projective Calabi-Yau threefolds
from the moduli space of (semi-)stable sheaves, which he called the holomor-
phic Casson invariant because it can be viewed as a complex analogue of the
Taubes-Casson invariant [47]. It is now called the Donaldson-Thomas invari-
ant (D-T invariant for short), and further developed by Joyce-Song [28] and
Kontsevich-Soibelman [32], [33], [34]. Later, Donaldson and Segal [20] further
promoted the programme, taking into account the progress made after the
proposal. Recently, more breakthroughs concerning the “categorification” of
the D-T invariant by using perverse sheaves were made by a group led by
Joyce [7], [27], [8], [9], [4], also by Kiem-Li [29].
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Let us mention here a conjecture (called the MNOP conjecture) posed
by Maulik-Nekrasov-Okounkov-Pandharipande [37], [38], which insists that
the rank one D-T invariants (“counting” of ideal sheaves on a Calabi-Yau
threefold) can be determined by only the Betti numbers and the Gromov-
Witten invariants. Assuming the conjecture is true, one can observe that
the rank one D-T invariants are symplectic invariants, as the Gromov-Witten
invariants are symplectic invariants. One might further speculate that the full
D-T invariants defined by Joyce and Song could be also symplectic invariants.
One of our goals is to work toward proving this by using a gauge-theoretic
equation (we call it the Donaldson-Thomas equation) on a compact symplectic
6-manifold, which ought to be an analytic counterpart of the notion of stable
holomorphic vector bundles, as the problem is analytic in nature.

Perhaps, one might think of that a gauge-theoretic equation which would
describe the D-T invariant could be the Hermitian-Einstein equations, as the
Hitchin-Kobayashi correspondence [17], [18], [50], [51] (see also [31], [36])
insists that there is a one-to-one correspondence between the existence of
the Hermitian-Finstein connection and the Mumford-Takemoto stability of
an irreducible vector bundle over a compact Kéhler manifold. However, the
Hermitian-Einstein equations do not form an elliptic system even with a gauge
fixing equation in complex dimension three and more (see Section 2.1), so this
might cause a little problem.

In order to work out this issue, Donaldson and Thomas [48] suggested
a perturbation of the Hermitian-Einstein equations described below. This
perturbation was also brought in by Baulieu-Kanno-Singer [3] and Igbal-
Nekrasov-Okounkov-Vafa [26] in String Theory context.

Let Z be a compact symplectic 6-manifold with symplectic form w, P
a principal U(r)-bundle on Z, and E the associated unitary vector bundle
on Z. The equations we consider are ones for a connection A of P and an
Ad(P)-valued (0,3)-form u on Z of the following form:

F%Q + Ju=0, Fj"l Aw? + [u, @] + 2mip(E)Idgw® =0,

where Fg,z and Fj"l are the (0,2) and (1,1) components of the curvature Fs

of A, and

w(E) = 1/Z01(E) A w?.

r

Here we picked up an almost complex structure compatible with w to get the
splitting of the space of the complexified two forms. We call the equations
the Donaldson-Thomas equations (D-T equations for short) and a solution
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to the equations a Donaldson-Thomas instanton (D-T instanton for short).
These equations with a gauge fixing equation form an elliptic system. We aim
at developing an analytic theory concerning the D-T invariant by using the
moduli space coming from these equations.

In [44], [45], we studied some analytic properties of solutions to the equa-
tions on compact Kéhler threefolds. In [44], we proved that a sequence of
solutions to the D-T equation has a subsequence which smoothly converges
to a solution to the D-T equation outside a closed subset of the Hausdorff
dimension two. In [45], we proved some of singularities which appeared in the
above weak limit can be removed.

In this article, we describe the infinitesimal deformation and the Kuran-
ishi model of the moduli space of D-T instantons by using familiar techniques
in gauge theory, for example, the corresponding results for the anti-self-dual
instantons in real four dimensions were studied by Atiyah-Hitchin-Singer [2]
(see also [22], [19]), and for the Hermitian-Einstein connections by Kim [30]
(see also [31], [36]). We then describe a Hitchin-Kobayashi style correspon-
dence for the D-T instanton on compact Kéahler threefolds, which turns out
to be a special case of results by Alvarez-Cénsul and Garcia-Prada [1].

The organisation of this article is as follows. In Section 2, we briefly
recall the Hermitian-Einstein connections, subsequently, we introduce the D-
T equations on symplectic 6-manifolds. We also mention a relation between
the D-T equations and the complex anti-self-dual equations by dimensional
reduction argument. In Section 3, we give the Kuranishi model of the space
of the D-T instantons. In Section 4, we describe a Hitchin-Kobayashi style
correspondence for the D-T instanton on compact Kéahler threefolds.

2. THE DONALDSON-THOMAS INSTANTONS

2.1. THE HERMITIAN-EINSTEIN CONNECTIONS ON COMPACT KAHLER
MANIFOLDS. We first recall the notion of the Hermitian-Einstein connections
on compact Kéahler manifolds. General references for the Hermitian-Einstein
connections are [31] and [36].

Let X be a compact Kahler manifold of complex dimension n with Kahler
form w, E a hermitian vector bundle over X with hermitian metric h. A metric
preserving connection A of E is said to be a Hermitian-FEinstein connection
if A satisfies the following equations:

F3?=0,  iAFy' =2nmu(E)ldg, (2.1)

where Fg’Q and F/‘k’l are the (0,2) and (1,1) components of the curvature Fy
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of A, A := (w)*, and

1

w(E) = . /XCI(E) Aw™ 1t

The existence of a solution to the equations (2.1) is related to the notion of
stability for holomorphic vector bundles. In fact, Donaldson [17], [18] and
Uhlenbeck-Yau [50], [51] proved that there is a one-to-one correspondence
between the existence of the Hermitian-Einstein connection and the Mumford-
Takemoto stability of an irreducible vector bundle over a compact Kahler
manifold (see also [31], [36]).

The infinitesimal deformation of a Hermitian-Einstein connection A was
studied by Kim [30] (see also [31], [41]), and it is described by the following:

0 — QX u(E)) 45 Q1(X,u(E)) 45 0 (X, u(E))
Da, 403(x u(E)) D4 A (xu(E))  (22)
Day [ Day gon(x w(E)) —s 0,
where A%Y(X,u(E)) := C®(u(E) ® A%), u(E) = End(E,h) is the bundle
of skew-Hermitian endomorphisms of E, A%P is the space of real (0, p)-forms
(see [42, pp. 32-33]) over X, defined by AP @ C = A% @ AP0,
QT (X, u(E)) = A%(X,u(E)) ® Q°(X,u(E))w
={¢+ 0+ fw: € QX u(B), f € (X u(E))},
Da: A% (X, u(E)) — A" X, u(E)) is defined by
Daa = 940" + 94000
for a = a% + a9?, where o’? € Q"P(X,u(E)), and
djg =7t ody, D;& = DAOTI'O’2,

where 71 and 7% are respectively the orthogonal projections from Q2 to Q+
and A%2.

Kim proved that (2.2) is an elliptic complex if A is a Hermitian-Einstein
connection. However, it is obviously not the Atiyah-Hitchin-Singer type com-
plex [2] if n > 3, since there are additional terms such as A%3(X,u(E)) and
so on. Hence, the Hermitian-Einstein connections would not work for an an-
alytic construction of the Donaldson-Thomas invariant just as it is. But, in
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[48], Thomas noted a perturbed Hermitian-Einstein equation, which basically
corresponds to a “holding” of the extra term A%3(X,u(F)) in (2.2) (we shall
see it in Section 3.1), could possibly work for an analytic definition of the
Donaldson-Thomas invariant. We introduce that perturbed equation in the
next subsection.

2.2. THE DONALDSON-THOMAS INSTANTONS ON COMPACT SYMPLECTIC
6-MANIFOLDS. Let Z be a compact symplectic 6-manifold with symplectic
form w, and E a unitary vector bundle of rank r over Z. We take an almost
complex structure on Z compatible with the symplectic form w. Then the
almost complex structure induces the splitting of the complexified two forms
as A2 C = A?0 @ A%?2 @ AL, We consider the following equations for
a connection A of E, which preserves the hermitian structure of E, and a
u(E)-valued (0,3)-form u on Z.

FY* +du=0, (2.3)
Fyt Aw? 4 [u, 4] + 2mip(E)[dg® =0, (2.4)

where Fg’Q and Fj"l are the (0,2) and (1,1) components of the curvature F4

of A, and

W(E) = l/ch(E)/\wQ.

r

We call these equations (2.3), (2.4) the Donaldson-Thomas equations, and
a solution (A,u) to these equations a Donaldson-Thomas instanton (D-T
instanton for short).

One may think of these equations as the Hermitian-Einstein equations with
a perturbation u. However, we think of u as a Higgs field, namely, a new vari-
able. One of advantages of bringing in the new field u is that the Donaldson-
Thomas equations form an elliptic system after fixing a gauge transformation,
despite the fact that the Hermitian-Einstein equations on compact Kéahler
threefolds do not form it in the same way.

These equations (2.3), (2.4) were also studied in physics such as in [3]. In
that context, these equations are interpreted as a bosonic part of dimensional
reduction equations of the NV = 1 super Yang-Mills equation in 10 dimensions
to 6 dimensions (see also [26], [40]).

THE EQUATIONS IN THE KAHLER CASE. If the almost complex struc-
ture is integrable, then we have GAF2’2 = 0 by the Bianchi identity. Hence
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040%u = 0 by (2.3), thus we have 9%u = 0 on compact Kéhler threefolds.
Therefore, the Donaldson-Thomas equations (2.3), (2.4) becomes

Fu =0, Fy* =0,
Fjl’l/\ w? + [u, @] + 2mip(E)Idpw® = 0.

The above equations could be thought of as a generalization of the Hitchin
equation on Riemann surfaces [24] to K&hler threefolds in the same way as the
Vafa-Witten equations on Kéhler surfaces as mentioned in [46]. In Section 4 to
this article, we describe the corresponding Hitchin-Kobayashi correspondence
in this setting, which turns out to be a special case of results by Alvarez-Cénsul
and Garcia-Prada [1].

2.3. THE cOMPLEX ASD AND THE DONALDSON-THOMAS INSTANTONS.
In this section, we see that the Donaldson-Thomas equations on Calabi-Yau
threefolds can be thought of as the dimensional reduction of the complex ASD
equations on Calabi-Yau fourfolds, this was pointed out by Tian [49], and it
is analogous to the Hitchin pair [24].

CoMPLEX ASD EQUATIONS ON CALABI-YAU FOURFOLDS. Let X be a
compact Calabi-Yau fourfold with Kéhler form w and holomorphic (4, 0)-form
6. We assume the normalization condition § A § = i—?w‘l on w and 6. Let
be a hermitian vector bundle over X. By using the holomorphic (4,0)-form

0, we define the complex Hodge operator g : A%? — A%2 by

tr(p A *gt) = (6,9)0 ¢, € AV,

Then *g = 1, and the space of (0,2)-forms further decomposes into A%? =
A%2 @ A%2 wh
¥ ~“, where

AP ={p e A i wp =0}, AL ={pe A" : 5o =—0}.

Note that the operator #4 is an anti-holomorphic map, hence AE)F’Z and A”?
are real subspaces of A%2.
We consider the following equations for connections of E:

(1+#9)F? =0,  iAFy' = 8ru(E)ldg, (2.5)

where
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We call these equations complexr ASD equations, and a solution to these equa-
tions a complex ASD instanton. These were brought in by Donaldson and
Thomas in [21]. These equations with a gauge fixing equation form an elliptic
system. Analytic properties of the complex ASD instantons were studied by
Tian [49].

Note that the complex ASD instantons are special cases of Spin(7)-instan-
tons on Spin(7)-manifolds (see [43, §3.1]).

More recently, Donaldson-Thomas style invariants for Calabi-Yau four-
folds, which concerns the moduli space of the solutions to the above complex
ASD equations, were defined by Borisov-Joyce [5], Cao [10] and Cao-Leung
[11] (see also [12], [13], [14]).

DIMENSIONAL REDUCTION. We describe a relation between the Donald-
son-Thomas equations (2.3), (2.4) and the complex ASD equations (2.5) by
dimensional reduction argument. This was pointed out by Tian [49].

Let Z be a compact Calabi-Yau threefold with Kéahler form wy and holo-
morphic (3, 0)-form 6y, and T2 a torus of complex dimension one. We consider
the direct product of Z and 72, and denote it by X, namely, X := Z x T2.
We define a Kéhler form w and a holomorphic (4, 0)-form on X by

w:=wy+dzANdz, 0:=6yNdz,

where dz is the standard flat (1,0) form on T2.

Let E be a hermitian vector bundle with structure group SU(r) over Z,
and p : X = Z x T? — Z. We then consider T?-invariant solutions to the
complex ASD equations (2.5) on p*E — X. Then these solutions satisfy the
Donaldson-Thomas equations on Z. In fact, if we write a connection A on
X =72 xT?as Ax = A+ ¢dz + ¢dz, where A is the Z-component of the
connection Ay and ¢ € I'(Z,su(F)), then the curvature becomes

Fa, = Fa+ dapNdz + dap Ndz + [p, pldz A dZ.

Hence, if we put u := ¢y € Q"3(Z,su(F)), then A and u satisfy the
Donaldson-Thomas equations, provided that this Ax is a T?-invariant so-
lution to the complex ASD equations.

3. LOCAL MODEL FOR THE MODULI SPACE OF
DONALDSON-THOMAS INSTANTONS

Let Z be a compact symplectic 6-manifold with symplectic form w, (E, h)
a hermitian vector bundle over Z with hermitian metric h.
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We denote by A(F) = A(E, h) the set of all connections of E which pre-
serve the hermitian structure of E, and put C(E) := A(E) x Q%3(Z,u(E)).
We denote by G(E) = G(E, h) the gauge group, the group of unitary auto-
morphism of (E,h), where the action of the gauge group on C(FE) is defined
by g(A,u) = (A—(dag)g™', g tug). These spaces C(E), G(E) can be seen as
Fréchet spaces with C°°-norms, but we shall use Sobolev completions of them
in Section 3.2.

We denote by I'( 4, the stabilizer at (A,u) € C(E) of the gauge group
G(F), namely,

Ciaw = {g €G(E) : g(A,u) = (A,u)}.

We call (A,u) € C(E) irreducible if T'(4,) coincides with the centre of the
structure group of E, and reducible otherwise. We denote by C*(FE) the set
of all irreducible pair (A4,u) € C(E). Note that the action of G(FE) is not free
on C*(E), but the action of G(E) = G(E)/U(1) is free on C*(E).

We denote by D(FE) the set of all D-T instantons of E, and by D*(E) the
set of all irreducible D-T instantons of E. We call M(E) = D(E)/G(FE) the
moduli space of the Donaldson-Thomas instantons.

3.1. LINEARIZATION. The infinitesimal deformation of a D-T instanton
(A, u) is described by the following sequence:

Dau)

0 — Q(Z,u(E)) — 1 Q1(Z,u(B)) & A (Z,u(E)) (3.1)
3.1
D+
(A,u) Q+<Z’u(E)) HO’
where
D(A,’u,)(s) - (dAS7 I:{L’S})’ a:u+a7
D, (e v) = dfa+ A% ([u, 0] + [v, ) + Djv

for s € Q%(Z,u(E)) and (a,v) € QY Z,u(E)) ® A®3(Z,u(E)). If (A, u) is a
D-T instanton, then (3.1) is a complex. In fact, Dz;l,u)D(AM) = 0 follows
directly from the equations (2.3), (2.4). The complex (3.1) can be seen as
“holding” of the A%3(Z,u(E))-term in (2.2), namely, it is equivalent to con-
sider the following complex instead of (3.1):

0 — QO(X, u(E)) 5 Q'(X, u(E)) (32)
) . 3.2
AL o (X u(E)) 24 A% (X, u(E)) — 0.
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This is the same as that of the Hermitian-Einstein connections in Section 2.2,
but it still makes sense in the almost complex setting. Hence the following
just reduces to the case in (3.2), and it was proved by Reyes Carrién [41].

PROPOSITION 3.1. If (A,u) € D(E), then the complex (3.1) is elliptic.

We denote by H(iAM) = H("A’u) (Z,u(FE)) the i-th cohomology of the complex
(3.1) for i = 0,1,2.

The complex (3.2) has the associated Dolbeault complex as Kim [30] de-
scribed it in the Kéhler case (see also [31, Chapter VII, §2]):

0 s, gr B gr Ph gos Da
ljo ljl l]é JJ’S (3-3)
0 Q0,0 9a QO,l 9a QO,Z 9a QO,S 9a 0 ’

where jg is injective, j; is bijective, ja is surjective with the kernel {fw : 3 €
Y}, and js is bijective. Hence the index of the complex (3.2), thus that of
the complex (3.1), can be expressed by that of the Dolbeault complex above,
which is given by [, A(Z)/\ch(K;/Q) Ach(u(E)) (see [23, §3.5]). In the Kahler

case, the index can be computed as

/ <Z>A(r‘1 (B) <E>)+ 2 (1) dim HO4(2)
ch 5 CL rC9 r 2. im .

Note that the index is zero if Z is a Calabi-Yau threefold.

3.2. KURANISHI MODEL AND THE LOCAL DESCRIPTION OF THE MODULI
SPACE. We denote by Cx(E), C;(E), Dy(E), Di(E) the L?-completions of
C(E), C*(E), D(E), D*(E) respectively, and by Gi41(E) the L ,-completion
of G(E). We take k sufficiently large so that Gy, becomes a Hilbert Lie group
acting smoothly on Ci(FE), the quotient topology Ck(E)/Gr11(FE) becomes
Hausdorff (see e.g. [22, §3]), and to use implicit function theorems for the
Sobolev spaces. A general reference for the Sobolev spaces and the implicit
function theorems on them for our purpose is, for example, [52].
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SLICE. We define slice S(4.). at (A,u) in Cx(E) by

SAu)e = {(a, v) € Li(w(B) ® (A' @ A%%))
: Dl (@) =0, |[(e,0)]]2 < 5}.

This set S(4,) is transverse to the Gy 1-orbit through (A, u) as ker DE"A )
is orthogonal, with respect to the L?morm in L} (u(E) @ (A* ® A%?)), to
Im D4,,). There is a natural map

P(A,u),s : S(A,u),s — Ck(E)/gk—l-l(E) ) (aa U) — [(A +o,u+ UI)] )

where v = j3(v), and js : A%? — Q%3 is the map in (3.3).
In the following, we take (A,u) € C(F) for simplicity.

PROPOSITION 3.2. Let (A,u) € C;(E). Then there exists € > 0 such that
S(Aw).e 18 diffeomorphic to P ). (S(A,u),g) in Ci(E)/Gr1(E).

Proof. This is a familiar claim in gauge theory, the proof is a modification
of known results for the ASD and the Hermitian-Einstein connections (cf.
[16, Theorem 6], [22, Theorem 3.2 and Theorem 4.4], [31, Chapter VII, §4,
Theorem 4.16], and [36, Proposition 4.2.1]). We divide the proof into two
steps:

Step 1. We consider a map f(4,) : S(au)e X Grr1(E) — Ci(E) defined by
faw (o, v),9) = g(A+a,u+0"). Then the differential of f( 4,y at ((0,0),id)
is given by

D fawl(0,0),i0)(B:¢)s8) = (B, ) + Diauy(s) -
As Im D4,) and ker D(A ) are L%orthogonal in L7 (u(E) ® (A @ AO,S))’
D fauwl(0,0),ia) 1s injective if (A, u) is irreducible.
On the other hand, associated to the operator

D{ayDiaw : Liza(u(B) @ A) /u(1) — Li_ (w(E) @ A°) /u(1),
where
L7 (w(EB) @ A% /u(l) = {s € L 1 (w(E) ® A%) : [, tr(s)vol, =0},

there exist the Green operator G? : L2 (u(E)®A%) /u(1) — L¥(uw(E)®@A%) /u(1)
and the harmonic projection H? : L (u(E) ® A°) /u(1) — L (u(E) @ A%) /u(1)
with the identity:

Id = H°+ D{y ,yDiau) 0 G°
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(see e.g. [52, Chapter IV, §5]). From the identity, we obtain
D?A,u)((V’ X) - D(A,u)GODz(A,u) (77 X)) =0

for any (7,x) € Li(u(E) ® (A @ A%3)). Thus, for a given (v, x) € Li(u(E) ®
(ALp A%3)), we take (8, ¢) = (v, X)_D(A,u)GODZ(AﬂL) (v, x), 8= GODFA,U) (v, %)
to get (7,x) = (B,9) + D(au)(s). Therefore D f4.)|(0,0),iq) is surjective.

We then use an inverse mapping theorem for the Hilbert spaces (see e.g.
(35, Chapter 6]) to deduce that around (A, u), C;(F) is locally diffeomorphic
to a neighbourhood of ((4,u),id) in S(44) . ¥ Grs1(E).

Step 2. We then prove that if for (a1,v1), (a2,v2) € S(au), there exists
g € Gr+1(F) such that

(A—i—al,ﬂ,—i—vl):g(A—i-ag,fL—i—Ug), (3.4)
then cg is close to idg in L%H for some ¢ € U(1).
Since we assume that (A, u) is irreducible, we can take ¢ € U(1) so that
g =cg—idg € ker (D(Am))J‘. From (3.4), we get
dag = a1g’ — g'az + (a1 — az), [4, 9] = g'vi —vag’ +v1 — V2.
Hence,
Diawyg = (ng — g'az + arz, g'v1 — v2g’ +v12) (3.5)
where a9 = a1 — a9, V13 = V1 — Va.
Since ¢ lies in (ker D AM)l, there exists a constant C' > 0 independent
of (A,u) and ¢’ such that ||g,HLi+1 < CHD(A,u)g/HL%' Thus, using (3.5), we
obtain

19/11zz,, < € (119/11zz (llollzz + lazllzz + llvallzz ) + lazllzz + vrallzz ) -

k+1

Hence,
C
19'11sz,, < 755 (llozllz + llvaallzz )

for e < 1/3C. Thus, we get ||cg — idE|‘Li+1 < C'e for £ small, where C' is a
positive constant.
From this, the assertion of the lemma is reduced to Step 1. 1

Remark 3.3. By modifying the proof of Lemma 3.2, one can prove that
for (A, u) € Cx(E), there exists ¢ > 0 such that S(4 ) ./I"(4,y) is diffeomorphic

to P(A,u) (S(A,u),a/f(A,u)> in Ck(E)/Gk+1<E), where f(A7u) = F(A,u)/U(l)a fol-
lowing, for example, [22, Theorem 4.4].
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KuraNisHI MODEL. This is also a familiar picture in gauge theory. We
describe it for the Donaldson-Thomas instanton case, modifying known results
in the ASD and Hermitian-Einstein connections (cf. [16, Proposition 8], [31,
Chapter VII, §4, Theorem 4.20], and [36, Proposition 4.5.3]). We take (A4, u) €
Di(E), and consider a deformation (A + «,u + v') € Di(FE), where

(a,v) € Lj (u(E) ® (A" @ A%?)) .
Then, (a,v) satisfies the following:
dha + 7T (@ Aa) + By(v) + A%[v,0] + Div + *a%v =0, (3.6)

where B, (v) := A%([u,v] + [v,a)).
Associated to the operator

D+

+
D (A)

(A,u)( )* : L%(u(E) ® A+) — Lz(u(E) ® A+) )

there exist the Green operator G2 : L2 (uw(E) @ AT) — LZ(u(E) ® AT) and the
harmonic projection H : LZ(u(E) ® AT) — L (u(E) ® A™) with the identity:

Id=H + D{Am (D(t‘,u)

) o G2
(see e.g. [52, Chapter IV, §5]). Using these, we define a map
Kaw : Li(uw(E) @ (A @ A%?)) — Li(u(E) ® (A" @ A%?))
by
K (a,v) = (a + (d}) 0 G o (7T (a A @) + A*[v, 0] + *aFv) |
v+ (DY + (BE)) o G?o (nh (e A a) + A2[v, o] + m%)) :

where (B) = B} o, B! : Q% — A%3 is the adjoint of B,, and 7 is the
orthogonal projection from 92 to Q0w.

LEMMA 3.4. A pair (a,v) € Li(uw(E) ® (Al & A%3)) satisfies (3.6) if and
only if it satisfies D& u)K(Am(a,U) =0 and

H(rt(a Aa) + A?[v, 0] + %aFv) = 0.
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Proof. Using the identity Id = H + Da ) (DZ4 u))* o G?, we rewrite the
left-hand side of (3.6) as

di(a+(d}) o G?o (rH(ana)+ A?[v, D] + *akv)) + By(v)
+ D4 (v+ (D + (BL)) 0 G2 o (1t (a A a) + A2[v, 0] + %a%v))
+ Ho (7 (a Aa) + A*[v, 0] + %axv)

= D(J;1 K +Ho (7H(a A @) + A%[v, 0] + *aFv) .

(3.7)

Hence, if D&M)K(AM) =0and Ho (71 (a A a)+ A%[v, 0] + *axv) = 0, then
(3.6) holds.
Conversely, if (3.6) holds, then from (3.7) we get

D(J;l wKau +Ho (7 (A @) + A%[v, 0] + Faxkv) = 0.

Thus, (D&,u))*D(tx,u)K(Am) = 0. This implies HD&M)K(AM)HL%A(H(E)@M) —

0, hence, D(J;x,u)K(A,U) =0and Ho (77 (a A )+ A%[v, 0] + *axv) = 0. 11
W? put S?A’u)ﬁ = {(,v) € Sau)e : (o, v) satisfies (3.6)}, and denote

by H, u)(Z, u(E)) (i =0,1,2) the harmonic spaces of the complex (3.1).
LEMMA 3.5, K(au (St .) C Hi,, (Zu(E)).

Proof. From the definition of the map K4 ,), we have

D?A,,U)K(A,,U) (a; U) = D?A,u) (Oé, U)

. +
+ D4 (Dis

(4, ))*(G2 o (rT(a A @)+ A%[v, 0] + *axv))

for (a,v) € SEIA e This is equal to 0, because Df, \(a,v) = 0 for (a,v) €

SziAm),E’ and D?A?u) (DZ‘LU)) =0 as Der,u)D(A,u) = 0. From Lemma 3.4, we
also have Da u)K(A,u) = (0. Thus Lemma 3.5 holds. 1

From Lemmas 3.4 and 3.5, we deduce the following.

LEMMA 3.6. A pair (a,v) € L} (w(E) ® (A @ A%?)) lies in SgA u),e if and
only if K(4)(a,v) € H%A u)(Z, u(E)) and

H(r"(a Aa) + A2[v, 0] + %aFv) = 0.
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We now prove the following.

THEOREM 3.7. Let (A,u) € D*(E). Then there exists a neighbourhood

U of 0 in H%Au)(Z,u(E)) such that around [(A,u)] the moduli space

M*(E) = D*(E)/G(E) is locally modeled on the zero set of a real analytic
map K(ay) U — H%A u)(Z, u(E)) with k(4,,)(0) =0, and the first derivative
of K(au) at 0 also vanishes.

Proof. From the definition of the map K(4,), we have K(4,)(0) = 0.
Since the differential of K4 ,) at 0 is identity, we can deduce, from the inverse
mapping theorem on the Hilbert spaces (see e.g. [35, Chapter 6]), that there
exist a neighbourhood U of 0 in H%A,u)(Z’ u(E)) and a map

Ky U— Li(w(E)® (A& A%?))

such that K (_Alu) is a diffeomorphism between U and K (_Alu) (U). We then define
amap Kay) U — H%A,u) by k4w =1 o K&iu), where ¢ : H%A,u) — H%A,u)
is defined by

Y(a,v) =H(r"(aha)+ A%[v, D] + *oFV) .

We now take ¢ sufficiently small so that all the following hold. Firstly,
from Lemma 3.6, the zero set of k(4,4 is mapped by K, 641 ) diffeomorphically

U

to an open subset in S?A 0 Next, from Proposition 3.2, S(dA ) e is diffeo-
morphic to p(A,u)’E(S(dAM)’E) in DE(E)/Qk+1(E) Hence, the zero set of (44

is diffeomorphic to a neighbourhood of [(A,u)] in DZ(E)/Qk+1(E) More-
over, from the elliptic regularity, the harmonic elements are actually smooth,
therefore the neighbourhood of [(A,u)] in D} (E)/Gr+1(F) is isomorphic to a
neighbourhood of [(A4,u)] in M*(E).

The assertions that r(4,) = 0 and the derivative of £ (4 ,) at 0 is zero just
follow from the definition k(4 ) = Yo K (ju) and the fact that the differential
of K4, at 0 is the identity. 1

From Theorem 3.7, one can deduce that M*(E) is smooth around [(A, u)] if
H% Au) (Z,u(E)) = 0. But, as in the case of the Hermitian-Einstein connections
(cf. [30], [31, Chapter VII, §4], [25, Chapter 2, §2.1], [36, Chapter 4, §4.5]),
it can be improved in the following way. Firstly, we note that, corresponding
to the decomposition of u(r) = iR @ su(r), the bundle u(E) naturally decom-
poses into R and u(E) over Z, where u(E)g is the bundle of trace-free skew-
Hermitian endmorphisms of F, and there is a subcomplex of the complex (3.1),
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which is defined by using the bundle u(£)y instead of u(£). The decomposition
is preserved by the operators of the complex, hence it induces a corresponding
splitting of H("A#)(Z,u(E)) (i=0,1,2). For (ae,v.) € AY(Z) @ A%3(2), it is
always H(w*(ac Aae) + A2ve, Ue) + %a(ﬁvc) = 0, hence the map r (4 ,,) values
in H2(Z,u(E)p). In particular, we obtain the following.

COROLLARY 3.8. Around [(A4,u)] € M*(FE) with H(QAu
the moduli space M*(E) is smooth.

)(27 u(E)O) =0,

Remark 3.9. Around (A,u) € D(FE), which is not irreducible, one can
prove that H%Ayu)(Z,u(E)) and H%A’u)(Z,u(E)) are I'(4 ,y-invariant, and the
map k(a) 18 I'(4,4)-equivariant. Hence, combining the claim in Remark 3.3,
one can deduce that around [(A, u)] the moduli space M(FE) is locally modeled
on ’f(iAlyu)(O)/F(A,u)-

4. THE HITCHIN-KOBAYASHI CORRESPONDENCE FOR THE
DONALDSON-THOMAS INSTANTONS ON COMPACT KAHLER THREEFOLDS

Perhaps one might ask what kind of a Hitchin-Kobayashi style correspon-
dence would hold for the Donaldson-Thomas instanton on compact Kahler
threefolds. In this section, we describe this, which actually follows from a
result by Alvarez-Cénsul and Garcia-Prada [1].

Let Z be a compact Kahler threefold, and F = (E,h) a Hermitian vector
bundle over Z with Hermitian metric h. If (A,u) is a D-T instanton on F,
then the connection A defines a holomorphic structure 04 on E as Fg’2 =0,
thus, we can think of E as a locally free sheaf O(F,d,). In addition, the
End(E)-valued (0, 3)-form w is naturally identified with a section of the bundle
End(E) ® K", so ¥u is a section of the bundle End(E) ® Kz. The equation
O%u = 0 implies da%u = 0, hence, ¢ := *u is a holomorphic section of
End(E) @ Kz.

We then consider a pair (€, ¢) consisting of a torsion-free sheaf £ and a
holomorphic section ¢ of End(€) ® Kz. A subsheaf F of £ is said to be a
p-invariant if p(F) C F®Q Kz. We define a slope p(F) of a coherent subsheaf

F of & by
1

w(F) = 1nank(]__)/ch(det]-")/\wz.

DEFINITION 4.1. A pair (€, ) consisting of a torsion-free sheaf £ and a
holomorphic section ¢ of End(€)® K is called semi-stable if u(F) < u(€) for
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any @-invariant coherent subsheaf F with rank(F) < rank(€). A pair (&, ¢)
is called stable if u(F) < u(€) for any @-invariant coherent subsheaf F with
rank(F) < rank(€).

DEFINITION 4.2. A pair (€, ) consisting of a torsion-free sheaf £ and a
holomorphic section ¢ of End(€) ® K is said to be poly-stable if it is a direct
sum of stable sheaves with the same slopes in the sense of Definition 4.1.

Then the correspondence can be stated as a one-to-one correspondence
between a pair (&£, ), where £ is a locally-free sheaf on a Kéhler threefold
Z and a holomorphic section ¢ of End(€) ® Kz, which is stable in the sense
of Definition 4.1; and the existence of a solution to the Donaldson-Thomas
equations on £. This fits into a setting studied by Alvarez-Cénsul and Garcia-
Prada [1] (see also [6]), and it is stated as a special case of their results as
the case of a twisted quiver bundle with one vertex and one arrow, whose
head and tail conincide, and with twisting sheaf the anti-canonical bundle.
We state it in our setting as follows.

THEOREM 4.3. ([1]) Let Z be a compact Kéhler threefold with Kéhler
form w. Let (£,¢) be a pair consisting of a locally-free sheaf £ on Z and a
holomorphic section ¢ of End (£)® Kz. Then, (£, ) is poly-stable if and only
if £ admits a unique Hermitian metric h satisfying

AFy, + N[, ¢ + 6mip(€)Idg = 0,
where Fj, is the curvature form of h, and A := (Aw)*.

Note that the equation ézu = 0 in the Donaldson-Thomas equations on
a compact Kéhler threefold is implicitly addressed in Theorem 4.3 by saying
that ¢ = %u is a holomorphic section of End(£) ® Kz. One more remark
is that a proof of the Hitchin-Kobayashi correspondence using the Mehta-
Ramanathan argument for the Vafa-Witten equations in [46] could also apply
to the Donaldson-Thomas instanton on smooth projective threefold as men-
tined in [46].
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