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Resumen

El transporte difusivo es un mecanismo fundamental en importantes procesos
biológicos que incluyen reacciones qúımicas. Sin embargo, las aproximaciones
f́ısico-estad́ısticas más habituales son incapaces de explicar satisfactoriamente la
cinética de aquellos procesos reactivos que se ven fuertemente afectados por el
crecimiento del medio en cuestión. Para aplicaciones en Bioloǵıa y en otros
ámbitos, resulta imprescindible elaborar modelos f́ısico-estad́ısticos que describan
apropiadamente el movimiento difusivo en medios expansivos. En muchas oca-
siones, el movimiento de las part́ıculas en los sistemas a estudiar satisface con
bastante exactitud las leyes de la difusión browniana (también denominada di-
fusión normal). Pero en otras, factores como el desorden del medio o la presen-
cia de obstáculos que limitan el esparcimiento de las part́ıculas introducen una
mayor complejidad estad́ıstica en el transporte difusivo. Ello conduce a la lla-
mada difusión anómala, frecuentemente modelada mediante la denominada Cam-
inata Aleatoria en Tiempo Continuo. En esta tesis, desarrollamos dicho modelo
para el caso de un medio expansivo, deducimos la correspondiente ecuación de
Fokker-Planck, y calculamos los momentos estad́ısticos, tanto en ausencia como
en presencia de fuerzas externas. Nuestros resultados revelan que los efectos de
la expansión del medio en el transporte de part́ıculas no brownianas pueden ser
muy diferentes de los observados para part́ıculas brownianas. Finalmente, estu-
diamos ciertos procesos de reacción-difusión en medios expansivos uniformes, y
mostramos que la cinética puede describirse mediante las mismas ecuaciones que
para un medio estático si se lleva a cabo una transformación espaciotemporal ade-
cuada. Verificamos nuestros principales resultados anaĺıticos mediante métodos
numéricos.
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Abstract

Diffusive transport is a fundamental mechanism in key biological processes involving

chemical reactions. However, the most common statistical physics approaches fail to

provide a satisfactory explanation for the kinetics of those reactive processes strongly

affected by the growth of the embedding medium. For applications in biology and other

fields, it is essential to develop statistical models which appropriately describe diffusion

in expanding media. On many occasions, the motion of the particles in the systems

under study follows rather accurately the laws of Brownian motion (also called normal

diffusion). In other cases, though, features such as the medium disorder or the presence

of obstacles hindering the dissemination of the particles introduce a higher complexity

in the statistics of diffusive transport. This results in what is known as anomalous

diffusion, which is frequently modeled via the so-called Continuous-Time Random Walk.

In this thesis, we develop this model for the case of an expanding medium, we derive the

corresponding Fokker-Planck equation, and we compute the statistical moments, both

in the absence and in the presence of external forces. Our results show that the effects

of the medium expansion on non-Brownian particles may be very different from those

observed for Brownian particles. Finally, we study certain reaction-diffusion processes

in uniformly expanding media, and we show that the kinetics can be described by the

same equations as in static media if a suitable spatiotemporal transformation is carried

out. We validate our main analytic results by means of numerical simulations.
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2.1 The Continuous-Time Random Walk model . . . . . . . . . . . . . . . . 38

2.2 Continuous-Time Random walks in uniformly growing domains . . . . . 41
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Introduction

The first documented observations of diffusive transport took place around the turn of

the nineteenth century. In 1827, the renowned biologist and botanist Robert Brown

observed under his microscope a highly erratic, unpredictable motion of pollen grains

suspended in water [1]. However, the empirical evidence provided by Brown may not

have been the first one of what is nowadays called Brownian motion. Indeed, as early

as 1785, the Dutch physician Jan Ingenhousz had already reported a similar flickering

of coal dust on the surface of alcohol [2].

The scientific explanation of the precise origin of Brownian (or Ingenhouszian) mo-

tion was the subject of a heated debate during the nineteenth century. Brown initially

believed that the irregular motion of pollen grains was caused by a vital force exerted

by the molecular constituents of living beings. A significant advance in the phenomeno-

logical description of diffusion took place as Adolphe Fick set up the diffusion equation

in 1855, but the microscopic mechanisms leading to such laws remained elusive for a

long time [3]. A major breakthrough was only achieved in 1905, when Albert Einstein

described Brownian motion as a mere consequence of the statistics satisfied by the

stochastic collisions of the pollen grain with the surrounding water molecules [4]. A

few years later, the French physicist Paul Langevin modeled Brownian motion with

the help of an stochastic equation of motion. On a macroscopic scale, Fick’s laws are

recovered from Einstein’s probabilistic approach or from Langevin’s equation of motion

upon averaging over an ensemble of particle trajectories.

Einstein’s ideas on Brownian motion had a strong impact on the scientific commu-

nity of his time, and greatly contributed to the acceptance of the atomic structure of

matter. This hypothesis found further support in the experiments carried out by Jean

Baptiste Perrin in 1908 [5], which won him the Nobel Prize for the experimental de-

termination of Avogadro’s number. This was one of the first important applications of

1



2 Introduction

Brownian motion, which is nowadays widely used as a paradigm for stochastic transport

and evolution in biology, chemistry, physics, finance...

As far as biological systems are concerned, one can find many examples in which

the mixing of reactants or the binding of a ligand to a receptor is essentially governed

by diffusive transport. The subsequent processes are often short lived in comparison

with the typical transport time; in such instances, diffusion plays a key role as a rate

limiting step in the process determining the ultimate fate of the reactant or ligand.

In morphogenetic studies, say, the modeling of reaction-diffusion processes is of

primary importance, notably for the understanding of the mechanisms which lead to

the formation of morphogen gradients. Morphogens are signaling molecules that control

the expression of genes in embryonic cells. Differences in the local concentration of

morphogens give rise to a differential response of such cells, thereby leading to a specific

developmental patterning of the embryo. As is well known, several steps in the set of

chemical reactions leading to the formation of morphogen gradients are controlled by

diffusive transport.

A celebrated mathematical model for morphogenesis was published by Alan M.

Turing in 1952 [6]. In this model, morphogens are described as chemical substances

that react with each other in the interior of cells and spread throughout the tissue.

In the simplest models, the tissue is represented by an array of cells that exchange

morphogens with their nearest neighbours, whereby the diffusion of morphogens obeys

Fick’s laws. The combination of diffusion and reactions is accounted for by a set of

balance equations. The local morphogen concentration determines the fate of each cell,

and consequently also the future anatomy of the living being. Even though Turing’s

work was focused on the study of embryogenesis, his model has also been shown to pro-

vide a suitable description of other developmental processes, e.g., pattern formation in

plants [7–9], pigmentation patterns in animals [10–15], or the reaction-diffusion kinetics

in tumor cells [16, 17]. An improved description of such processes can be obtained if one

allows for more general forms of transport accounting for the complexity of biological

media, which is reflected in the onset of so called anomalous diffusion, i.e., a nonlinear

time growth of the mean square displacement (MSD).

In general, biological tissues can be viewed as domains that grow by cell division.

The fact that the domain growth may occur over time scales comparable with typical

diffusion times introduces a significant complication which must be accounted for in
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the framework of any realistic description. However, the existing literature is over-

whelmingly devoted to diffusion and reaction-diffusion processes in static domains, i.e.,

domains whose size does not change in time. This is partly justified by the mathemat-

ical challenges posed by stochastic reaction-transport processes in evolving domains.

However, it turns out that the growth of biological media over the typical time scale of

transport is characteristic of many biological problems. For example, it is very relevant

in the aforementioned problem of morphogenesis, especially in the early developmental

stages of the embryo. One may therefore expect that the standard Turing model will

not suffice to provide a suitable description of the spatiotemporal behavior. Inspired

by this conjecture, a number of previous works have dealt with the situation where the

medium growth occurs on time scales commensurate with the typical time of pattern

formation [18–20]. In fact, medium growth is known to play a key role in the kinetics

of the chemotactic mechanisms underlying pattern formation in skin tissues [21, 22], as

well as in tumor spreading [23].

In this vein, several authors have recently undertaken the description of reaction-

diffusion processes in biological tissues under explicit consideration of the medium ex-

pansion in the respective balance equations. Examples include the phenomena of cell

migration [24, 25] and cell colonization [26]. Furthermore, the observed patterning

in the Drosophila embryo is strongly influenced by the signaling of the morphogen

Dpp, and is well reproduced by a reaction-diffusion model in a one-dimensional (1d)

expanding domain [27–29].

With regard to this last example, one can in general say that the formation of a mor-

phogen gradient is strongly influenced by the heterogeneity of the extracellular medium

and by the presence of binding receptors. Therefore, the diffusion of morphogens is

usually non-Fickian [30, 31], as opposed to what is usually assumed in Turing-like

systems. That said, one should not forget that there are alternative morphogen-cell

interaction mechanisms to the purely diffusive signaling, such as active transport or

vesicle-mediated processes [32].

The modeling of diffusion in expanding media is not only of interest for the bio-

logical examples discussed so far; it also proves useful when addressing other problems

on much larger scales. Such problems are ubiquitous in fields like cosmology. For

example, the scattering of high-energy cosmic rays in the extragalactic space can be
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effectively described by means of diffusive models, since cosmic-ray particles are con-

tinuously changing their direction due to turbulent magnetic fields caused by pulsation

and hydromagnetic waves [33–36]. However, the expansion of the universe is nonneg-

ligible and should be taken into account when studying such scattering processes. In

Ref. [37], the general problem of a fluid diffusing in an expanding medium was in fact

considered as a simplified model for the evolution of the universe itself.

A careful modeling of the aforementioned problem of cosmic-ray propagation should

also go beyond the simple picture of standard Fickian diffusion. On the one hand, the

fractal structure of the interstellar medium allows the charged particles to persistently

travel over long distances; on the other hand, the presence of magnetic traps interrupts

the motion of such particles [38, 39]. In either case, the assumptions leading to standard

Brownian motion are violated and significant deviations therefrom are found.

Finally, we also point out that diffusion in expanding media is also of interest

in the field of geology. In particular, diffusive models in evolving domains can be

used to describe homogenization processes in the interior of the Earth. The upper

mantle contains strips of subducted oceanic crust, which are stretched and thinned by

convection currents. Diffusion mixes the subducted materials with the environment

and is one of the mechanisms contributing to the destruction of the strips [40, 41].

The aforementioned previous works clearly highlight the interest of diffusion and

reaction-diffusion processes in growing domains. To date, this topic continues to at-

tract the attention of both physicists and applied mathematicians. In this thesis we

will undertake a comprehensive study of these processes with methods borrowed from

nonequilibrium statistical physics. Even though our main focus will be on growing do-

mains, our formalism carries over to the case of transport in shrinking domains, which

also exhibits interesting physical behavior.

To this end, we will take as a starting point the equations governing the evolution of

individual random walkers at a mesoscopic level, and obtain generalized diffusion equa-

tions in terms of integrodifferential operators, i.e., the so called fractional derivatives.

An advantage of these fractional diffusion equations is their potential applicability to

specific problems via a suitable choice of the boundary conditions.

The class of random walks considered hereafter extends well beyond the standard

Markovian walk giving rise to normal diffusion, as we will also study walks that result

in anomalous diffusion. As already mentioned, anomalous transport is very important
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in biology, since the disorder of the medium or the presence of obstacles or barriers

may give rise to a slowing down of diffusion, as evidenced by single-particle tracking

experiments in cells [42]. This slowed-down diffusion exhibits a sublinear growth of the

MSD and is called “subdiffusion”. On more rare occasions, the geometric constraints

of the embedding medium result in an acceleration rather than in a slowing down of

the diffusive processes. This accelerated yet sub-ballistic diffusion is termed “superdif-

fusion”. Our approach is able to deal with normal diffusion as well as with subdiffusive

and superdiffusive transport processes.

The impact of the medium expansion on the kinetics of a wide class of diffusion

and reaction-diffusion processes will be extensively quantified by means of analytical

methods and numerical computations. When addressing such problems, we will see that

there are instances in which the physical behavior changes drastically with respect to

that observed in a static medium. For example, when the medium expands sufficiently

fast, an encounter-controlled two-particle annihilation reaction may stop before the

system gets empty; this is due to the inability of the reactants to cover their increasing

separation and to encounter one another. In this case, it is intuitively clear that the

medium expansion increasingly hinders the mixing of the reactants until the reaction

can no longer be sustained. However, computing the typical freeze out time of the

reaction and the fraction of surviving particles, i.e., the fraction of particles that never

react, is a nontrivial task. Such questions are typical of the kind of problems to be

addressed in this thesis.

The remainder of this thesis is organized as follows. In Chap. 1 we provide a math-

ematical description of an expanding medium and introduce the concept of comoving

coordinates. We define uniform expansions as those in which the medium has the same

local growth rate everywhere. We then derive the diffusion equation for a particle

performing a Brownian motion in an expanding medium. For uniform expansions, we

obtain that the Probability Density Function (PDF) of the position of a Brownian par-

ticle at a given time is a Gaussian function, although its variance can grow nonlinearly

in time. We also consider nonuniform expansions, for which we compute numerically

the positional PDF and derive a hierarchy of moment equations. We subsequently use

this hierarchy to investigate the short time behavior of the moments.

Chaps. 2 and 3 are devoted to the study of anomalous diffusion in expanding media.

Specifically, we study decoupled Continuous-Time Random Walks (CTRWs). This
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model assumes that the particles perform random instantaneous jumps, whereby the

length of a given jump and the waiting time between two consecutive jumps are random

variables [43]. The term “decoupled” refers to the fact that these random variables are

assumed to be uncorrelated. In the case of an expanding domain, we assume that the

particles are dragged by the domain even when they do not jump. In Chap. 2, we

derive a novel fractional diffusion equation for CTRWs in uniformly expanding media,

which holds for the case that the jump length PDF and/or the waiting time PDF are

fat-tailed. Next, we obtain the free solution of this equation for the particular case

of Lévy flights, i.e., CTRWs with a fat-tailed jump length PDF (in a static domain,

this would lead to superdiffusion). Here, the effect of the domain growth on diffusive

spreading is found to be roughly similar as in the case of Brownian diffusion. Finally,

we study how the mixing of two particles performing Lévy flights is hindered by the

expansion of the domain in which they move.

The subdiffusive case given by a fat-tailed waiting-time PDF is discussed in Chap. 3.

Interestingly, the effect of a uniform domain growth on the positional PDF (propagator)

is much more severe than for Brownian particles or Lévy flights. A surprising result is

that the kurtosis becomes time-dependent, which thwarts the hope of finding analytical

solutions for the positional PDF. In view of this, we provide numerical solutions for both

uniform and nonuniform domain growths. We also compare the positional moments to

those obtained in the case of Brownian diffusion. Even though the analytical form of

the propagator is not accessible, we find that a uniform exponential contraction results

in a “Big Crunch”, i.e., the collapse of the propagator to a Dirac delta function in the

long-time limit.

The inclusion of external forces in our CTRW model for expanding media is treated

in Chaps. 4, 5 and 6. Depending on the exact nature of such forces, they are described

either by a velocity field or by a force field. In Chap. 4, we first study the problem of a

CTRW in a velocity field. Here, the propagator exhibits Galilei invariance, i.e., it has

the same shape as in the zero-field case, but is simply drifted by the constant velocity

field. We then extend the problem by adding a new drift term induced by the medium

expansion, and find a new bi-fractional diffusion-advection equation for this process.

Finally, we apply this equation to study the mixing properties of two diffusing particles

subject to the action of velocity fields acting in opposite directions. The advective

velocity is found to play a key role in the mixing kinetics.
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In Chap. 5 we consider the case of a force field introducing a left-right bias at the

level of the single jump PDF. We first derive a general equation for the propagator in

a uniformly expanding medium. We solve this equation for the case of a deterministic

constant force, and we discuss the cases where the unbiased component of the particle’s

motion is respectively generated by Brownian diffusion and by a subdiffusive CTRW.

In the first case, the propagator is a Gaussian function, whereas in the second one, it is

nonsymmetric with respect to the center of mass motion, and its shape is progressively

deformed by the medium expansion. Finally, in Chap. 6, we focus on the case where the

particles are subjected to a harmonic potential. We find that the medium expansion

can break the stationary distribution induced by the Hookean force in static media.

In the last part of this thesis, we study reaction-diffusion processes in expand-

ing media. The particles are assumed to be Brownian. In Chap. 7 we study the 1d

encounter-controlled kinetics of one-species coalescence and annihilation reactions. In

static 1d domains, these reactions can be treated by interval methods, which allow one

to obtain an exact expression for the particles concentration and to study the emer-

gence of spatial ordering in these systems. These interval methods also work in the

case of a uniformly expanding domain if the time scale is appropriately redefined. A

sufficiently fast expansion stops the reactions before the system gets empty, and also

enhances the memory of the initial condition.

In Chap. 8, we analyze the effect of reflecting boundary conditions on the first-

encounter time distribution of two diffusing particles that react instantaneously upon

encounter. We consider the cases where the particles have equal and different diffu-

sivities. Since one is not interested in the ultimate fate of either particle, the reaction

can be thought of as an annihilation reaction where both reactants are instantaneously

destroyed. We first discuss the case of a static 1d system. The survival probability of

the particles up to a given time can be obtained by solving the corresponding boundary

value problem for the backward Fokker-Planck equation. We discuss the cases where

the two particles diffuse on a half-line and on a finite interval. We then consider the

case where these two 1d geometries are allowed to expand. We find drastic modifica-

tions in the behavior of the first-encounter time distribution induced by the medium

expansion.

Finally, the conclusions section provides an overview of the main results of this

thesis and briefly discusses possible implications and generalizations.



8 Introduction

The two appendices briefly discuss the computational methods used in this thesis.

Appendix A explains the procedure used to simulate CTRWs in uniformly expanding

media. Appendix B outlines a numerical finite-difference scheme to solve fractional

diffusion equations with time-dependent coefficients.



Chapter 1

Normal diffusion in growing

domains

This chapter is devoted to introducing the general formalism through which the growth

of the spatial domain is implemented and to deriving some results for normal diffusion in

growing domains. In Sec. 1.1 we give the equations that describe the domain evolution

and define important quantities like the scale factor or the advective velocity. In Sec. 1.2

we present a standard derivation of the Fokker-Planck equation (FPE) for Brownian

diffusion in growing domains based on a Langevin approach. The solutions of the FPE

for the cases of uniformly and nonuniformly expanding media are analyzed separately

in Secs. 1.3 and 1.4. In particular, we study the behavior of the associated statistical

moments. Finally, we summarize our main findings in Sec. 1.5.

1.1 Mathematical description of an expanding medium

In evolving media, the separation between two spatial points is continuously changing in

time. The motion of particles adhered to the evolving medium can be viewed as arising

from a deterministic drift that is at play as long as the particles do not detach from

the medium. In general, this drift depends both on time and on the particle position.

In biological systems, the growth of the cellular medium can also be controlled by

the local concentration of the diffusing reactants, which is in general also space- and

This chapter is made from several references. Sec. 1.1 corresponds to Sec. II of Ref. [44]. Sec. 1.2
makes part of the book chapter [45]. The contents in Sec. 1.3 are presented as in Sec. III.B of Ref. [46].
Sec. 1.4 is Sec. IV.A of Ref. [44].

9
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time dependent. However, such a concentration-dependent growth can be effectively

accounted for by a nonuniform medium expansion, and so concentration effects will not

explicitly be dealt with in the thesis.

A suitable description of an expanding medium is the one commonly used in cos-

mology for the expansion of Universe. This description is valid both for finite and for

infinite domains. Consider a collection of particles adhered to the expanding medium.

Let us denote by ~y(~x, 0) = ~x the position vector of a given particle at the specified

initial time t = 0. At some later time t, the physical position of the particle, ~y(~x, t),

is determined by the medium expansion. In general, ~y(~x, t) is a function of both the

initial position x and the time t, i.e.,

~y(~x, t) = ~g(~x, t). (1.1)

In order for the ~g-function to be physically acceptable, we assume that, at any time t,

~g is continuous and bijective, i.e., for any physical vector ~y, there exists an inverse map

~g−1 so that ~x = ~g−1(~y, t). In addition, this transformation must fulfill the requirements

~g(~0, t) = ~0 and ~g(~x, 0) = ~x.

Eq. (1.1) describes a mapping between the initial location of a given particle and its

location in the evolving domain at any later time t > 0. In this vein, one can define a

coordinate system where the particle remains at rest, namely, the comoving coordinate

system. The initial point ~x then is the comoving coordinate of the particle. Likewise,

~y = ~g(~x, t) stands for the physical (or proper) coordinate. Loosely speaking, we will

occasionally call those quantities referring to the comoving system “comoving quanti-

ties”. Correspondingly, we will call “physical quantities” those quantities referring to

the coordinate system in which the position of the physical point initially located at ~x

is given by ~y = ~g(~x, t) at any time t > 0.

In one-dimensional systems, a generic way of writing the g-function is given in

Refs. [44, 47]. The procedure is the following. Let us partition the initial domain into

a set of (infinitesimal) intervals of length δx, and choose the interval corresponding to

x, say, i.e., [x, x+ δx). The length of this interval in physical space, δy(x, t), changes

in time because of the medium expansion -see Fig. 1.1-. One can define a local growth

rate µ̄(x, t) such that the value of δy(x, t) at time t is determined by the evolution
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Figure 1.1: Illustration of a domain that grows along the longitudinal axis. We map each
interval of length δx in the initial domain (t = 0) to the corresponding intervals of length
δy(x, t) at two latter times, t = 1 and t = 2. The dashed lines draw the values of the
g-function at any time, for a set of initial positions x. The g-function can be computed
from the local growth rate µ̄(x, t) = (3/2) x

√
t.

equation,

dδy(x, t)

dt
= µ̄(x, t)δy. (1.2)

The function µ̄(x, t) can be positive or negative at different locations x, allowing both

for local expansion and contraction, respectively. In Fig. 1.1 one sees that δy(x, t)

increases with x, because the local growth rate, µ̄(x, t) = (3/2) x
√
t, is linear in x.

In the definition of µ̄(x, t) and in what follows, we use a bar to denote quantities that

depend explicitly on x.

Integrating Eq. (1.2) with respect to the time-variable, one has

δy(x, t) = exp

[∫ t

0
µ̄(x, u)du

]
δx. (1.3)

The latter equation quantifies by how much a physical distance δy has changed with

respect to its initial length δx. In cosmology, the relation between both distances is the

so-called scale factor,

ā(x, t) =
δy

δx
= exp

[∫ t

0
µ̄(x, u)du

]
. (1.4)
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The g-function is obtained as

g(x, t) =

∫ x

0
dz exp

[∫ t

0
µ̄(z, u)du

]
, (1.5)

which implies that

ā(x, t) =
∂g

∂x

∣∣∣∣
t

. (1.6)

Note that Eq. (1.5) fulfills the requirements placed above on any physically acceptable

g-function.

Another important quantity is the drift (or advective) velocity with which the par-

ticle is dragged by the expanding medium, i. e., the function v(y, t) such that the

position of a given point y in the physical coordinate system is determined by the dif-

ferential equation dy = v(y, t)dt and the initial condition y(0) = x. The drift velocity

is related with g by the relation

v(y, t) = v̄(g−1(y, t), t), (1.7)

where

v̄(x, t) =
∂g

∂t

∣∣∣∣
x

. (1.8)

It is woth noting that, since ā and v̄ are defined as partial derivatives of the same

function g, they are related in some ways. According to Schwarz’s theorem

∂v̄

∂x

∣∣∣∣
t

=
∂ā

∂t

∣∣∣∣
x

. (1.9)

On the other hand, the property

∂x

∂t

∣∣∣∣
y

∂y

∂x

∣∣∣∣
t

∂t

∂y

∣∣∣∣
x

= −1 (1.10)

can be rewritten as
∂x

∂t

∣∣∣∣
y

ā = −v̄. (1.11)

A special case of interest is that of a uniformly expanding medium. A typical

example thereof is the Universe, which expands according to the cosmological principle

[48, 49]. In one-dimension, a uniformly expanding domain is defined via the g-function
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as follows:

y = g(x, t) = a(t)x, (1.12)

whereas ~y = a(t)~x for d > 1. Here, a(t) = ā(x, t) denotes the (cosmological) scale

factor. This function is always positive and satisfies the initial condition a(0) = 1.

One has ȧ(t) > 0 when the domain expands, whereas ȧ(t) < 0 for shrinking domains.

The advective velocity then is v = yȧ/a, which reminds one of the expression for the

separation velocity of galaxy clusters, v = H(t)|δy| (here, |δy| is the physical distance of

the galaxies and H(t) is the time-dependent Hubble constant [48, 49]). The particular

case of a constant Hubble parameter corresponds to a dark-energy dominated Universe.

This case is described by an exponential scale factor a(t) = exp(Ht); then, the advective

velocity is v = Hy. The exponential expansion is also characteristic of the growth

experienced by some biological tissues, e.g., the midgut of an embryonic quail [50].

To conclude, we would like to emphasize that, both in uniform and nonuniform ex-

pansions, the comoving coordinate of a given particle does not change in time, provided

that this particle always sticks rigidly to the same physical volume and moves with it.

It is, however, very common that particles display an additional intrinsic motion that

is totally decoupled from the advective flow generated by the medium expansion. In

this thesis, we are mainly interested in the case where this intrinsic or proper motion

is purely stochastic, although the influence of deterministic external forces is also con-

sidered in Chaps. 4, 5, and 6. In the remainder of this chapter, we study the simplest

stochastic process, that is, Brownian motion in expanding media.

1.2 Langevin and Fokker-Planck equations for normal

diffusion in growing domains

The ultimate goal of studying diffusive systems is to predict the value of the positional

probability density function (PDF) W ∗(~y, t) at any time t for given boundary condi-

tions, assuming that this function is known for a given time (say, t = 0), W ∗(~y, 0).

The product W ∗(~y, t)d~ydt is the probability of finding a particle between the physical

point ~y and ~y + d~y during an infinitesimal time interval (t, t + dt). The procedure

to obtain this PDF consists in solving the so-called Fokker-Planck equation (FPE), a

partial differential equation governing the time evolution of W ∗. Here, we perform a

standard derivation of the FPE for Brownian transport in growing domains, assuming
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that it can be described by a Langevin process. This derivation can be regarded as a

complement of the Chapman-Kolmogorov approach used in Ref. [51], and was given in

Ref. [45] for the special case of power-law expansions.

In connection with Eqs. (1.7) and (1.8), we already mentioned that the domain

growth can be viewed as an external drift ~v(~y, t) acting on a particle found in the volume

element associated with the physical coordinate ~y. Therefore, the random motion of a

Brownian particle in an expanding medium actually is a multivariate Markovian process

that includes the aforementioned external drift. This process is characterized by the

Langevin equation [45, 51]

d~y = ~v(~y, t)dt+

√
2D

d
d ~W(t), (1.13)

where ~W(t) stands for the d-dimensional Wiener process. The case ~v(~y, t) = 0 repro-

duces the Langevin equation in the standard case of a static domain.

The FPE can be obtained from Eq. (1.13) by using the standard techniques -see

e.g. Chap. 4 in Ref. [52]. This gives

∂W ∗

∂t
= −~∇ · [~vW ∗] +D∇2W ∗. (1.14)

It should be noted that the diffusion equation for a static domain is

∂W ∗

∂t
= D∇2W ∗, (1.15)

where the r.h.s. can be written as D∇2W ∗ = D∇ · ~∇W ∗. This equation has the

form of the well-known continuity equation which is widely used in physics of fluids,

electromagnetism, or quantum physics, among other fields. In this form, the quantity

−D~∇W ∗ can be identified with the probability flux generated by the diffusing particles

[53].

Comparing Eq. (1.14) with Eq. (1.15), one sees that the medium growth gives

rise to an additional probability flux ~vW ∗. To obtain the physical interpretation of

this additional contribution, let us first take its gradient. This quantity is, of course,

~∇ · [~vW ∗] =
(
~v · ~∇

)
W ∗ +

(
~∇ · ~v

)
W ∗. The first term accounts for the change in the

particle’s physical position due to the drift induced by the domain growth. The second
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term describes the dilution effect associated with the reduction of W ∗ due to the local

growth of every volume element in the system.

From a mathematical point of view, Eq. (1.14) can be written as a linear operator

L = ∂t+ ~∇·~v−D∇2 acting on a Green function W ∗ in such a way that L[W ∗] = 0. This

property allows one to derive the solution of the FPE for an arbitrary initial condition

from the solution for the special case where the particle is initially localized at a given

point (with the same boundary conditions). Indeed, denoting by W ∗1 (y, t) the solution

for the general initial condition W ∗1 (y, 0) = W0(y), and by W ∗(y, t) the solution for

W ∗(y, 0) = δ(y), one has [54]

W ∗1 (~y, t) =

∫
d~z W ∗0 (~z)W ∗(~y − ~z, t). (1.16)

In the next sections, we will solve the FPE (1.14) for some special cases of uniformly

and nonuniformly growing domains. For the sake of simplicity, we will focus on the

case of free boundary conditions W ∗(±∞, t) = 0 and for a Dirac delta initial condition.

Loosely speaking, we will hereafter refer to this PDF as the “physical propagator”. An

analysis of the corresponding positional moments will also be carried out.

1.3 Normal diffusion in uniformly growing domains

The free-boundary solution of the FPE in a static domain, Eq. (1.15), subject to the

initial condition W ∗(~y, 0) = δ(~y) is known to be a Gaussian bell

W ∗(~y, t) =
1√

4πdDt
e−
|~y|2
4dDt , (1.17)

, reflecting that the process is isotropic with variance or MSD 〈~y2〉 = 2dDt which grows

linearly in time. In this section, we will give a general expression for the propagator

in the case of a uniformly growing domain and discuss the underlying physics. Our

starting point is Eq. (1.14), which in the present case is reduced to

∂W ∗

∂t
= − ȧ

a
~∇ · [~yW ∗] +D∇2W ∗. (1.18)

A convenient way to deal with Eq. (1.18) is to introduce the comoving coordinate

~x = ~y/a(t). Let us define W (~x, t) as the PDF associated with the infinitesimal prob-

ability W (~x, t)d~x for the particle to be within the volume d~x around the coordinate
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~x at time t; in other words, W (~x, t) is the comoving counterpart of W ∗(~y, t) for the

corresponding physical point ~y. Since any spatial element d~x in the comoving space can

be associated with an expanding volume element d~y at a given time, the conservation

of probability implies

W (~x, t)d~x = W ∗(~y, t)d~y. (1.19)

This relation holds even if the expansion is nonuniform. For the case of a uniformly

growing domain, d~y = a(t)d~x; then,

W (~x, t) = a(t)W ∗(a(t)~x, t). (1.20)

Performing this change of variable in Eq. (1.18) and taking into account the resulting

relation
∂W ∗

∂t

∣∣∣∣
~y

=
1

a

∂W

∂t

∣∣∣∣
~x

− ȧ

a2
~∇x · (~xW ) , (1.21)

, one easily derives the FPE in the comoving frame of reference,

∂W

∂t
=

D

a2(t)
∇2
xW. (1.22)

In Eqs. (1.21) and (1.22), ~∇x and∇2
x respectively denote the standard partial derivative

and the Laplacian operator acting with respect to the comoving coordinate.

Eq. (1.22) can be interpreted to describe Brownian motion in a static domain, but

with a time-dependent diffusion coefficient D/a2(t). One can get rid of this time-

dependence by introducing a new time scale

T2(t) =

∫ t

0

du

a2(u)
, (1.23)

in order that one can reach the standard diffusion equation in the space-time (x, T2)

∂W

∂T2
= D∇2

xW. (1.24)

The definition of T2(t) reminds one of the well-known concept of conformal time used in

cosmology. The latter is defined as T1(t) =
∫ t

0 a
−1(u)du, and determines the comoving

distance, cT1(t), covered by a light beam of speed c in the expanding universe since the

initial time t = 0. In other words, the so-called particle horizon, cT1(t), is the largest

comoving distance from the light source at which an observer can still receive photons
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from a celestial body after a time t. Similarly, we will see shortly that T2(t) is also

related with the size of the spatial region in which the diffusing particle has a non-

negligible sojourn probability at time t. For this reason, T2(t) was termed “Brownian

conformal time” in Ref. [51].

From a mathematical point of view, T2(t) is a growing function of time, since it is

defined as the integral of a nonnegative function. Thus, for large times, T2(t) can only

diverge or converge to a positive constant T2(∞). The convergence of the Brownian

conformal time to a finite value has profound physical implications. At times t such

that T2(t) is close to T2(∞), the diffusive particles remain practically at rest in the

comoving frame of reference. They thus behave as if time did not go by.

Let us now compute the Brownian conformal time for some scale factors of special

relevance for our purposes. The first one is the power-law scale factor, a(t) = (1+t/t0)γ ,

which describes the expansion of the Universe dominated by matter (γ = 2/3) or by

radiation (γ = 1/2) [48, 49]. In this case,

T2(t) = t0 ln

(
1 +

t

t0

)
(1.25a)

for γ = 1/2 and

T2(t) =
t0

2γ − 1

[
1−

(
1 +

t

t0

)1−2γ
]

(1.25b)

for γ 6= 1/2. One sees that this function approaches a constant value T2(∞) = t0/(2γ−
1) for γ > 1/2 and diverges as t1−2γ for γ ≤ 1/2.

Another important case is that of an exponential scale factor a(t) = exp(Ht). In

particular, this function characterizes the medium expansion in a dark-energy domi-

nated Universe. For this specific scale factor, the Brownian conformal time is

T2(t) =
1− e2Ht

2H
, H 6= 0. (1.26)

When H > 0, the medium grows in time and the Brownian conformal time converges

to T2(∞) = 1/(2H). In contrast, this function diverges for contracting domains H < 0,

as T2(t) ∼ exp(2Ht).

We will now provide exact expressions for the positional PDFs W and W ∗ for a

uniformly expanding medium. In this case, since yi = a(t)xi, the evolution of each

coordinate, x1, . . . , xd (or equivalently, y1, . . . , yd) decouples from the rest. Hence, it
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is sufficient to study the evolution in terms of a single coordinate (y1, say). For this

reason, we will hereafter consider one-dimensional systems. The expressions for the

respective positional PDFs W (~x, t) or W ∗(~y, t) in a d-dimensional domain are the same

as those for a one-dimensional domain, W (x, t) or W ∗(y, t), save for a factor d in the

diffusivity.

The “comoving propagator” W (x, t) is defined as the solution of Eq. (1.22) for free

boundary conditions W (±∞, t) = 0 and the initial condition W (x, 0) = δ(x). For

simplicity, we will set the origin of coordinates at the particle’s initial position. In

comoving coordinates, the positional PDF preserves the same functional form as in the

static case, save for the replacement t→ T2(t),

W (x, t) =
1√

4πDT2(t)
e
− x2

4DT2(t) , (1.27)

i.e., it is a Gaussian function with second-order moment 〈x2(t)〉 = 2DT2(t).

From Eq. (1.20), one can compute the physical propagator

W ∗(y, t) =
1√

4πDa2(t)T2(t)
e
− y2

4Da2(t)T2(t) , (1.28)

which is also a Gaussian function with second-order moment 〈y2〉 = a2(t)〈x2(t)〉 =

2Da2(t)T2(t). Note that in the present case of a uniformly growing domain, this relation

can be generalized to any statistical moment of arbitrary order

〈ym〉 = am(t)〈xm(t)〉, (1.29)

which is a mere consequence of Eq. (1.20). Note that when m ≡ 2k > 2 the expression

of the statistical moments can be obtained from the general relation -see e.g. Eq. (5-73)

in Ref. [55]-

〈x2k(t)〉 =
(2k)!

2kk!
〈x2(t)〉k = (2k − 1)!!〈x2(t)〉k, (1.30)

which is valid when the propagator is a zero-mean Gaussian function.

For completeness, we show in Fig. 1.2 the comoving and physical propagators for a

given time in an exponentially expanding domain. One sees that both propagators are

indistinguishable upon performing the coordinate scaling y = x/a(t). This property

is characteristic of uniformly growing domains. Additionally, both analytical solutions
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Figure 1.2: Representation of (a) W (x, t) and (b) W ∗(y, t) at time t = 104 for a Brownian
particle of D = 1/2 in an exponentially expanding domain with a(t) = exp(Ht) with
H = 10−3. The initial condition is W (x, 0) = δ(x). Solid lines correspond to the exact
solution, whereas symbols represent simulation results.

are compared with simulation results based on the MonteCarlo algorithm given in Ap-

pendix A. The simulations were performed with 106 runs and are in excellent agreement

with the analytical curves.

1.3.1 Classification of growing domains according to the long-time

behavior of the physical MSD

In the static case, the MSD is proportional to time t, meaning that the propagator

becomes increasingly flat in the course of time. In Sec. 1.3 we saw that the physical

MSD in expanding media is 〈y2(t)〉 = 2Da2(t)T2(t), implying that a nonlinear time

dependence may arise depending on the explicit form of the scale factor a(t). In the

case of a uniformly contracting domain (also covered by our formalism), 〈y2(t)〉 does

not always grows in time, giving rise to interesting effects. In this subsection we will

provide a careful study of the long-time behavior of 〈y2(t)〉 for Brownian particles. We

will only consider monotonic scale factors, where either ȧ(t) > 0 (expanding media), or

ȧ(t) < 0 (contracting media) at all times.

Let us begin with the case of an expanding domain. As a preliminary remark, we

remind the reader that the typical distance travelled by a diffusive particle is propor-

tional to the square root of the MSD. Therefore, a Brownian particle in static media

travels a distance proportional to the
√
t. Thus, it is intuitively clear that a particle

diffusing in an expanding medium could experience more or less difficulties to reach a

given physical point depending on whether a(t) grows faster or slower than
√
t in the
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long time limit, and a crossover behavior between different regimes might take place.

What our detailed analysis finds is actually not too far from this intuitive result, but

there are still some remarkable nuances. In our system, the diffusing particle is also

continuously drifted by the domain growth, so the physical displacement of the Brow-

nian particle is expected to be a bit faster than
√
t. Specifically, for a(t) ∼

√
t the

long time limit of the MSD is 〈y2(t)〉 ∼ t log t. This result stems from the fact that

the Brownian conformal time T2(t) behaves logarithmically according to Eq. (1.25a).

This special kind of expansion was termed Brownian expansion in Ref. [46]. However,

there are also some other scale factors, such as a(t) ∼
√
t/ ln t, that yield the same

long-time behavior of the MSD, even though limt→∞ a(t)/
√
t = 0. Here, we will call

them marginally Brownian.

Alternatively, it is also possible that the medium grows very fast. We will call

overbrownian expansions those for which limt→∞ a(t)/
√
t =∞ so that T2(t) approaches

some constant T2(∞) > 0 at long times. In this case, it is clear that 〈y2(t)〉 ∝ a2(t);

thus, the particle typically covers a distance of the order of
√
〈y2(t)〉 ∼ a(t) after a

time t. This means that diffusive contribution to the MSD becomes negligible with

respect to the drift induced by the domain growth at sufficiently long times. In other

words, there exists a typical time tE from which the physical position of an individual

Brownian particle at time t is practically y(t) ∼ y(tE)a(t)/a(tE). At times well below

tE , both the diffusive spreading and the domain growth determine the particle position.

Some examples of this overbrownian scale factors are fast power-law expansions given

by a(t) = (1 + t/t0)γ with γ > 1/2 and t0 > 0, or any other faster expansion, e.g., an

exponential one with a(t) = exp(Ht) with H > 0.

Moreover, the transition from Brownian to overbrownian expansions is not sharp.

There are still a wide variety of functions a(t) such that limt→∞ a(t)/
√
t =∞ but T2(t)

diverges when t → ∞. In these situations, the MSD evolves slightly faster than for

Brownian expansion and we will refer to them as marginally overbrownian expansions.

A typical example is a(t) ∼
√
t ln t, for which 〈y2(t)〉 ∼ t ln t ln(ln t).

The last kind of expanding media considered here are so-called underbrownian ex-

pansions. These are slow expansions for which 〈y2(t)〉 ∝ t, as in the case of a static

domain. Contrary to overbrownian expansions, the effect of the domain growth here is

negligible with respect to the intrinsic Brownian motion of the particle and does not

alter the critical exponent of the MSD. However, the influence of the domain growth
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Figure 1.3: 〈y2〉 vs. time for an exponential expansion exp(Ht) with H = 10−3 and
power law expansions a(t) = (1 + t/t0)γ with t0 = 103 and γ = 1, 1/2, 1/4, and 0 (static
case), from top to bottom. The solid lines correspond the exact solutions, whose long-time
asymptotics is depicted by dashed lines. Symbols correspond to simulation results. We set
D = 1/2 in all cases.

shows up in the prefactor. In particular, for a power-law expansion a(t) = (1 + t/t0)γ

with γ < 1/2, one infers from Eq. (1.25b) that the MSD is 〈y2(t)〉 ∼ 2Dt/(1− 2γ), i.e.,

the time growth remains linear, but the diffusivity becomes α-dependent.

In Fig. 1.3 we plot the MSD for different power-law and exponential scale factors

in a double logarithmic representation. The MSD for the static case (gamma = 0)

is shown as a guide to the eye describing the universal short-time asymptotics of the

MSD. In all the cases represented, a crossover from an early time regime with negligible

domain growth to the aforementioned long-time behavior takes place. In the case of a

power-law expansion with γ = 1/4, it should be noted that the slope of the curve is

only modified in the transient regime. A comparison with numerical simulation results

is provided. The agreement with the theory is excellent.

The above results for under-Brownian power-law expansions can be extended for

power-law contractions, where a(t) = (1 + t/t0)γ with γ < 0. The MSD is once again

a monotonously increasing function which is linear at long times. The reason of that

is power-law contractions are really slow. The “centripetal” particle velocity arising

from the medium contraction, v = ȧy/a = γy/(t + t0), decays to zero at large times.

Logarithmic (or other slowly varying) corrections in the scale factor does not alter the

linear behavior of the MSD.
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However, there exists a class of scale factors for contracting media which result in the

MSD approaching a constant in the long time limit. This is the case of an exponential

contraction given by a(t) = exp(Ht) with H < 0, which yields an asymptotic MSD

〈y2(∞)〉 = 1/(2|H|). Physically, it means that, in the long time regime, the diffusive

spreading of the diffusing particle is counterbalanced by the centripetal advective flow

associated with the shrinking domain.

At first sight, the exact balance between diffusive spreading and centripetal drift (en-

tailing that the MSD converges to a finite value) could be surprising for the reader. How-

ever, the explanation of this phenomenon easily follows from the Langevin equation. For

an exponential contraction, the advective velocity induced by the medium contraction

is v(y) = −|H|y. Then the full process (stochastic motion plus deterministic centripetal

drift) is governed by the stochastic differential equation d~y = −|H|ydt +
√

2Dd~W(t)

-see Eq. (1.13)-. Setting |H| → κ/ξ, this equation of motion precisely turns out to

be that of a Brownian particle subjected to a linear force F ∗(y) = −κy in a fluid

with drag coefficient ξ [56]. This means that diffusion in an exponentially contracting

domain can effectively be regarded as the well-known Ornstein-Uhlenbeck process. In-

deed, the physical propagator acquires an asymptotic profile which can be viewed as

an equilibrium state induced by the confining force.

Finally, we should note that domains contracting much faster than an exponential

could make the MSD tend zero as t → ∞. This effect will be hereafter termed “Big

Crunch” because of its similarity with the corresponding phenomenon in cosmology.

An example of this kind of contraction is defined by the scale factor a(t) = exp(ζt2)

with ζ < 0. In this case, the second-order physical moment is

〈y2(t)〉 =
D exp(2ζt2)

√
π erfi(t

√
2|ζ|)√

2|ζ|
, (1.31)

where erfi(·) stands for the imaginary error function. In the long time limit this function

indeed decays as 〈y2(t)〉 ∼ D/(2|ζ|t).

The MSD for one such “ultrafast” contraction is displayed in Fig. 1.4. Initially,

the second-order moment grows in time, and from a certain turning time on it then

decreases. Obviously, this turning time satisfies the equation d〈y2(t)〉/dt = 0. For the

chosen value of ζ = −10−6, one finds t ' 653.46.
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Figure 1.4: 〈y2〉 vs. time for three types of contraction. Solid lines represent the the-
oretical curves for a(t) = (1 + t/t0)γ with γ = −1 and t0 = 103, a(t) = exp(Ht) with
H = −10−3, and a(t) = exp(ζt2) with ζ = −10−6, from top to bottom at t = 105. Sym-
bols represent simulation results. Dashed lines represent the asymptotic behavior. In all
cases, the diffusion constant is D = 1/2.

Together with the aforementioned curve for the “ultrafast” contraction, two solid

lines representing the second-order moment for a power-law and an exponential con-

traction are also included in Fig. 1.4. The three curves overlap in the short-time region

where the effect of the medium contraction is practically negligible, i.e., the Brownian

particles diffuse as in a static domain. However, the long-time behaviors of the MSD are

completely different. The power-law contraction provides an asymptotic linear growth,

whereas the exponential contraction yields a plateau; for the so-called “ultrafast” con-

traction, the asymptotic decay is proportional to 1/t.

1.4 Normal diffusion in nonuniformly growing domains

As shown in the previous section, Sec. 1.3, uniformly growing domains arise as spe-

cial cases where a suitable scaling of coordinates reduces the problem of diffusion in

expanding media to standard diffusion. Note however such a strong simplification is

not possible in general. In this section, we will extend the formalism of comoving co-

ordinates to nonuniformly growing domains and study the resulting solutions of the

FPE. For the sake of simplicity, only one-dimensional systems are considered in the

The contents of Sec. 1.4 are published in Sec. IV A of Ref. [44].
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whole section. A machinery to compute the statistical moments at short times is also

included.

1.4.1 Study of the probability density function

Nonuniform domain growths are characterized by a spatial-dependent scale factor

ā(x, t), where x stands for the comoving coordinate -see Eq. (1.4)-. This means that

the initial length dx of an infinitesimal segment and its length dy at t > 0 are related

to one another via the equation dy = ā(x, t)dx. According to Eq. (1.19), the latter

relation implies that

W (x, t) = ā(x, t)W ∗(y = g(x, t), t), (1.32)

where the function g is defined via Eq. (1.5). Eq. (1.32) is the generalization of

Eq. (1.20) for arbitrarily growing domains.

We now proceed to show how the FPE in physical space (1.14) is transformed to

obtain its comoving counterpart. The procedure is similar to that used in Sec. 1.3 for

uniformly growing domains. By virtue of Eq. (1.32), the l.h.s. of Eq. (1.14) becomes

∂W ∗

∂t

∣∣∣∣
y

=
1

ā

∂W

∂t

∣∣∣∣
x

− 1

ā2

∂ā

∂t

∣∣∣∣
x

W +
∂(W/ā)

∂x

∣∣∣∣
t

∂x

∂t

∣∣∣∣
y

. (1.33)

On the other hand, the r.h.s. can be written as

∂W ∗

∂t

∣∣∣∣
y

=
D

ā

∂

∂x

[
1

ā

∂(W/ā)

∂x

∣∣∣∣
t

]
t

− W

ā2

∂v̄

∂t

∣∣∣∣
t

− v̄

ā

∂(W/ā)

∂x

∣∣∣∣
t

. (1.34)

Finally, using the properties (1.9) and (1.11), we obtain the comoving FPE: [44]

∂W

∂t
= D

∂

∂x

{
1

ā(x, t)

∂

∂x

[
W

ā(x, t)

]}
. (1.35)

Note that, by setting ā(x, t) = a(t), the above equation is reduced to Eq. (1.22), which

holds for a uniformly growing domain.

The solution of Eq. (1.35) for an initial condition W (x, 0) = δ(x−x0) is not easy to

obtain in general. In fact, the universal Gaussian behavior of W (x, t) found in the case

of static and uniformly growing domains is lost in the nonuniform case. An extreme

case is shown in Figs. 1.5 (a) and 1.6 (a) for a scale factor ā(x, t) = exp(µ0x
2t) with

µ0 = 10−6 > 0 and x0 = 20. The curves representing W (x, t) were obtained by means
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Figure 1.5: Representation of (a) W (x, t) and (b) W ∗(y, t) for t = 400, D = 1/2,
µ0 = 10−6, and W (x, 0) = δ(x − x0) with x0 = 20. Solid lines depict the numerical
solution of Eq. (1.35), whereas squares are simulation results. The broken line corresponds
to the solution for the static case at the time t specified above. This figure is the same as
Fig. 7 in Ref. [44].
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Figure 1.6: Representation of (a) W (x, t) and (b) W ∗(y, t) for t = 2000, D = 1/2, and
µ0 = 10−6 and W (x, 0) = δ(x−x0) with x0 = 20. Solid lines represent the numerical solu-
tion of Eq. (1.35), whereas the squares are simulation results. The broken line corresponds
to the solution for the static case at the time t specified above. This figure is the same as
Fig. 8 in Ref. [44].
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of a standard numerical algorithm to solve the diffusion equation (1.35). Numerical

simulations confirm these results. At t = 400 the medium expansion is relevant enough

to see that W (x, t) clearly departs from a Gaussian. Indeed, the asymmetry of ā(x, t)

with respect to the initial condition x0 = 20 carries over to the comoving propagator.

This evidences that nonuniform domain growth may single out certain points in space

as a result of the growing inhomogeneities. The deviations from a Gaussian distribution

increase as time goes by. As shown in Fig. 1.6 (a), W (x, t) is bimodal at t = 2000.

Furthermore, the physical propagator is also non-Gaussian. In Figs. 1.5 (b) and

1.6 (b) the propagator W ∗(y, t) is respectively depicted at times t = 400 and t = 2000

for the same expansion as in panel (a). For both times, the PDF is skewed and displays

a single hump. The deformation observed at t = 2000 in the comoving reference

frame translates into fatter tails in physical space, especially for large positive y-values.

These deviations from the static case are not surprising; the longer the elapsed time,

the larger the typical distance covered by diffusion. In this context, the expansion

enhances the reach of long excursions (for this specific form of the scale factor). The

asymmetry comes from the fact that the advective drift due to the scale factor is

stronger at locations far from the origin y = 0, and we have chosen the starting point

y0 = 20. Thus, particles that initially move to the right are more strongly dragged

by the advective flow associated with the domain growth than those initially moving

to the left. Note that W (x, t) exhibits the longer tail appears on the opposite side,

i.e., to the left of x0 = y0. This is because the particle’s jumps increasingly shorten in

comoving space.

1.4.2 Statiscal moments in the comoving space

For the case of uniform growing domains, exact solutions are known, since the propaga-

tor is a Gaussian function of variance 2DT2(t). However, the loss of Gaussianity due to

the inhomogeneity of the scale factor gives rise to a rich phenomenology in the behavior

of the statistical moments. In principle, the moments can be obtained from Eq. (1.35),

but it is hard to extract the general behavior from this rather complicated equation.

However, it turns out that the short-time regime lends itself better for the analysis. In a

first approximation to the problem, we will work in comoving space. The “translation”

of these results to physical space will be carried out in the next subsection.
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First of all, it is convenient to expand Eq. (1.35) as follows:

∂W

∂t
= D

{
1

ā2

∂2W

∂x2
− 3

ā3

∂ā

∂x

∂W

∂x
+

[
3

ā4

(
∂ā

∂x

)2

− 1

ā3

∂2ā

∂x2

]
W

}
. (1.36)

In this generic equation, one should now replace the specific form of the scale factor

ā(x, t) with its corresponding Taylor series. In what follows, we will illustrate our

method by focusing on the case ā(x, t) = exp(µ0x
2t) considered in the previous section.

Here, Eq. (1.36) can be written as

∂W

∂t
= D

∞∑
k=0

(−1)k(2µ0t)
k

k!
×[

x2k ∂
2W

∂x2
− 6µ0tx

2k+1∂W

∂x
+
(

8µ2
0t

2x2k+2 − 2µ0tx
2k
)
W

]
.

(1.37)

A non-closed hierarchical relation for the comoving moments can be obtained di-

rectly from the above equation. Multiplying both sides by xm and integrating over the

spatial variable, we find

d

dt
〈x〉 =10Dµ0t〈x〉+ 8Dµ2

0t
2〈x3〉+

D
∞∑
k=1

(−1)k(2µ0t)
k

k!

{
〈x2k−1〉(2k + 1)(2k)+

〈x2k+1〉(2µ0t) [6(k + 1)− 1] + 2〈x2k+3〉(2µ0t)
2
}
,

(1.38a)

for m = 1 and

d

dt
〈xm〉 =D

∞∑
k=0

(−1)k(2µ0t)
k

k!

{
〈x2k+m−2〉(2k +m)(2k +m− 1)+

〈x2k+m〉(2µ0t) [3(2k +m+ 1)− 1] + 2〈x2k+m+2〉(2µ0t)
2
}
,

(1.38b)

for m ≥ 2. In the last step, we have assumed that both xmW and xm∂xW vanish as

|x| → ∞.
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Thus, the differential equations satisfied by the lowest-order moments are

d〈x〉
dt

= D
[
−2µ0t〈x〉+ 4µ2

0t
2〈x3〉 − 4µ3

0t
3〈x5〉+ · · ·

]
, (1.39)

d〈x2〉
dt

= D
[
2− 8µ0t〈x2〉+ 12µ2

0t
2〈x4〉+ · · ·

]
, (1.40)

d〈x3〉
dt

= D
[
6〈x〉 − 18µ0t〈x3〉+ · · ·

]
, (1.41)

d〈x4〉
dt

= D
[
12〈x2〉 − 32µ0t〈x4〉+ · · ·

]
. (1.42)

This system of coupled equations is solved iteratively by increasing order of powers of

t. An important observation that simplifies our task is that odd-order moments and

even-order moments are only connected between themselves. For a Dirac delta initial

condition W (x, 0) = δ(x − x0), the moments have an initial value 〈xm(0)〉 = xm0 . In

this case, one sees from Eq. (1.39) that d〈x〉/dt = −2Dµ0tx0 + O(t2) at short times;

then 〈x〉 ∼ x0 −Dµ0t
2〈x0〉+O(t3). Inserting this result into Eq. (1.41), one finds

〈x3(t)〉 = x3
0 + 6Dx0t− 9Dµ0x

3
0t

2 +O(t3). (1.43)

Next, in order to assess the influence of the third-order moment on the second-order

one, one goes back to Eq. (1.39) and take into account the latter O(t3) approximations.

In this way, one finds a better approximation for the mean value, i.e.,

〈x〉 = x0 −Dµ0x0t
2 +

4

3
Dµ2

0x
3
0t

3 +O(t4). (1.44)

The subleading correction O(t4) obtained by means of this iterative approach has the

same order as the contribution coming from the term proportional to 〈x5〉 in Eq. (1.39).

Further corrections can be obtained by realizing that 〈x5〉 ∼ x5
0 + O(t) and repeating

the procedure. Improved expressions taking into account higher-order terms read as

follows:

〈x〉 =x0 − µ0x0Dt
2 +

4

3
µ2

0x
3
0Dt

3 +

(
13

2
Dx0 − µ0x

5
0

)
Dµ2

0t
4 +O(t5), (1.45)

〈x2〉 =x2
0 + 2Dt− 4µ0x

2
0Dt

2 +

(
4µ0x

4
0 −

16

3
D

)
µ0Dt

3 +O(t4), (1.46)

〈x3〉 =x3
0 + 6x0Dt− 9µ0x

3
0Dt

2 +
(
8µ0x

5
0 − 38Dx0

)
µ0Dt

3 +O(t4), (1.47)

〈x4〉 =x4
0 + 12x2

0Dt+
(
12D − 16µ0x

4
0

)
Dt2 +O(t3). (1.48)
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The correction terms for even-order moments were computed in the same way.

At this point, the reader should note some remarkable aspects. The negative sign in

the first correction of 〈x〉 comes from the fact that, in comoving coordinates, the particle

is drifted towards the origin of coordinates as a consequence of the strong coordinate

scaling. This also explain the correcting term −m2µ0Dt
2 in the mth comoving moment.

Of interest is also that the drift term arising from the domain growth only enters

the second-order moment as a quadratic correction in time for x0 6= 0, and only as a

cubic correction when the particle starts at the origin (x0 = 0). In this case, Eq. (1.46)

is simply

〈x2(t)〉 = 2Dt− 16

3
D2µ0t

3 +O(t5). (1.49)

This means that at very short times, the domain growth is practically irrelevant as

ā(x, t) ∼ 1 and the second-order moment 〈x2(t)〉 ∼ x2
0 + 2Dt is almost the same as in

the static case.

In the symmetric case x0 = 0, it seems natural to compare the case of ā(x, t) =

exp(µ0x
2t) with the case of a domain growing uniformly with exponential scale factor

(a(t) = exp(Ht) with H > 0. We recall that the exact solution 〈x2(t)〉 computed in the

previous section for this latter case is 〈x2(t)〉 = D[exp(2Ht) − 1]/H. For short times,

〈x2(t)〉 ∼ 2Dt − 2DHt2. Thus, the short-time correction grows at a slower rate in

the nonuniform case. In this time regime, the typical distance traveled by diffusion is

too small, and the nonuniform expansion only becomes relevant at longer times, when

longer excursions away from the origin are more probable. In this latter regime, the

opposite behavior is expected, since ā(x, t) grows for larger values of |x|.

In Fig. 1.7 the short-time result (1.45) is compared with simulation results and

with results obtained from the numerical integration of the partial differential equa-

tion (1.36). As expected, the approximation given by Eq. (1.45) improves as terms

of increasing order in time are included. We also note the excellent agreement be-

tween theory and simulations. As already mentioned above, the quantity 〈x(t)〉 − x0

represented in this figure remains negative in all cases.

In Figs. 1.8 and 1.9, similar plots are displayed for the second-order moment for

x0 6= 0 or x0 = 0, respectively. One sees that the range of validity of the approximation

clearly increases when the corresponding nonlinear term is included. As shown in

Eqs. (1.46) and (1.49), this correction is O(t2) when x0 6= 0, and O(t3) when x0 6= 0.



30 1.4 Normal diffusion in nonuniformly growing domains

0 50 100 150 200 250 300 350
-1.0

-0.8

-0.6

-0.4

-0.2

0.0

 

 

x
x 0

t

Figure 1.7: 〈x〉 − x0 vs. time for ā(x, t) = exp(µ0x
2t), W (x, 0) = δ(x − x0), x0 = 20,

D = 1/2 and µ0 = 10−6. Squares are simulation results. The dotted line corresponds to
results obtained from the numerical solution of Eq. (1.36). The broken and solid lines are
the analytical expressions to order t2 and order t3, respectively (cf. Eq. (1.43)). This figure
corresponds to Fig. 2 in Ref. [44].

These results highlight the importance of the initial condition for the system’s evolution

at early times, as opposed to its lack of relevance in the case of a static domain (note

that here, we understand by “early times” those which are sufficiently large for the

diffusion equation to hold and yet short in comparison with the time needed to cover

a significant average distance).

Finally, let us consider the case µ0 < 0 of a contracting domain for completeness. For

this case, the equations derived above still hold, but the behavior changes drastically.

In comoving coordinates, the particle is drifted far away from its initial position x0 ≤ 0

towards positive x-values as a consequence of the domain contraction. Therefore, the

quantities 〈x〉 − x0 and 〈x2〉 − x2
0 remain positive at all times. Besides, for the specific

form of the scale factor ā(x, t) = exp
[
µ0x

2/(1− µ0x
2t)
]
, it is possible to obtain a

hierarchical relation for the comoving moments valid at all times, not only in the early-

time regime,

d〈xm〉
dt

= Dm(m− 1)〈xm−2〉 − 2m2µ0Dt 〈xm〉+m(m+ 1)µ2
0Dt

2 〈xm+2〉. (1.50)

However, the relation is not closed, as the mth order moment depends on the m+ 2th

order moment.
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Figure 1.8: 〈x2〉−x20 vs. time for ā(x, t) = exp(µ0x
2t), W (x, 0) = δ(x−x0) with x0 = 20,

D = 1/2 and µ0 = 10−6. Squares are simulation results. The dotted line corresponds to
results obtained from the numerical solution of Eq. (1.36). The broken and solid lines are
the analytical expressions to order t and order t2, respectively (cf. Eq. (1.46)). Note that
the contribution of order t is just the well-known expression for a static domain (µ0 = 0).
This figure corresponds to Fig. 3 in Ref. [44].
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Figure 1.9: 〈x2〉 vs. time for ā(x, t) = exp(µ0x
2t), W (x, 0) = δ(x), D = 1/2 and µ0 =

10−6. The squares are simulation results. The dotted line corresponds to results obtained
from the numerical solution of Eq. (1.36). The broken and solid lines are the analytical
expressions to order t (or equivalently, for a static domain) and order t3, respectively (c.f.
Eq. (1.49)). This figure corresponds to Fig. 4 in Ref. [44].
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1.4.3 Statistical moments in physical space

In the previous subsection 1.4.2 we used an approximate method to derive analytical

expressions for the comoving moments. The comoving coordinate system is an auxiliary

space in which the mathematical description of the diffusive process becomes simpler,

but the discussion of the underlying physics is more intuitive if one goes back to physical

coordinates. The goal of this subsection is to provide results for the early-time evolution

of the moments in physical space by taking Eqs. (1.45)-(1.48) as a starting point.

We caution the reader that we will continue to restrict ourselves to the specific case

ā(x, t) = exp(µ0x
2t) with µ0 > 0. However, no matter of principle prevents one from

obtaining general results for arbitrary scale factors.

To find the positional moments in physical space, one first notes that ym = [g(x, t)]m,

according to Eq. (1.1). This function can be written as a Taylor series in powers of

time. In particular, the first-order correction is

ym = xm +mtxm−1

∫ x

0
dz µ̄(z, 0) +O(t2), (1.51)

-see Eq. (1.5)-. Taking averages on both sides and particularizing for µ̄(x, t) = µ0x
2

-or, equivalently, ā(x, t) = exp(µ0x
2t)-, one finds

〈y〉 = 〈x〉+
1

3
µ0t〈x3〉+

1

10
µ2

0t
2〈x5〉+O(〈x7〉t3) (1.52)

and

〈y2〉 = 〈x2〉+
2

3
µ0t〈x4〉+

14

45
µ2

0t
2〈x6〉+O(〈x8〉t3). (1.53)

For the particular case of a sharp initial condition δ(y − y0) with y0 6= 0, one has

〈y〉 = y0 +
1

3
µ0y

3
0t+

(
µ0y0D +

µ2
0

10
y5

0

)
t2 +O(t3) (1.54)

and

〈y2〉 = y2
0 +

(
2D +

2

3
µ0y

4
0

)
t+

2

45

(
90µ0y

2
0D + 7µ2

0y
6
0

)
t2 +O(t3). (1.55)

The first difference with respect to the corresponding result in comoving space is

that the leading corrections have the same sign as µ0 (for positive y0). This is a natural
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Figure 1.10: 〈y〉 − y0 vs. time for ā(x, t) = exp(µ0x
2t) and W ∗(y, 0) = δ(y − y0) with

y0 = 20, D = 1/2 and µ0 = 10−6. Squares are simulation results. The dotted line
depicts the numerical solution of Eq. (1.36). The broken and solid lines are the analytical
expressions to order t and order t2, respectively, given by Eq. (1.54). This figure corresponds
to Fig. 5 in Ref. [44].

effect, since the particle is pushed away from (towards) the origin in a growing (shrink-

ing) domain. These correction terms are linear and do not depend on the diffusion

constant. The one for the first-order moment reflects the deterministic drift induced

by the growing domain at short times, µ0y
3
0/3. The leading correction in the equation

for the second-order moment can be viewed as an increase of the effective diffusivity,

∆D = (2/3)µ0y
4
0. Note that the increase of the diffusivity increases with increasing dis-

tance from the origin. In other words, for large y0, a short diffusive displacement from

the initial position is strongly enhanced by the strong domain growth. The quantities

〈y〉 − y0 and 〈y2〉 − y2
0 for y0 6= 0 are represented in Figs. 1.10 and 1.11.

Finally, when y0 = 0, further analysis shows that

〈y2〉 = 2Dt+
8

3
µ0D

2t3 +O(t5). (1.56)

As one can see, the influence of the diffusivity enters at the same level as µ0, as opposed

to the y 6= 0 case. At short times, the particle moves predominantly within a small

region around the origin where the effect of the domain growth is small.
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Figure 1.11: 〈y2〉 − y20 vs. time for ā(x, t) = exp(µ0x
2t) and W ∗(y, 0) = δ(y − y0) with

y0 = 20, D = 1/2 and µ0 = 10−6. The dotted line depicts the numerical solution of
Eq. (1.36). The broken and solid lines are the analytical expressions to order t and order
t2, respectively, given by Eq. (1.55). This figure corresponds to Fig. 6 in Ref. [44].

1.5 Summary and outlook

In this introductory chapter, we presented some results for normal diffusion in grow-

ing domains (most of them are contained in Refs. [44, 45, 51]). To this end, some

useful techniques (transformation from physical to comoving coordinates, Langevin de-

scription of the transport process, derivation and methods of solution for the FPE,

computation of the moments from the FPE ...) were introduced. These techniques will

be widely used in the remainder of this thesis.

First, a mathematical description of the domain growth process was given. This

description involves the notions of comoving and physical coordinates/distances. The

so-called scale factor describes the relation between the comoving coordinate and the

physical coordinate of a given point. The domain growth (in physical coordinates) is

equivalent to an external velocity field v(y, t) which can be written in terms of the

scale factor. The velocity induced by the expansion of a given volume element (Hubble

velocity) drags a particle found inside this evolving volume deterministically.

We then studied the Brownian motion in growing domains. Incorporating the Hub-

ble velocity to the corresponding Langevin equation allowed us to obtain a partial

differential equation for the time evolution of the positional PDF in physical coordi-

nates, the so-called Fokker-Planck equation. Afterwards, we transformed this equation
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to comoving coordinates, which facilitated the computation of the statistical moments.

For uniform expansions, i.e., those given by a homogeneous scale factor ā(x, t) ≡
a(t), a number of interesting properties were found. The comoving and physical propa-

gators, W and W ∗, have exactly the same shape, although the typical widths [heights]

of these propagators at time t differ by a factor a(t) [1/a(t)]. This implies that the cor-

responding mth-order moments differ by a factor am(t). The propagators W and W ∗

for Brownian diffusion were both found to be Gaussian functions, as for static media.

The variance of the propagator is modified by the domain growth in a straight-

forward way. In comoving coordinates, the variance is proportional to the Brownian

conformal time, T2(t). Sufficiently fast expansions yield a finite value of T2(∞), so that

〈x2(∞)〉 <∞. Then, the particles get eventually confined in a region of the comoving

space, implying that the Brownian motion becomes negligible with respect to the de-

terministic drift induced by the domain growth. Indeed, in physical coordinates, the

MSD is proportional to a2(t).

In contrast, for those expansions whose scale factor grows sufficiently slow with

respect to
√
t, the MSD is linear in time, as in static media. We also found a variety

of scale factors for which the MSD is linear, up to logarithmic corrections in some

marginal cases. We also found that an exponential contraction of the domain gives rise

to a constant MSD, whereas this quantity goes to zero for faster contractions.

For nonuniform growing domains, the propagator is no longer a Gaussian PDF

in general, neither in comoving nor in physical coordinates. The relations between

statistical moments of different order are thus more complicated than in the uniform

case. We developed a method to analyze the short-time behavior of the moments in

both coordinate systems.

In forthcoming chapters, the results obtained here will be extended in two ways.

First, we will study the impact of the domain evolution on nonFickian transport. We

anticipate that strong effects will be found in the case of subdiffusive random walks,

since the functional form of the propagator for the case of a static domain is no longer

preserved, even in the case of uniform expansions. Second, reaction-diffusion processes

and first-passage processes for Brownian particles in expanding media will be considered

in the last two chapters of this thesis.





Chapter 2

Anomalous diffusion in growing

domains I. Continuous-Time

Random Walks and Lévy flights

A random walk is the mathematical implementation of a particle trajectory consisting in

a succession of random steps (“jumps”) performed at certain times. Following Ref. [57],

we use the term Brownian diffusion to denote a random walk that fulfills the following

requirements. First, the mean stepping time (or waiting time) τ remains finite, which

implies that the number of jumps performed by the particle after a sufficiently long

time is roughly N(t) ∼ t/τ . Second, the second-order moment of the step length

PDF is also finite, 〈(∆y(i))2〉 = Σ2, say, where 〈(∆y(i))2〉 is the distance covered in

the ith step. Third, the steps are either uncorrelated, or their correlation function

decays sufficiently fast, so that |
∑∞

k=1 ∆y(i)∆y(i+k)| < ∞ ∀ i. In static media, the

aforementioned requirements lead to a MSD of the form 〈y2(t)〉 = 2dDt, and to a

Gaussian propagator whose variance is given by this MSD.

Even though the Brownian motion finds widespread application in the real world

[59], most diffusive processes in nature depart from this idealized process to a lesser or

larger extent. A variety of physical reasons underlies such deviations, e.g. the pres-

ence of traps, obstacles, or geometries that limit the diffusive spreading, the onset of

delays induced by ongoing chemical reactions, the disorder or evolution of the embed-

ding medium; and, more generally, any mechanism able to hinder (or facilitate) the

The contents of this chapter make part of Ref. [58].
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exploration of the spatial domain by the diffusing particles.

Anomalous diffusion usually appears in processes with a nonlinear time growth of

the MSD, although there are certain anomalous diffusion processes where the MSD

grows linearly in time, but the propagator is non-Gaussian [60]. Here, we will focus on

the cases in which the MSD is of the form 〈y2(t)〉 ∝ tα, where α 6= 1 denotes the so-

called anomalous diffusion exponent. When α < 1, the process is termed “subdiffusive”;

otherwise, for α > 1 one speaks about superdiffusion. It is worth noting that other

MSD behaviors are also found in nature; e.g., ultraslow diffusion appears when the

MSD grows logarithmically [61], or is given by a power-law of a logarithm [62].

There are several microscopic models leading to anomalous diffusion, e.g., Frac-

tional Brownian Motion, difusion in fractals, intermittent processes,... In this thesis

we will work with a well-known model which can yield normal and anomalous diffu-

sion depending on the parameter choice, namely, the Continuous-Time Random Walk

(CTRW) model. The CTRW approach has already been successfully applied to model

phenomena like solute diffusion in porous media [63, 64], electric currents in amorphous

semiconductors [65–67] and polymers [68], transport in self-organized granular media

[69], luminescence quenching [70] and morphogen gradient formation [71]. Such random

walks are also used to make predictions about the dynamics of stock markets [72].

This chapter is organized as follows. In Sec. 2.1, we introduce the standard CTRW

model. In Sec. 2.2, we extend this model to the case of a uniformly growing domain

and derive the corresponding FPE. In Sec. 2.3, we solve the FPE for Lévy flights, i.e., a

special class of superdiffusion process exhibiting an infinite MSD in unbounded domains

[43]. The exact 1d solution is used to study the influence of the domain growth on the

mixing properties of two Lévy pulses, i.e., two solutions of the FPE initially given by

nonoverlapping delta functions. We close by summarizing the main results in Sec. 2.4.

2.1 The Continuous-Time Random Walk model

The Continuous-Time Random Walk model (CTRW) model was devised by Montroll

and Weiss in 1965 [73]. In this model, the diffusing particles (also called “walkers”)

perform instantaneous jumps of size ∆y after waiting a time ∆t, according to the joint

PDF ψ∗(∆y,∆t). Thus, the product ψ∗(∆y,∆t)d∆yd∆t is the probability for the
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walker to move by ∆y in a single jump after having waited the time ∆t to take the

jump.

In the cases considered in this thesis, the random walk is assumed to be separable,

i. e., the jump PDF can be written as

ψ∗(∆y,∆t) = ϕ(∆t)Λ∗(∆y), (2.1)

where ϕ(∆t)d∆t represents the probability that the waiting time between two successive

jumps lies in the interval [∆t,∆t + dt), and Λ∗(∆y)d∆y is the probability that the

particle’s displacement is between ∆y and ∆y + d∆y. In passing, we note that there

are walks for which the above factorization does not hold. Such walks are known as

coupled CTRWs, and the main example is the Lévy walk. Lévy walks arise as CTRWs

where the length ∆y covered by each jump is proportional to the waiting time [74].

The jump length and waiting time PDFs determine the long-time properties of the

walk. Brownian motion is recovered when the waiting time PDF has a finite mean

value τ and the jump length PDF has a finite variance 2σ2. Otherwise, the random

walk displays anomalous diffusion. A possible way to implement anomalous diffusion

is by using a fat-tailed waiting time PDF, i.e., a PDF which behaves as

ϕ(∆t) ∼ α

Γ(1− α)

τα

(∆t)1+α
, 0 < α < 1 (2.2)

for large values of ∆t [75]. Here the waiting time distribution has no mean and τ > 0

is just a typical time scale characterizing the asymptotic long-time decay of ϕ(∆t) for

a given value of α. When the jump length PDF has a finite variance, α turns out to be

the anomalous diffusion exponent.

For the above waiting time distribution, the number of jumps taken by the walker

after a given time t behaves as [76]

N(t) ∼
(
t

τ

)α
, 0 < α < 1. (2.3)

Thus, the time derivative of the number of jumps dN(t)/dt→ 0 when t→∞, meaning

the walkers find strong difficulties to diffuse at long times. This phenomenon is called

ageing by analogy with an old person that gets tired and needs to sit down after taking

a few steps [74]. The lack of a finite mean value for the waiting time implies that
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the particles may be subject to very long resting periods during their walk. Such long

breaks may be thought of as arising from a landscape of (annealed) traps.

Alternatively, it is also possible that the jump length PDF does not have a finite

variance. In particular, this is the case when

λ∗(∆y) ∼ sin
(πµ

2

) Γ(1 + µ)

π
σµ|∆y|−1−µ, 0 < µ < 2, (2.4)

where σ > 0 is the scale parameter of the distribution. The case µ = 2 corresponds to

a jump length PDF with finite variance 2σ2, e.g., a Gaussian bell.

With the choice of jump-length and waiting-time PDFs given by Eqs. (2.2) and

(2.4), one can find a bi-fractional FPE for the positional density W ∗(y, t) [43],

∂W ∗(y, t)

∂t
= Kα,µ ∇µ RL0D1−α

t W ∗(y, t), (2.5)

where

Kα,µ =
σµ

τα
(2.6)

is the anomalous diffusion constant. In Eq. (2.5) two integro-differential operators

have been introduced. The spatial one is the so-called Riesz-Weyl fractional derivative,

defined as [77]

∇µf(y) =
1

π
Γ(1 + µ) sin

(πµ
2

)∫ ∞
0

dz
f(y + z)− 2f(y) + f(y − z)

z1+µ
(2.7)

for 0 < µ < 2. The time operator on the r.h.s. of Eq. (2.5) stands for the Riemann-

Liouville fractional derivative, defined as follows:

RL
0D

1−α
t g(t) =

1

Γ(α)

d

dt

∫ t

0
dt′

g(t′)

(t− t′)1−α . (2.8)

Note that this fractional operator is just the derivative of the fractional integral

0D
−α
t g(t) =

1

Γ(α)

∫ t

0
dt′

g(t′)

(t− t′)1−α . (2.9)

The free solution of the FPE (2.5) has the scaling property [78, 79]

W ∗(y, t) =
1

z
F
(y
z

)
(2.10)
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with z = [Kα,µt
α]1/µ. It can be written in terms of the Fox H function [79, 80].

2.2 Continuous-Time Random walks in uniformly

growing domains

In static media, CTRW particles move by jumps preceded by resting periods during

which they remain at a fixed position. However, in an expanding medium, an observer

not moving with it sees that the positions of the walkers change all the time, since the

medium drags the particles as it expands, implying that they are never at rest. The

study of CTRWs in growing domains is easier in the comoving coordinate system, where

the particles only move at the jump times. In this section we will first give the relation

between the jump length PDF, λ∗, and the joint PDF, ψ∗ in physical coordinates and

their counterparts in comoving coordinates. Then we will derive the FPE for this

process in comoving coordinates. For simplicity, we will work in one dimension, but

the generalization to higher dimensions is straightforward.

We start with the assumption that the diffusive motion and the growth of the spatial

domain in which it takes place are uncorrelated. Thus, the probability density for a

random walker to take a jump of physical length |y−y′| at time t in a growing domain is

given by the same function as in the static case, ψ∗(|y−y′|, t− t′) = λ∗(|y−y′|)ϕ(t− t′),
where t′ is the time at which the walker took the previous jump. The latter equality

holds because we only consider decoupled random walks.

In contrast with the case of a static domain, here the particle’s position is obviously

not given by the sum of the previous jump displacements. Furthermore, for a given

sequence of jump lengths, the distance traveled by a walker is different depending on

the sequence of jump times. In Fig. 2.1 (a) we illustrate an example of a random

walk trajectory on a linearly expanding domain for the simplest case of a walker that

performs jumps of constant length |∆y| = 1 after a fixed period ∆t = 1. From a

mathematical point of view, the physical position y is a discontinuous function at the

jump times, since the stochastic motion is discrete. During the resting periods, y is not

constant because the walker is drifted by the growing domain.

In the comoving frame of reference, the deterministic drift caused by the growing

domain is scaled away, and the particle moves step by step and remains at the same po-

sition in the periods in between. However, as a consequence of the coordinate rescaling,
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Figure 2.1: Illustration of a random walk starting at the position y0 = 0 with ϕ(∆t) =
δ(∆t − 1) and λ(∆y) = [δ(∆y + 1) + δ(∆y − 1)]/2 and taking place a growing domain
with scale factor a(t) = 1 + t. In panels (a) and (b) the physical and comoving positions
are respectively shown as a function of time. The vertical segments represent the distance
travelled in each jump.

the jump sizes are different from the physical ones. In the case of a uniform domain

growth, the comoving jump length PDF λ(|x − x′|, t) associated with the probability

λ(|x − x′|, t)dx for the walker to perform a jump of length |x − x′| at time t becomes

time-dependent. This is simply a consequence of probability conservation,

λ(∆x, t)d∆x = λ∗(∆y)d∆y, (2.11)

and y = a(t)x. Thus, the comoving jump length PDF can be computed as

λ(∆x, t) = a(t)λ∗[a(t)∆x]. (2.12)

We can also define a joint PDF in comoving coordinates

ψ(|x− x′|, t− t′, t) = λ(|x− x′|, t)ϕ(t− t′), (2.13)

where ψ(|x− x′|, t− t′, t) = ψ∗(a(t)|x− x′|, t− t′)/a(t) is the comoving counterpart of

ψ∗.

In Fig. 2.1 (b) we show the random walk trajectory considered in Fig. 2.1 (a), but

in the comoving space. As already mentioned, one sees that the comoving coordinate

x remains constant during the resting periods, and also that the jump length decreases

in time.
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In comoving coordinates, the derivation of the Fokker-Planck equation follows the

same path as in the static case [43]. Let us introduce η(x, t) as the PDF associated

with the event of arriving at the comoving point x at time t. This auxiliary function

satisfies the master equation

η(x, t) =

∫ ∞
−∞

dx′
∫ t

0
dt′η(x′, t′)ψ(x− x′|t, t− t′) + δ(t)δ(x). (2.14)

The first term on the r.h.s. of Eq. (2.14) describes the fact that when a particle arrives

at position x at time t, it could have previously arrived at any other position x′ at time

t′ < t, and then waited for a time t− t′ before moving from x′ to x. The second term in

Eq. (2.14) accounts for the initial condition. The fact that the random walk starts at

t = 0 is a key assumption to ensure the validity of our approach for any waiting time

PDF, and in particular for a fat-tailed PDF ϕ(∆t). For such a PDF, the uncertainty

coming from the history of the particle before the initial time leads to a short-time

MSD which is different from that obtained when the clock for the waiting time is set

to zero at t = 0 [81, 82].

The probability density for finding the particle in the vicinity of the point x at time

t, W (x, t), is related to the arrival density η(x, t) as follows:

W (x, t) =

∫ t

0
dt′η(x, t′)

∫ ∞
t−t′

dt′′ϕ(t′′). (2.15)

What this equation tells us is that the walker could have arrived at the point x at many

different previous times t′, and at time t it will be found at the same location unless it

has taken a jump during the remaining time t− t′ . The mortality function

Φ(t) =

∫ ∞
t

dt′ϕ(t′) = 1−
∫ t

0
dt′ϕ(t′) (2.16)

is defined as the probability that the walker does not jump during the time interval

(0, t).

Now we are in the position to apply the standard modus operandi and proceed to

the derivation of the FPE in the Fourier-Laplace space. The Fourier transform of a

function f(x), with x ∈ (−∞,∞), will be defined as

F[f ](k) ≡ f̂(k) =
1√
2π

∫ ∞
−∞

exp(−ikx)f(x). (2.17)
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throughout this thesis. The Laplace operator acting on a function g(t), with t ∈ [0,∞),

is

L[g](s) ≡ g̃(s) =

∫ ∞
0

dt exp(−st)g(t). (2.18)

Applying these operators to Eq. (2.15), one finds

̂̃W (k, s) = ̂̃η(k, s)Φ̃(s) = ̂̃η(k, s)
1− ϕ̃(s)

s
. (2.19)

The function ̂̃η(k, s) can be computed from Eq. (2.14). To this end, we first switch to

Fourier space and find

η̂(k, t) = λ̂(k|t)
∫ t

0
dt′η̂(k, t′)ϕ(t− t′) + δ(t). (2.20)

The integral on the r.h.s. is the convolution of η̂ and ϕ. Taking the Laplace transform

of Eq. (2.20), we obtain

̂̃η(k, s) = L
{
λ̂(k|t)L−1

[̂̃η(k, s)ϕ̃(s)
]}

+ 1. (2.21)

Note also that

λ̂(k|t) = λ̂∗(k/a(t)), (2.22)

which follows from Eq. (2.12).

The above relations are valid for arbitrary jump length and waiting time PDFs.

Moreover, they hold over the full time domain. However, the diffusive approach we are

interested in requires a large number of jumps. To obtain the diffusive limit of this

CTRW process, the large-argument behavior of both PDFs must be known. As done

for the static case in Sec. 2.1, we will now consider the fat-tailed jump length PDF of

Eq. (2.4). According to Eq. (2.12), the comoving jump length PDF behaves as

λ(∆x|t) ∼ sin
(πµ

2

) Γ(1 + µ)

π

σµ

a(t)µ
|∆x|−1−µ, 0 < µ < 2 (2.23)

for large ∆x. In Fourier space,

λ̂(k|t) ∼ 1− |k|
µσµ

aµ(t)
(2.24)
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as k → 0. Inserting Eq. (2.24) into (2.21), one gets

̂̃η(k, s)[1− ϕ̃(s)] ∼ 1− |k|µσµL
{

1

aµ(t)
L−1

[̂̃η(k, s)ϕ̃(s)
]}

. (2.25)

The above equation can be written in terms of ̂̃W by virtue of Eq. (2.19),

ŝ̃W (k, s)− 1 = −σµ|k|µL
{

1

aµ(t)
L−1

[
sϕ̃(s)

1− ϕ̃(s)
̂̃W (k, s)

]}
. (2.26)

Next, we take into account that the PDF ϕ(∆t) exhibits the long-time behavior

given by Eq. (2.2). In Laplace space, this condition takes the form

ϕ̃(s) ∼ 1− ταsα, s→ 0, (2.27)

and consequently,
sϕ̃

1− ϕ̃
∼ s1−α

τα
. (2.28)

The insertion of this asymptotic expression into Eq. (2.26) yields the Fokker-Planck

equation in Fourier-Laplace space

ŝ̃W (k, s)− 1 = −|k|µσ
µ

τα
L

{
1

aµ(t)
L−1

[
s1−α̂̃W (k, s)

]}
. (2.29)

The last step consists in transforming Eq. (2.29) back to the direct space (x, t).

In doing so, the nonlocal operators introduced in Sec. 2.1 will be seen to emerge.

Indeed, for any function f(x) defined in x ∈ (−∞,∞), its Riesz-Weyl derivative has

the following property [74]

F[∇µf(x)](k) = −|k|µf̂(k). (2.30)

In addition, for a function g(t) defined in the interval [0,∞), the so-called Grünwald-

Letnikov fractional derivative is defined as [83]

0D
1−α
t g(t) = L−1{s1−αg̃(s)}(t). (2.31)

When g(t) is sufficiently smooth at the origin, that is, when

lim
t→0

∫ t

0
(t− t′)α−1g(t′)dt′ = 0, (2.32a)



46 2.3 Lévy flights in growing domains

one has

0D
1−α
t g(t) = RL

0D
1−α
t g(t) (2.32b)

-see Eqs. (2.255), (2.248) and (2.240) in Ref. [83]-.

Finally, using Eq. (2.6), one can express the FPE as follows

∂W (x, t)

∂t
= Kα,µ

1

aµ(t)
∇µx 0D

1−α
t W (x, t), (2.33)

where ∇µx denotes the Riesz-Weyl operator acting on the comoving coordinate. Note

that in the static case, a(t) = 1, Eq. (2.5) is recovered from (2.33). Additionally, in

the double limit µ → 2 and α → 1, Eq. (2.33) is reduced to the comoving FPE for

Brownian motion (1.22) with K1,2 = D.

2.3 Lévy flights in growing domains

Lévy flights are well-known examples of superdiffusive processes used in ecological sys-

tems to describe foraging [84–86] and predator search behavior [87]. They also find

application in epidemiology, as the spreading of diseases is enhanced by human travel-

ing [88, 89]. Random walks on polymer chains may also exhibit superdiffusion [90].

Lévy flights are modeled as CTRWs with a fat-tailed jump length PDF λ∗(∆y)

decaying as |∆y|−1−µ for long distances and a waiting time PDF with finite mean [91].

The aim of this section is to study the propagator and the statistical moments of such

processes in a uniformly expanding domain. We will also provide the solution for two

Lévy pulses and use it to find out that the mixing properties of diffusion are strongly

influenced by the domain expansion. Our findings can be relevant for a number of

real-world systems. For example, Lévy distributions seem to be a reasonable guess to

describe the diffusion of certain morphogens in growing tissues [92].

2.3.1 Fokker-Planck equation for Lévy flights

The FPE for a Lévy flight in the presence of a velocity field v(y, t) was derived by

Fogedby by means of a Langevin approach [93, 94]. One has

∂W ∗

∂t
= − ∂

∂y
(vW ∗) +K1,µ∇µW ∗. (2.34)
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This equation shows that the time evolution of the positional density W ∗(y, t) can

be expressed as the sum of two independent contributions, namely, a deterministic

advective component and a pure stochastic one. While this is also the case for Brownian

particles (see Sec. 1.2), in Chap. 3 we will see that it is no longer true for subdiffusive

random walks.

Eq. (2.34) also applies for the case of a Lévy flight in a growing domain, even when

the expansion is nonuniform. The velocity field v(y, t) arises from the deterministic

drift induced by the domain growth. Focusing on the case of uniform expansion, the

above equation reduces to

∂W ∗

∂t
= − ȧ

a

∂

∂y
(yW ∗) +K1,µ∇µW ∗. (2.35)

Switching to comoving coordinates, one obtains

∂W (x, t)

∂t
=
K1,µ

aµ(t)
∇µxW (x, t), (2.36)

which is just the Eq. (2.33) that we deduced in Sec. 2.2 with α = 1.

2.3.2 Propagator

It is straightforward to obtain the propagator of Eq. (2.36), i.e. the solution corre-

sponding to the initial condition W (x, 0) = δ(x) and free boundary conditions. The

procedure is very similar to that carried out in Sec. 1.3 for normal diffusion.

The “Lévy conformal time” [58]

Tµ(t) =

∫ t

0
du a−µ(u), (2.37)

reduces Eq. (2.36) to the FPE for Lévy flights in a static domain, but with physical

time replaced with this scaled time,

∂W (x, Tµ)

∂Tµ
= K1,µ ∇µxW (x, Tµ). (2.38)

This means that the comoving propagator W (x, t) is the same as in the static case save

for the replacement t → Tµ(t). We refer to Tµ(t) as the Lévy conformal time because

of its similarity with the Brownian conformal time, T2(t), defined in Sec. 1.3.
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The new time scale determines the “typical distance” traveled by a Lévy flight

in the comoving space. A point situated at an initial distance from the Lévy particle

much larger than Cµ [K1,µTµ(t)]1/µ (where Cµ is a characteristic constant to be specified

in detail later) is very unlikely to be reached by the latter during the time t. In the

language of cosmology, the medium expansion induces a particle horizon for Lévy flights

whose size is of the order of [K1,µTµ(t)]1/µ . When the medium expansion is so fast

that the integral in Eq. (2.37) converges to a finite value in the limit t → ∞, i.e.,

Tµ(∞) < ∞, the Lévy particle may never reach a spatial point that was initially at a

comoving distance greater than Cµ [K1,µTµ(∞)]1/µ.

In order to find the solution for the above integrodifferential equation, we will apply

a standard procedure [43] which amounts to taking its Fourier transform,

∂Ŵ (k, Tµ)

∂Tµ
= −|k|µK1,µ Ŵ (k, Tµ), (2.39)

and then solving for the time variable in the resulting ordinary differential equation.

The Fourier transform of the comoving propagator is

Ŵ (k, t) = exp[−|k|µK1,µTµ(t)], (2.40)

which is exactly the characteristic function of the symmetric Lévy function of index µ

and scale factor σ(t) = [K1,µTµ(t)]1/µ. This function will be hereafter denoted by

W (x, t) = Lµ (x,K1,µTµ) . (2.41)

At this point we recall that the scale factor of a Lévy function is just a measure of its

width (a more precise definition of the half-width of the comoving propagator, wµ, will

be given in Sec. 2.3.4); in other words, the Lévy function Lµ (x, σµ) can be mapped into

a Lévy function with unit length Lµ (x, 1) by means of the scaling property [76]

Lµ(z;C) = C−1/µ Lµ(zC−1/µ; 1). (2.42)

In the limit µ = 2, the Lévy function of scale factor σ turns to be a Gaussian function

with semivariance σ2.

Our last result has further implications from a mathematical point of view. In

the static case, the distribution for the (infinite) sum of independent random variables
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drawn from a PDF with the large |∆y|-behavior λ∗(y, t) ∝ |∆y|−1−µ converges to a

symmetric Lévy function. This statement is known as the Central Limit Theorem for

stable distributions [95]. What we have shown above is that this functional form of the

limiting positional PDF is preserved when the jump lengths become time-dependent.

Finally, as shown in Ref. [80], the comoving propagator can be written in terms of

the Fox H function:

• For 0 < µ < 1:

W (x, t) =
1

µ(K1,µTµ)1/µ
H1,1

2,2

[
(K1,µTµ)

1
µ

|x|

∣∣∣∣ (1, 1),
(

1
2 ,

1
2

)
( 1
µ ,

1
µ),

(
1
2 ,

1
2

) ] (2.43a)

• For µ = 1:

W (x, t) =
1

π

K1,1T1

x2 + (K1,1T1)2
(2.43b)

• For 1 < µ < 2:

W (x, t) =
1

µ|x|
H1,1

2,2

[
|x|

(K1,µTµ)
1
µ

∣∣∣∣ (1, 1
µ), (1, 1

2)

(1, 1), (1, 1
2)

]
. (2.43c)

In physical coordinates, the propagator is

W ∗(y, t) =
1

a(t)
Lµ

(
y

a(t)
,K1,µT

)
= Lµ (y,K1,µa

µTµ) , (2.44)

and so the physical PDF W ∗(y, t) can be also written in terms of the Fox H function

by performing the replacements x → y and Tµ → aµTµ in Eqs. (2.43). Note that the

r.h.s. of Eq. (2.44) follows from the scaling property of Lévy functions (2.42). We now

proceed to give the propagator solution for the special cases of a power-law scale factor

and an exponential scale factor.
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Power-law expansion

In the case of a power-law expansion, a(t) = (1 + t/t0)γ , the Lévy conformal time is

Tµ(t) =


t0

γµ− 1

[
1−

(
t+ t0
t0

)1−γµ
]

if γµ 6= 1, (2.45a)

t0 log

(
t+ t0
t0

)
if γµ = 1. (2.45b)

This yields the following asymptotic long-time behavior:

Tµ(t) ∼



t0
γµ− 1

if γµ > 1, (2.46a)

t0 ln

(
t+ t0
t0

)
if γµ = 1, (2.46b)

t0
1− γµ

(
t

t0

)1−γµ
if γµ < 1. (2.46c)

Note that the case of a contracting domain (γ < 0) is also included in our formalism.

For γ > 1/µ, the Lévy conformal time approaches the constant value t0/(γµ − 1),

which implies that in the comoving space the random walker seems to be practically at

rest in the long time regime. Thus, the comoving propagatorW (x, t) = Lµ(x,K1,µTµ(t))

adopts the form of a stationary profile as t → ∞. For γ ≤ 1/µ, W (x, t) broadens

indefinitely, since Tµ(t) is a strictly monotonically increasing function. This qualitative

behavior is in agreement with that displayed by Brownian diffusion (µ = 2).

The long-time behavior of the propagator in physical space is determined by the

quantity

σµy (t)

K1,µ
= aµ(t)Tµ(t) ∼



t1−γµ0

γµ− 1
tγµ if γµ > 1, (2.47a)

t ln

(
t

t0

)
if γµ = 1, (2.47b)

t

1− γµ
if γµ < 1. (2.47c)

Thus, the width of the physical propagator (proportional to σy(t)) always increases

in time. That said, three differents behaviors of σy(t) are observed. At long times,
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Lévy flights 51

the quantity σy(t) is proportional to a(t) when γ > 1/µ. The typical distance covered

by the particle through the purely stochastic contribution is of the order of t1/µ, and

becomes negligible with respect to the physical separation between two physical points,

whose growth is dictated by the scale factor a(t). In contrast, one has σy(t) ∝ t1/µ for

γ < 1/µ, which means that in this case the diffusive spreading evolves with the same

exponent as in a static domain. In the marginal case γ = 1/µ separating both regimes,

one has σy(t) ∝ (t ln t)1/µ.

Exponential expansion

Let us now consider the case of an exponential expanding medium, a(t) = exp(Ht).

Using Eq. (2.37) the Lévy conformal time is found to be

Tµ(t) =
1− exp(−µHt)

µH
(2.48)

for H 6= 0. In the static case (H = 0), Tµ(t) = t.

When H > 0, one observes this time converges to Tµ(∞) = 1/(µH) at long times.

This implies that the comoving propagator W (x, t) eventually freezes and takes the

asymptotic form

W (x, t→∞) = Lµ (x,K1,µTµ(∞)) = Lµ

(
x,
K1,µ

µH

)
(2.49)

Correspondingly, the width of the physical propagator, W ∗(y, t), blows up owing to the

exponential long-time divergence of the quantity σy(t) ∝ a(t)[K1,µTµ(t)]1/µ.

In contrast, for H < 0, the product aµ(t)Tµ(t) tends to 1/(µH) at long times. This

means the physical propagator approaches an asymptotic static profile, namely,

W ∗(y, t→∞) = Lµ

(
y,
K1,µ

µ|H|

)
, (2.50)

implying that the anomalous diffusive spreading is compensated with the restoring

Hubble drift. Curiously enough, W ∗(y, t→∞) is identical with the asymptotic profile

found for H > 0 (up to the replacements x→ y and H → |H|).
As shown for Brownian particles, the explanation for the onset of a stationary

asymptotic profile (2.50) relies on the fact that an exponential contraction can be seen

as a harmonic potential (centered at the initial particle position) that continuously tries
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Figure 2.2: Representation of W ∗(y, t) for a Lévy flight with µ = 3/2 and K1,µ = 1/2 at
different times t = 25, 50, 100, 200, and 500 for an exponential contraction a(t) = exp(Ht)
with H = −10−2. The symbols represent simulation results. Thin lines depict the exact
solutions. The thick line is the stationary solution for t→∞. This line overlaps with the
curve for t = 500. This figure is the same as Fig. 1 in Ref. [58].

to drag the particle back to its initial location. Indeed, the Ornstein-Uhlenbeck process

for a Lévy flight was studied in Ref. [96]. With a suitable parameter substitution,

the solution to this problem is the same as the one we obtained for an exponential

contraction. The Hubble rate (with a minus sign) −H plays the role of the quotient

κ/ξ, where κ is the coupling constant of the Hookean force and ξ is the drag coefficient.

In Fig. 2.2 we plot the time evolution of the physical propagator for a Lévy flight

in an exponentially contracting domain. Simulation results based in the MonteCarlo

algorithm -see Appendix A- show an excellent agreement with our theoretical solution.

These curves were computed numerically by means of Nolan’s method [97].

2.3.3 Fractional moments

A typical quantifier of diffusive spreading is the MSD. However, for Lévy flights in an

infinite medium, the second moment is ill-defined and one has to resort to different

approaches. One way is through the fractional moment of order ν, 〈|x|ν〉, with 0 <

ν < µ. In this section we show how the fractional moments can be directly calculated

from the propagator obtained in Sec. 2.3.2. An alternative derivation in terms of the

Langevin equation was carried out in Ref. [98].
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By definition, the νth-order comoving fractional moment is computed via the rela-

tion

〈|x|ν〉 =

∫ ∞
−∞

dx |x|νW (x, t) = 2

∫ ∞
0

dxxνW (x, t) (2.51)

for symmetric random walks. Exact expressions for the fractional moments can be

obtained via direct integration and subsequent use of the following property of the Fox

H function [43, 99] ∫ ∞
0

dz zν−1Hm,n
p,q

[
cz

∣∣∣∣ (ap, Ap)
(bq, Bq)

]
= c−νχ(−ν), (2.52a)

where the kernel χ is given by

χ(s) =

∏m
j=1 Γ(bj −Bjs)

∏n
j=1 Γ(1− aj +Ajs)∏q

j=m+1 Γ(1− bj +Bjs)
∏p
j=n+1 Γ(aj −Ajs)

. (2.52b)

Eqs. (2.43), (2.51), and (2.52) lead to an explicit expression for the νth-order frac-

tional moment:

〈|x|ν〉 = (CνµK1,µ Tµ)ν/µ (2.53a)

with

Cνµ =

 2

µ

Γ
(
− ν
µ

)
Γ(1 + ν)

Γ
(
−ν

2

)
Γ
(
1 + ν

2

)
µ/ν . (2.53b)

In physical coordinates,

〈|y|ν〉 = aν〈|x|ν〉 = (CνµK1,µ a
µ Tµ)ν/µ . (2.54)

In what follows, we provide the asymptotic behaviors of the fractional moments

for the scale factors considered in Sec. 2.3.2. In the case of a power-law expansion

a(t) = (1 + t/t0)γ , one has

〈|x|ν(t)〉µ/ν ∼



CνµK1,µ
t0

γµ− 1
if γµ > 1, (2.55a)

CνµK1,µ t0 log

(
t

t0

)
if γµ = 1, (2.55b)

CνµK1,µ
tγµ0

1− γµ
t1−γµ if γµ < 1, (2.55c)
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or equivalently,

〈|y|ν(t)〉µ/ν ∼



CνµK1,µ
t0

γµ− 1

(
t

t0

)γµ
if γµ > 1, (2.56a)

CνµK1,µ t log

(
t

t0

)
if γµ = 1, (2.56b)

CνµK1,µ
1

1− γµ
t if γµ < 1 . (2.56c)

As expected, the behavior of 〈|y|ν(t)〉µ/ν is proportional to the scaling parameter of the

Lévy propagator, σµy , defined in Sec. 2.3.2.

In Fig. 2.3 the µth-power of the first-order fractional moment for a Lévy flight of

exponent µ = 3/2 is represented by a double-logarithmic plot. In the long time limit,

the cases with γ < 2/3 are characterized by parallel straight lines with unit slope. The

logaritmic correction for the case γ = 2/3 can be slightly perceived. In the case γ = 1,

the asymptotic slope is γµ = 3/2, as expected. Another remarkable feature is that

for power-law contractions (γ < 0) the fractional moments exhibit an inflection point

around t0. This signals the decrease in the diffusive spreading with respect to the static

case as a result of the domain contraction; in fact, the prefactor 1/(1−γµ) computed in

the long-time asymptotics of 〈|y|ν(t)〉µ/ν is smaller than 1 when γ < 0. A comparison

with numerical simulations is also provided.

For an exponential expansion a(t) = exp(Ht) with H > 0, the fractional moments

in comoving space,

〈|x|ν〉µ/ν ∼ CνµK1,µ

Hµ
, (2.57)

tend to a constant value as a consequence of the propagator freeze-out. Thus, in physical

space, the fractional moments grow exponentially at long times. In the contracting

case H < 0, the behavior is just the opposite. The propagator W ∗(y, t) turns out to

be identical with W (x, t) if one replaces the Hubble constant with −H.

2.3.4 Mixing properties of two Lévy pulses

The study of the mixing properties of two diffusive pulses can be considered as a first

step to understand reaction-diffusion systems based on pairwise interactions. In the

case of growing domains, this problem was adressed for Brownian particles in Ref. [51].

The medium expansion tends to separate the particles and the diffusive motion may be
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Figure 2.3: 〈|y|〉µ vs. time for a Lévy flight of index µ = 3/2 implemented on an evolving
domain with a(t) = (1 + t/t0)γ with t0 = 103 and γ = 1, 2/3, 1/2, 0, and −5, from top
to bottom. Symbols represent results from simulations with 106 runs. Exact solutions are
represented by solid lines. The thin dashed lines reproduce the asymptotic behavior of the
exact long-time solution. In all cases, K1,µ = 1/2.

insufficient to ensure that their respective trajectories intersect. For a given time t <∞,

there exists a critical distance of the order of 2DT2(t) such that it is extremely unlikely

that two Brownian walkers meet if their initial separation is much larger. Borrowing the

language of cosmology, this critical distance will be called the “Brownian horizon”. In

the case of over-Brownian expansions, since T2(∞) <∞, it is not even guaranteed that

two particles meet as t → ∞. In the language of Ref. [51], one speaks of a Brownian

event horizon. Here, we will extend these results to the case of Lévy flights.

Let us assume that the Lévy particles are initially located at the points ±x0 (note

that in uniformly expanding domain, the results should only depend on the initial

particle separation). In the course of time, both pulses diffuse freely as the domain

expands. For simplicity, we will assume this domain to be infinite. The comoving

joint PDF, W (x, t), is the solution of Eq. (2.36) for the initial condition W (x, 0) =

[δ(x− x0) + δ(x+ x0)]/2.

Eq. (2.41), i.e., the solution of the FPE for a δ(x) initial condition, can indeed be

regarded as the Green function for our problem. Therefore, the two-pulse PDF W (x, t)

can be obtained by applying the Green theorem given by Eq. (1.16). One has

W (x, t) =
1

2
[Lµ (x− x0,K1,µTµ) + Lµ (x+ x0,K1,µTµ)] . (2.58)
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In Sec. 2.3.2, we anticipated that the half-width of the single-peaked PDF in comov-

ing coordinates, wµ(t), should be proportional to the Lévy scale factor σ(t), i.e., that

wµ(t) exhibits the time dependence wµ = Cµ[K1,µTµ(t)]1/µ. Given that the tails of the

distribution play a key role in the mixing properties, a more precise characterization

of the prefactor Cµ is needed for our purposes. A way of doing this is to define Cµ via

the implicit equation [58] ∫ wµ(t)

−wµ(t)
Lµ (x,K1,µTµ(t)) dx = P, (2.59)

where P is a sensible, predetermined probability; that is, wµ is the half-width of the

region where the probability to find the particle at a given time t is equal to P . The

latter equation has an analytical solution in the Brownian diffusive case (µ = 2),

namely, C2 = 2 erf−1(P ). The case of Cauchy flights (µ = 1) is also amenable to

exact solution, i.e., C1 = tan(Pπ/2). For the remaining values of µ < 2, Cµ can be

computed numerically. Note that, for a fixed P , Cµ increases with decreasing µ because

of the fat tails of the Lévy stable distributions.

A qualitative analysis of the mixing properties is based on the shape of the two-

pulse PDF. At short times, say those for which Tµ(t) ' t and w(t) � x0, the solution

exhibits two peaks, since the two independently diffusing pulses are still very far from

one another. The most probable locations of both particles continue to be ±x0 in

comoving space.

In the course of time, the two humps of W (x, t) widen. When the “internal” tails

of W (x, t) overlap, mixing is no longer negligible. From this time on, the probability of

encounter becomes relevant. Note that this is of particular importance for real systems

where such encounters may lead to chemical reactions.

From a more quantitative viewpoint, one can say that mixing is practically absent

at times t for which x0 � wµ(t). In the opposite situation, x0 � wµ(t), the overlap

of the two pulses will be very large. At even longer times, the two maxima may even

merge into a single hump. In this case, we speak of strong mixing.

In Fig. 2.4 we show the time evolution of the two-pulse PDF W (x, t) for a power-

law expansion with γ = 1/2 and t0 = 103. For all the times considered (t = 5 ×
103, 104, 2× 104, and 5× 104), we found nonnegligible mixing, since w1(t) turned out

to be comparable or greater than x0 = 2.5×103. The corresponding values of w1(t) for a
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Figure 2.4: W (x, t) corresponding to two Cauchy pulses (µ = 1) at times t = 5 ×
103, 104, 2× 104, and 5× 104 on a power-law growing domain with γ = 1/2 and t0 = 103.
We assume that the particles are initially located at ±x0 = ±2.5 × 103 and K1,1 = 1/2.
Solid lines are exact solutions given by Eq. (2.58). Symbols represent simulation results
obtained with 106 realizations.

given probability P = 1/2 (implying C1 = 1) are w1 = 1.45×103, 2.31×103, 3.58×103,

and 6.14×103. One sees that the peaks flatten in the course of time and that the value

of W (0, t) increases. At times of the order of 5×104 or greater, the distribution becomes

single-humped.

As in the case of a static domain, the mixing of the two pulses is fully completed

on any contracting domain, or for expansions that are slow enough to ensure that

limt→∞ Tµ(t) = ∞, which implies that the pulses widen unstoppably and no Lévy

event horizon is found. This is precisely the case represented in Fig. 2.4. In contrast,

the comoving propagator freezes when Tµ(∞) < ∞. In this case, it would be very

unlikely that particles encounter at times t such that Tµ(t) is very close to Tµ(∞).

In Figs. 2.5(a-c) we represent the two-Cauchy-pulse PDF at time t = 217 for a

power-law growing domain with γ = 2 and t0 = 103. At this time, W (x, t) is al-

ready undistinguishable from the stationary profile W (x,∞), since T1(217) ' 496.2 and

T1(∞) = 500. Each panel corresponds to a different value of x0 = 102, 103, and 104.

The figure shows that, depending on the initial distance, particle mixing could be strong

-panel (a)- or negligible -panel (c)-. It is even possible that, even though the final dis-

tribution has two peaks, a certain degree of mixing takes place -panel (b)-. The system

thus preserves a strong memory of the initial condition.

In physical coordinates, the prevention of mixing can be easily explained as follows.

The pulses are drifted away from each other by the domain expansion. The position
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Figure 2.5: W (x, t) associated with two Cauchy pulses (µ = 1) with diffusivity K1,1 = 1/2
at t = 217 for the case of a power-law expansion with γ = 2 and t0 = 103. The pulses
depart from x = ±x0 with (a) x0 = 102 (merged pulses), (b) x0 = 103 (mutually influenced
pulses), and (c) x0 = 104 (clearly separated pulses). Solid lines represent the analytical
propagator computed from Eq. (2.58). These lines overlap with dashed lines representing
the asymptotic PDF W (x,∞). Squares show simulation results for 106 realizations. These
figures are similar to Figs. 2(a)-(c) in Ref. [58].
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Lévy flights 59

of the peaks changes in time as ±a(t)x0. On the other hand, the physical width of

each pulse evolves in time as a(t)Cµ[K1,µTµ(∞)]1/µ ≡ a(t)w(∞). Therefore, when

x0 � w(∞) the diffusive motion is not enough to counterbalance the increasing peak

separation induced by the domain growth.

We end this section by noting that all the results obtained for Lévy flights here are

consistent with previous ones for Brownian particles (µ = 2). In fact, the qualitative

description of the mixing properties that we have given here can be extended to other

types of diffusing particles, e.g. subdiffusive random walkers -see Ref. [100] or Sec. 4.4-.

2.4 Summary and outlook

The CTRW model is a suitable approach to model a broad class of (anomalous) diffusion

processes. Here, we adapted it to describe diffusion in evolving domains. In comoving

coordinates, this problem becomes equivalent to that of a random walker whose jump

length decreases (increases) in time as a consequence of the domain growth (contrac-

tion). From this CTRW approach, we were able to derive a bi-fractional FPE which

applies to a wide class of diffusive transport processes.

For the case where the mean waiting time of the walkers is finite, the resulting FPE

describes Lévy flights in uniformly growing domains. The formulation of this problem

may be of interest to model certain interaction processes in cosmology, e.g., cosmic ray

scattering in magnetic fields [33].

Both in comoving and physical coordinates, the Lévy flight propagator is a symmet-

ric Lévy stable function. The scale factor describing the domain growth is in general

a nonlinear function of time, and this introduces an additional complexity in the be-

havior. To obtain the positional PDF in an expanding domain from the well known

standard expression for a static domain, the usual time t should be replaced by a new

“time”, Tµ(t) in comoving coordinates, or with aµ(t)Tµ(t) in physical coordinates. An

important point is that these new times depend on the Lévy index characterizing the

intrinsic motion of the particle.

The spread of diffusive pulses in physical space is determined by the Lévy scale factor

σy(t) = a(t)[K1,µTµ(t)]1/µ. In particular, we studied the cases where the (cosmological)

scale factor is respectively given by a power-law and by an exponential. In the first

case, we observed a remarkable change in behavior at γ = 1/µ. Power-law expansions
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with γ > 1/µ or faster expansions (e.g., exponential ones) accelerate the broadening of

the physical propagator. In contrast, power-law expansions with γ < 1/µ (including

the contracting case γ < 0) do not modify the linear dependence of σy(t). The motion

of a Lévy particle in an exponentially contracting medium is equivalent to that of a

Lévy particle drifted by a linear restoring force. In this case, the long-time propagator

tends to a stationary distribution in physical space.

We defined the propagator half-width wµ(t) as the comoving distance from the initial

point within which the Lévy particle is expected to be found with a predetermined

probability at time t. The mixing properties of a pair of diffusing Lévy pulses can be

analyzed by comparing their initial half separation x0 with wµ(t). A considerably high

encounter probability is found when wµ(t) � x0. However, the long-time freeze out

of the time variable (Tµ(∞) < ∞) which takes place for sufficiently fast expansions

prevents significant particle mixing as long as the initial particle separation remains

large enough.

We would like to close this chapter by emphasizing that the behavior of a symmetric

Lévy flight on a uniformly growing domain is similar to that of a Brownian particle, since

in both cases the rescaling of the time variable leads to the same qualitative behavior

of the Gaussian propagator. In the next chapter we will study the solution of the FPE

for subdiffusive random walks, for which the effect of the medium expansion is much

more drastic and can no longer be treated by a simple rescaling of the time variable.

As a result of this, the phenomenology is markedly different from that observed in the

case of Brownian diffusion and Lévy flights.



Chapter 3

Anomalous diffusion in growing

domains II. Continuous-Time

Random Walks with power-law

waiting time distributions

Subdiffusion is a widespread mechanism of transport in crowded and disordered envi-

ronments. An example of this kind of environments is the microscopic cellular medium,

where several subdiffusive processes take place, e.g., protein diffusion in the cell mem-

brane [101], the transport of organelles [102, 103], lipid granules [104] and hormones

[105] in the cytoplasm, or the motion of water molecules in a solvation shell [106]. Be-

yond such biological applications, subdiffusion is also observed in porous media [63, 64],

carrier transport in amorphous semiconductors [65–67], tracking experiments in hydro-

gels [107], and groundwater aquifers [108, 109]. Subdiffusive models can also be applied

to model the behavior of financial markets [110].

A popular model for subdiffusion is the decoupled version of the CTRW, which is

characterized by a heavy-tailed waiting time PDF ϕ(∆t) ∼ (∆t)−1−α, with 0 < α < 1,

and a jump length PDF with finite variance. For the sake of brevity, we will call these

stochastic processes “time fractional random walks”. For such processes, the ensemble

averaged MSD is proportional to tα in the long-time regime. This quantity is defined as

the average of the squared particle position over a set of statistical realizations carried
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out under the same conditions.

In single-particle tracking experiments, one measures the dispersion of a single tracer

within a certain time window, and studies how this quantity varies with the window

size. Specifically, one evaluates the so-called time-averaged MSD, defined as

r̄2(t) =
1

tm − t

∫ tm

0
du|~r(u+ t)− ~r(u)|2, (3.1)

where tm is the measurement time, i.e., the overall duration of the trajectory. In

subdiffusive CTRWs, this quantity (usually termed “time-averaged MSD”) exhibits

a time dependence that is different from that of the ensemble averaged MSD . This

discrepancy is a consequence of the weak-ergodicity breaking of the CTRW process

[74, 111].

Apart from this ergodicity breaking, time-fractional random walks are characterized

by a time-decreasing jump rate, which was termed “aging” in Sec. 2.1. In this chapter,

we will see that the aging of a time-fractional CTRW is crucial to understand how

it behaves when implemented in an expanding medium. From the point of view of

possible applications, the study of anomalous transport in an expanding medium may

be of interest in the field of epigenetics, since the formation of morphogen gradients

occurs while the tissue itself grows. It may also be relevant for the study of chromosome

segregation [112].

Given the interest of time-fractional random walks in growing domains, we will de-

vote this chapter to studying their ensemble average properties. The analysis of the

Fokker-Planck equation for uniformly growing domains and the subsequent computa-

tion of the associated statistical moments are carried out in Secs. 3.1 and 3.2. In this

context, we find the surprising result that the kurtosis becomes time dependent, which

motivates us to further investigate the shape of the propagator in Sec. 3.3. An exten-

sion of our study to the case of non-uniformly growing domains is developed in Sec. 3.4.

Finally, Sec. 3.5 is devoted to a detailed discussion of the obtained results.

This chapter is a review of the study of subdiffusive transport in growing domains performed in
three different publications. More specifically, Secs. 3.1 and 3.2 are closely related with Sec. IV in
Ref. [58]. Sec. 3.3 is included in Ref. [100]. Sec. 3.4 makes part of Ref. [44].
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3.1 Time-fractional Fokker-Planck equation for a

uniformly growing domain

Our starting point will be the Fokker-Planck equation (2.33) for uniformly growing

domains obtained in Sec. 2.2. This equation was derived from a decoupled random walk

whose jump length and waiting time PDFs exhibit a power-law asymptotic behavior.

In the case of time-fractional random walks, one exploits the fact that the jump length

PDF has a finite variance 2σ2, leading to the FPE

∂W (x, t)

∂t
=

Kα

a2(t)

∂2

∂x2

[
0D

1−α
t W (x, t)

]
, (3.2)

in comoving coordinates. Formally, the FPE has the structure of a fractional diffusion

equation with a time-dependent diffusion constant Kα/a
2(t). We remind the reader

that the anomalous diffusion exponent α ∈ (0, 1) stems from the waiting time PDF

ϕ(∆t) ∼ ατα(∆t)−1−α/Γ(1 − α), which means that the number of jumps performed

by the random walker evolves as N(t) ∼ (t/τ)α, as shown in Eq. (2.3). The anomalous

diffusion coefficient is given by

Kα = Kα,2 =
σ2

τα
. (3.3)

Equation (3.2) exhibits an important difference with respect to the FPE for Brow-

nian diffusion (1.22), or for space-fractional random walks (2.36). In these cases, the

time-dependence in the diffusion cooefficient can be absorbed into the time-derivative of

W (x, t) after implementing a suitable change of variable. This property no longer holds

for Eq. (3.2) owing to the presence of the Grünwald-Letnikov operator. As a result of

this, the task of finding analytical expressions for the comoving propagator becomes

extremely difficult as soon as α < 1. Similar difficulties emerge for bi-fractional random

walks governed by the FPE (2.33) with 0 < µ < 2.

The aforementioned mathematical complications already herald an intricate phys-

ical behaviour. The inability to define an adequate time scale allowing one to study

the system’s behaviour in terms of the equations for the case of a static domain reveals

that the subdiffusive process in a growing domain is not time scale invariant. The role

of the domain growth seems to be more relevant in the case of time-fractional random

walks than in those case where the waiting time PDF has a finite mean. An intuitive
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explanation relies on the fact that subdiffusive particles can remain for long periods

of time without making jumps. During these resting periods, they are drifted by the

growing domain. Therefore, for a fixed number of jumps, the physical displacement

induced by the Hubble drift is, on average, much larger for a subdiffusive random walk

than for a normal diffusive one.

Let us now transform FPE (3.2) to physical coordinates. To do so, we use Eq. (1.21),

and take into account that the time fractional derivative in Eq. (3.2), 0D
1−α
t , acts on the

function W (x, t) as if the argument x were a constant, which means that it commutes

with any other operator acting on the comoving coordinate x alone. As a result of this,

the r.h.s. of Eq. (3.2) can be written as

Kα

a2(t)

∂2

∂x2

[
0D

1−α
t W (x, t)

]
= Kα

∂2

∂y2

{
0D

1−α
t [a(t)W ∗(a(t)x, t)]

}
x→y/a(t)

. (3.4)

If one now makes use of the relation

∂W (x, t)

∂t

∣∣∣∣
x

= a
∂W ∗(y, t)

∂t

∣∣∣∣
y

+ ȧ
∂[y W ∗(y, t)]

∂y

∣∣∣∣
t

(3.5)

one can obtain, after some manipulations, the FPE in physical coordinates,

∂W ∗

∂t
= − ȧ

a

∂

∂y
[y W ∗] +

Kα

a(t)

∂2

∂y2

{
0D

1−α
t [a(t)W ∗(a(t)x, t)]

}
x→y/a(t)

. (3.6)

The main novelty with respect to Lévy flights and Brownian processes is that the

Hubble drift cannot simply be accounted for by introducing a probability flux of the

form vW ∗, with v = ȧy/a in the FPE for a static domain. In view of Eq. (3.6), one

could claim that the anomalous stochastic transport is effectively “coupled” to the

medium expansion.

In the forthcoming sections we will investigate the different effects caused by the

medium expansion in time-fractional random walks with the help of the FPE. As

Eq. (3.2) is simpler than Eq. (3.6), in the remainder of this chapter we will work

in comoving coordinates.
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3.2 Statistical moments for a uniformly growing domain

When the exact propagator is unknown, the study of the statistical moments naturally

emerges as an alternative way to explore the underlying physics. In this section, we will

present a method to compute the comoving moments 〈xm(t)〉 in infinite domains and

analyze their behavior for the particular cases of domains whose expansion is dictated

by a power-law scale factor and by an exponential scale factor. Here, we also focus on

the case where the comoving PDF is determined by the initial condition W (x, 0) = δ(x),

which implies 〈xm(0)〉 = 0 for odd-valued m. Note that, in a driftless diffusive process,

the odd-order moments vanish by symmetry.

A differential equation for the second-order moment can be obtained by multiplying

both members of Eq. (3.2) by x2 and subsequently integrating over the real line,

d

dt
〈x2(t)〉 =

Kα

a2(t)
0D

1−α
t (2) =

2Kα

a2(t)

tα−1

Γ(α)
, (3.7)

whence an analytical expression for the second-order moment can be computed exactly

for any given scale factor:

〈x2(t)〉 =
2Kα

Γ(α)

∫ t

0
du

uα−1

a2(u)
. (3.8)

This expression reproduces the well-known result

〈x2(t)〉 = 〈y2(t)〉 =
2Kα

Γ(1 + α)
tα (3.9)

for a static domain (a(t) = 1). In contrast, when the quantity tα−1/a2(t) decays to zero

sufficiently fast, 〈x2(t)〉 converges to a finite value; we will then speak of “fast domain

growth”.

A typical result for diffusive systems is that higher-order moments are connected to

lower-order ones by a descending hierarchy. For an expanding domain, this continues

to hold, since the even-order comoving moments also satisfy such a hierarchy. The

differential equation for the mth-order moment can be found with the same procedure

as for the second-order, except that the FPE is cross-multiplied by xm rather than by
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x2. One then finds

d

dt
〈xm(t)〉 = m(m− 1)

Kα

a2(t)
0D

1−α
t 〈xm−2(t)〉, m = 2, 4, . . . (3.10)

Note that this set of equations is closed, since an explicit expression for the second-order

moment is provided by Eq. (3.8). In particular, the fourth-order moment is

〈x4(t)〉 = 12Kα

∫ t

0

du

a2(u)
0D

1−α
u 〈x2(u)〉. (3.11)

Another consequence of Eq. (3.10) is the freeze-out of the comoving propagator in

those cases where the second-order moment approaches a finite limiting value 〈x2(∞)〉

in the long-time limit. A proof by induction is quite simple. Let m ≥ 2 be an even

number. For m = 2, the integral on the r.h.s. of Eq. (3.11) is well-defined in the

limit when t → ∞, since [0D
1−α
t 〈x2(t)〉]/a2(t) is an integrable function with the same

long-time behavior as d〈x2(t)〉/dt -see Eq. (3.7)-. The same reasoning holds for larger

values of m. Indeed, from Eq. (3.10), one gets

d〈xm(t)〉
dt

∝ 0D
1−α
t 〈xm−2(t)〉
a2(t)

∼ 〈x
m−2(∞)〉
Γ(α)

tα−1

a2(t)
∝ d〈x2(t)〉

dt
(3.12)

in the limit t → ∞. Thus, all the comoving moments converge to a finite constant,

since the second-order moment does so. For sufficiently fast expansions, the same effect

was found for Brownian particles, although in this case the comoving moments can be

directly obtained from the comoving propagator.

Finally, we note that the moments in physical space can be formally computed by

means of Eq. (1.29). In the next subsections we will explicitly compute the statistical

moments for the case of exponential and power-law expanding domains.

3.2.1 Power-law expansion

Let us insert a power-law scale factor a(t) = (1 + t/t0)γ into Eq. (3.8). The comoving

second-order moment is

〈x2(t)〉 =
2Kα

Γ(1 + α)
tα 2F1

(
α, 2γ; 1 + α;

−t
t0

)
, (3.13)
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where 2F1 stands for the ordinary hypergeometric function. This function displays

different asymptotic behaviors for long times depending on the values of the parameters

α and γ. From Eq. (15.3.7) in p. 559 of Ref. [113], one finds

2F1 (a, b; c;−z) ∼ Γ(c)Γ(b− a)

Γ(b)Γ(c− a)
z−a +

Γ(c)Γ(a− b)
Γ(a)Γ(c− b)

z−b, a 6= b, (3.14a)

when z →∞. Similarly, by means of Eq. (15.3.13) in p. 560 of the same reference, one

finds

2F1 (a, a; c;−z) ∼ Γ(c)

Γ(a)Γ(c− a)
z−a ln(z). (3.14b)

Then, by taking z = t/t0, the comoving second-order moment shows the following

long-time behavior (t� t0)

〈x2(t)〉 ∼



2Kαt
2γ
0

Γ(α)(α− 2γ)
tα−2γ if α > 2γ, (3.15a)

2Kαt
α
0

Γ(α)
ln

(
t

t0

)
if α = 2γ, (3.15b)

2Kαt
α
0 Γ(2γ − α)

Γ(2γ)
if α < 2γ. (3.15c)

Equivalently, in physical space, the second-order moment

〈y2(t)〉 =
2Kα

Γ(1 + α)
tα
(

1 +
t

t0

)2γ

2F1

(
α, 2γ; 1 + α;

−t
t0

)
, (3.16)

has the long-time behavior

〈y2(t)〉 = a2(t)〈x2(t)〉 ∼



2Kα

Γ(α)(α− 2γ)
tα if α > 2γ, (3.17a)

2Kα

Γ(α)
tα ln

(
t

t0

)
if α = 2γ, (3.17b)

2Kαt
α−2γ
0 Γ(2γ − α)

Γ(2γ)
t2γ if α < 2γ. (3.17c)

At this point we identify three different regimes, as in the case of Brownian motion (and

also for Lévy flights). Here, the regime where the qualitative power-law behavior is the

same as in a static domain takes place for γ < α/2, but with an effective anomalous
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Figure 3.1: 〈y2(t)〉 vs. time for subdiffusive random walks with α = 1/2 and Kα = 1/2
on a domain that expands according to the power law a(t) = (1 + t/t0)γ . The analytic
solution (3.13)) is plotted for t0 = 103 and γ = 2/5, 1/4 1/6 and 0 (static case), from
top to bottom. Simulation results are depicted by symbols. Dashed lines represent the
long-time behavior given by Eqs. (3.17).

diffusion constant given by Keff
α = αKα/(α − 2γ). For γ > α/2, the particles are

essentially dragged by the growing domain, since 〈y2(t)〉 ∝ a2(t). Finally, a logarithmic

correction emerges for α = 2γ.

In Fig. 3.1 the physical second-order moment is displayed for different parameter sets

corresponding to a power-law expansion. One sees that the expansion gives rise to an

increase of the MSD (with respect to the static case) after a time of the order of t0(21/γ−

1), which is precisely the time for which a(t) = 2. The long-time behavior discussed

in the previous paragraph is only observed at times much longer than this typical

time. A comparison with simulations performed according to the explanations given

in Appendix A is also provided. An extremely good agreement with our theoretical

results is found.

Three additional remarks should be made. First, for a power-law expansion, the

asymptotic regime is determined by the anomalous diffusion exponent (together with

γ). Particles with larger α take more jumps per unit time, they thus need a faster

expansion to leave the diffusion-dominated regime and enter the expansion-dominated

one. Second, the value of t0 becomes increasingly relevant as γ ≥ α/2 grows (it is not

relevant for γ < α/2). This signals the strong impact of the domain expansion on the

MSD. Third, the regime γ < α/2 includes the case of power-law contractions (γ < 0),
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Figure 3.2: 〈y2(t)〉 vs. time for subdiffusive random walks with α = 1/2 and Kα = 1/2 in
a power-law contracting domain a(t) = (1+ t/t0)γ with t0 = 103 and γ = −1 and −5 (from
top to bottom). Symbols correspond to simulation results for the two different γ values, as
shown in the legend. The solid line depicts the exact solution given by Eq. (3.22). Dashed
lines represent the long-time behavior. This figure is the same as Fig. 7 in Ref. [56].

for which MSD is of course proportional to tα at long times. However, an interesting

situation arises at sufficiently short times. For γ > 0, the second-order moment always

increases in time, since 〈y2(t)〉 is equal to the product of two monotonically increasing

functions (a(t) and 〈x2(t)〉). In contrast, for shrinking domains (ȧ < 0), a transient

regime may appear in which the MSD decreases in time for α < 1. This transient

behavior is absent for α = 1, which evidences the stronger impact of the domain

growth in the case of subdiffusive particles. A physical explanation for the possible

onset of a local minimum (“bump”) is as follows. The larger |γ| becomes, the shorter

is the time at which the contraction starts to become relevant. For a sufficiently large

|γ|, the contraction prevails over the diffusive spreading, and the time derivative of the

MSD becomes negative, thereby giving rise to the bump. In Fig. 3.2 we plot 〈y2(t)〉 for

two power-law contractions a(t) = (1 + t/103)γ with different values of γ. In the case

where γ = −5 the “bump” is observed. In contrast, for γ = −1 one finds an inflection

point, as in the normal diffusive case.

The fourth-order moment in comoving space can be calculated directly from Eqs. (3.11)
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and (3.13). This yields

〈x4(t)〉 = 48(Kα)2α

∫ t

0
du u2α

(
1 +

u

t0

)−2γ [ 1

u Γ(1 + 2α)
2F1

(
α, 2γ; 1 + 2α;− u

t0

)
−

γ

t0 Γ(2 + 2α)
2F1

(
1 + α, 1 + 2γ; 2 + 2α;− u

t0

)]
,

(3.18)

or equivalently,

〈x4(t)〉 = 48(Kα)2α t2α0

∫ t/t0

0
dz z2α(1 + z)−2γ

[
1

z Γ(1 + 2α)
2F1 (α, 2γ; 1 + 2α;−z) −

γ

Γ(2 + 2α)
2F1 (1 + α, 1 + 2γ; 2 + 2α;−z)

]
.

(3.19)

The above (dimensionless) integral does not seem to be expressible in terms of elemen-

tary functions, although it can be evaluated numerically.

As done for the second-order moment, one can infer the long-time asymptotics of

〈x4(t)〉 by making use of Eqs. (3.14). Again, three different regimes are obtained. For

a slow expansion with γ < α/2, one finds

〈x4〉 ∼ 24(Kα)2 t4γ0
(α− γ)Γ(α− 2γ)

(α− 2γ)Γ(α)Γ(1 + 2α− 2γ)
t2α−4γ . (3.20a)

In the marginal case γ = α/2, one has

〈x4〉 ∼ 12(Kα)2t2α0
[Γ(α)]2

[
log

(
t

t0

)]2

. (3.20b)

Finally, for fast power-law expansions (γ > α/2), the fourth-order moment turns out

to go to a finite value as t→∞. Indeed, we get in this case 〈x4〉 ∝ (Kα)2t2α0 , since the

integrand in Eq. (3.19) behaves as zα−2γ−1 < z−1 for long times.

Correspondingly, the physical fourth-order moment 〈y4〉 = a4(t)〈x4〉 exhibits the

asymptotic behavior

〈y4〉 ∼ 24(Kα)2 (α− γ)Γ(α− 2γ)

(α− 2γ)Γ(α)Γ(1 + 2α− 2γ)
t2α (3.21a)
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for γ < α/2, and

〈y4〉 ∼ 12(Kα)2

[Γ(α)]2
t2α

[
log

(
t

t0

)]2

(3.21b)

for γ < α/2. For fast expansions (γ > α/2), one has 〈y4〉 ∝ t4γ at long times.

3.2.2 Exponential expansion

In this subsection we will analyze the case of an exponential expansion a(t) = exp(Ht)

with H > 0. As expected, we will see that this fast growth makes the comoving

propagator tend to a stationary profile, since all the moments go to finite values in the

long time limit. We will show a method to compute these values explicitly.

Let us start by computing the comoving second-order moment. Inserting the above

exponential scale factor into Eq. (3.8), one finds

〈x2(t)〉 = 2Kα(2H)−α
[
1− Γ(α, 2Ht)

Γ(α)

]
. (3.22)

This expression is valid both for H > 0 and for H < 0. Here, the function Γ(ν, z)

stands for the upper-limit Gamma function. For positive large arguments (H > 0 and

t→∞) this function converges to a finite value, whereas for negative large arguments

(H < 0 and t→∞), it diverges. Then, for H > 0, the second-order moment goes to

〈x2(t→∞)〉 = 21−αKαH
−α. (3.23)

We can compute the asymptotic behavior of the second-order moment in an alter-

native way. The Laplace transform of the differential equation (3.7) reads as follows:

s〈x2(s)〉 =
2Kα

Γ(α)
L

[
tα−1

a2(t)

]
(s). (3.24)

In particular, for a(t) = exp(Ht), this yields

〈x2(s)〉 = 2Kαs
−1(s+ 2H)−α. (3.25)

The asymptotic value of a given continuous function g(t) (defined for t ≥ 0) follows

from the property [114],

lim
t→∞

g(t) = lim
s→0

[sg̃(s)]. (3.26)
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Direct application of this property to Eq. (3.25) yields Eq. (3.23).

A similar procedure works also for higher order moments. The expression for the

fourth-order moment, say, is [100],

〈x4(t)〉 =
24(Kα)2

Γ(2α)

∫ t

0
du u2α−1 exp(−3Hu) 0F1

(
1

2
+ α,

H2u2

4

)
, (3.27)

where 0F1 stands for the confluent hypergeometric function. This can be directly

deduced from Eq. (3.11), but also using the hierarchy (3.10), which yields the recurrence

relation

s〈xm(s)〉 = m(m− 1)Kα(s+ 2H)1−α〈xm−2(s+ 2H)〉. (3.28)

Thus, using Eq. (3.25), one gets

〈x4(s)〉 = 24(Kα)2 s−1 (s+ 2H)−α (s+ 4H)−α (3.29)

in Laplace space. Then the fourth-order moment converges to

〈x4(t→∞)〉 = 3× 81−α(Kα)2H−2α. (3.30)

It should be noted that the fourth-order moment does not appear to have a simple

expression in the direct space-time domain. However, for any time t <∞, this moment

can be evaluated via the numerical integration of Eq. (3.27) or the numerical Laplace

inversion of Eq. (3.29).

More generally, it is possible obtain an exact expression for the Laplace-transformed

comoving moment of order 2k with k = 2, 3, 4...,

〈x2k(s)〉 = (2k)! (Kα)k s−1
k∏
j=1

(s+ 2jH)−α. (3.31)

Therefore, the moments 〈x2k(t)〉 converge to

〈x2k(t→∞)〉 = (2k)! [(2k)!!]−α (Kα)k H−kα. (3.32)

As shown in Ref. [115], these expressions can now be used to obtain an explicit repre-
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sentation of the Fourier-transformed propagator

Ŵ (k, t) =

∫ ∞
−∞

dx exp(−ikx) W (x, t) =

∞∑
m=0

(−ik)m

m!
〈xm(t)〉 (3.33)

in the t→∞ limit, namely,

Ŵ (k, t→∞) =

∞∑
m=0

(−1)mk2m

[(2m)!!]α
(Kα)mH−mα ≡

∞∑
m=0

cmZ
2m, (3.34)

with cm = (−1)m/[(2m)!!]α and Z = k(Kα)1/2H−α/2.

Unfortunately, we are only able to perform the sum
∑∞

m=0 cmZ
2m when α = 1,

which yields Ŵ (k, t → ∞) = exp(−Z2/2). In this case, the inverse Fourier transform

is known, and one gets

W (x, t→∞) =
1√

2πK1/H
exp

(
− x2

2K1/H

)
, (3.35)

which is exactly the asymptotic comoving propagator obtained in the normal diffusive

case with K1 ≡ D -see Secs. 1.3 and 1.3.1-. In contrast, for α 6= 1, one must resort

to a numerical Fourier inversion of the
∑∞

m=0 cmZ
2m to get a semianalytical result for

W (x, t→∞).

Finally, one can easily see that all the moments

〈ym(t)〉 = exp(mHt)〈xm(t)〉 (3.36)

in physical space explode in the long-time limit, since 〈ym(t)〉 ∼ exp(mHt)〈xm(t→∞)〉
for H > 0. This means that the subdiffusive process is eventually controlled by the

Hubble flux.

In Fig. 3.3 we represent the physical second-order moment for a subdiffusive par-

ticle in an exponentially expanding domain. As expected, one sees that 〈y2(t)〉 is an

increasing function of time which diverges exponentially. These results are confirmed

by our simulations.

3.2.3 Exponential contraction

In Secs. 3.2.1 and 3.2.2 we saw that the long-time behavior of subdiffusive particles in

domains that expand as a power law or an exponential is not too different from that
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Figure 3.3: Time dependence of the physical second-order moment for a subdiffusive
random walk with α = 1/2 and Kα = 1/2 under an exponential expansion a(t) = exp(Ht)
with H = 10−6. This moment is computed from the equation 〈y2(t)〉 = a2(t)〈x2(t)〉,
where 〈x2(t)〉 stems from Eq. (3.22). This curve is represented by the solid line, whilst the
squares represent simulation results. The dashed line corresponds to the curve 〈y2(t →
∞)〉 = exp(2Ht)〈x2(t→∞)〉, whereby x2(t→∞) is given by Eq. (3.23).

of Brownian particles. The reader may thus wonder if there exists a setting in which

replacing a Brownian particle with a subdiffusive one leads to significant changes in

the diffusive behavior. This is the case for an exponentially contracting domain, i.e.,

for a(t) = exp(Ht) with H < 0.

As it turns out in this case, the analysis of the moments of the propagator is easier

to perform in physical coordinates. The counterpart of Eq. (3.36) in Laplace space is

〈ym(s)〉 = 〈xm(s−mH)〉. (3.37)

Using Eqs. (3.25), (3.29) and (3.31), the Laplace-transformed physical moments can be

straightforwardly obtained:

〈y2(s)〉 = 2Kα(s− 2H)−1s−α, (3.38)

〈y4(s)〉 = 24(Kα)2(s− 4H)−1(s− 2H)−αs−α, (3.39)

and

〈y2k(s)〉 = (2k)!(Kα)k(s− 2kH)−1
k∏
j=1

[s− 2H(k − j)]−α. (3.40)
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Although the above expressions are still valid for H > 0, we will focus here on the

contracting case.

The Laplace inversion of 〈y2(s)〉 is of course well-known, since

〈y2(t)〉 = exp(2Ht)〈x2(t)〉 = exp(2Ht)2Kα(2H)−α
[
1− Γ(α, 2Ht)

Γ(α)

]
. (3.41)

For H < 0, one has

〈y2(t)〉 ∼ Kα

|H|Γ(α)
tα−1. (3.42)

Thus, 〈y2(t)〉 decays to zero for any α < 1. In contrast, the MSD saturates to a finite

value 〈y2(∞)〉 = K1/|H| in the case of normal diffusion.

Physically, this result means that an arbitrarily small departure of α from unity has

a drastic effect, since the particles ends up concentrating at the origin. This results from

the fact that the centripetal Hubble drift eventually prevails over diffusive spreading.

Note that for Brownian diffusion, these two contributions tend to equilibrate in the long

time limit, and as a result of this a concentration profile with finite width eventually

settles.

This surprising phenomenon can be ascribed to the aging of the subdiffusive random

walks. At long times, the jump rate of the subdiffusive particles is known to decrease

strongly. Therefore, at some point the diffusive spreading increases so slowly that it

can no longer compensate the restoring Hubble flux. In contrast, the jump rate for

Brownian particles (and Lévy flights) is constant, a condition that is necessary to avoid

the collapse of the MSD to the origin.

Another important point is that the advective flux induced by an exponential con-

traction, v(y) = Hy, is equivalent to that induced by a Hookean force. However, it is

somewhat surprising that the solution to this latter problem for subdiffusive particles

had to wait until 2019, when it was found by means of a Langevin approach [116].

The behavior of the physical MSD for a particle with α = 1/2 that evolves on an

exponentially contracting domain is displayed in Fig. 3.4. As expected, at short times

〈y2(t)〉 ∝ tα, since the effect of domain contraction is negligible. The MSD continues

to increase until it reaches a maximum at a “turning time”, which can be computed

from the equation d〈y2(t)〉/dt = 0. Even though this equation can only be solved

numerically, one expects that the turning time should be of the order of 1/|H|, since

it is from this time on that the domain contraction starts to play a relevant role. The
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Figure 3.4: 〈y2(t)〉 vs. time for subdiffusive random walk with α = 1/2 and Kα = 1/2
in an exponentially contracting medium a(t) = exp(Ht) with H = −10−6. The squares
represent simulation results. The solid line depict the exact solution displayed in Eq. (3.22).
The long-time asymptotics, shown in Eq. (3.23), is represented by the dashed line. The
“turning point” is attained at t ' 4.27× 105.

long-time collapse to the origin is given by Eq. (3.42). Also shown in Fig. 3.4 are

simulation results. The agreement with the theory is once again excellent.

Moreover, the decay of higher order physical moments is characterized by the same

negative exponent as the MSD. Indeed, taking the limit when s→ 0 in Eq. (3.40), one

gets

〈y2k(s)〉 ∼ (2k − 1)!(Kα)k|H|−1−α(k−1)[(2k − 2)!!]−αs−α. (3.43)

According to the Tauberian theorem [117], the physical moments decay as

〈y2k(t)〉 ∼ (2k − 1)!(Kα)k|H|−1−α(k−1)[(2k − 2)!!]−α

Γ(α)
tα−1 (3.44)

for 0 < α < 1. In particular, the fourth order moment behaves as

〈y4(t)〉 ∼ 3× 21−α (Kα)2

|H|1+α Γ(α)
tα−1. (3.45)

Summarizing, we find that, when α < 1, all the physical moments vanish as t→∞ .

Therefore, the main conclusion is that propagator W ∗(y, t) must tend to a Dirac Delta

function δ(y) in this limit. In cosmology, an eventual singularity of mass concentration

due to the contraction of the universe is termed “Big Crunch”. In view of the similarities

between this phenomenon and the one described above, we will refer to the latter as
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“Big Crunch” in the remainder. We note that this terminology was already used in

Ref. [58].

3.3 Kurtosis: A tool to understand the changes in the

propagator

The kurtosis of a PDF is a measure of its “tailedness”: the larger the kurtosis, the

larger the probability of outliers in the distribution. This quantity is defined as

β2 =
〈(y − 〈y〉)4〉
〈(y − 〈y〉)2〉2

, (3.46)

where y denotes the independent variable with respect to which the PDF is defined. In

our case, y will be the physical position, as our main goal is to describe the propagator

W ∗(y, t).

An instructive way to understand the meaning of the kurtosis is to compare the

given PDF with a Gaussian distribution. Gaussian functions have a kurtosis β2 = 3,

as can be shown from Eq. (1.30). PDFs with β2 = 3 are called mesokurtic, whereas

those exhibiting thinner tails than the Gaussian distribution have β2 < 3, and are

termed platykurtic. In the aforementioned cases, the weight of the random variable

is mainly concentrated in the central part of the distribution. In contrast, fat-tailed

distributions exhibit an excess kurtosis with respect to the Gaussian function (β2 > 3).

Such distributions are known as leptokurtic.

In the remainder of this section, we will evaluate the kurtosis of the propagator for

time-fractional random walks both in static and growing domains. In the latter case,

we will see that this quantity becomes time-dependent and analyze how this affects the

shape of the propagator. Our results will find support in numerical computations and

simulations.

3.3.1 Summary of known results for static domains

For the standard case of a static domain, the propagator of a time-fractional random

walk is [43]

W ∗(y, t) =
1√

4Kαtα
H1,0

1,1

[
|y|√

4Kαtα

∣∣∣∣ (1− α/2, α/2)
(0, 1)

]
, (3.47)
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where H1,0
1,1 [·] stands for a Fox H-function [99]. This function has the following series

representation

W ∗(y, t) =
1√

4Kαtα

∞∑
n=0

(−1)n

n!Γ(1− α[n+ 1]/2)

(
y2

Kαtα

)n/2
. (3.48)

The shape of the propagator at a finite time can be described as follows. At the

origin, W ∗(y, t) exhibits a non-differentiable cusp for any α < 1. In terms of an

ensemble of identical walkers, this is explained by the fact that, in the vicinity of

the starting point, those which have jumped approximately the same number of times

in each direction coexist with a nonnegligible fraction of walkers that have not jumped

at all. Beyond the central region, the propagator is found to exhibit fat tails. More

precisely, according to the analysis given in Ref. [43], the propagator approaches a

“stretched Gaussian” whose tails behaves as follows:

W ∗(y, t) ∼ 1√
4πKαtα

√
1

2− α

(
2

α

)(1−α)/(2−α)( |y|√
Kαtα

)−(1−α)/(2−α)

× exp

(
−2− α

2

(α
2

)α/(2−α)
[
|y|√
Kαtα

]2/(2−α)
)
. (3.49)

for |y| � Kαt
α.

The above result strongly suggests that the propagator remains leptokurtic for any

α < 1. Indeed, it is possible to obtain the statistical moments by performing the

corresponding integrals. In doing so, one can take advantage of the property (2.52) to

obtain the following explicit expressions:

〈y2k〉 =
(2k)! [Γ(1 + α)]k

2k Γ(1 + kα)
〈y2〉k. (3.50)

The kurtosis then follows from the special cases k = 1, 2:

βstatic
2 =

〈y〉4

〈y2〉2
= 6

[Γ(1 + α)]2

Γ(1 + 2α)
=

3Γ(α)Γ(1 + α)

Γ(2α)
. (3.51)

The r.h.s. decreases monotonically with α and approaches βstatic
2 = 3 in the limit

α→ 1, since the propagator for the normal diffusive case is Gaussian.

For a static domain, the kurtosis is always stationary, and its value is only de-

termined by the anomalous diffusion exponent α. This is a mere consequence of the



3. Anomalous diffusion in growing domains II. Continuous-Time Random Walks with
power-law waiting time distributions 79

scaling law W ∗(y, t) = F (y/z(t))/z(t) with z(t) =
√

2〈y2(t)〉/Γ(1 + α) -see Eq. (2.10)-.

Shortly we will see that the kurtosis is no longer stationary in the case of an evolving

domain (a(t) 6= 1). The results obtained in Sec. 3.2 actually pave the way to compute

the kurtosis for subdiffusive walks in such domains, as we will do in the remainder of

this section for power-law and exponential expansions.

3.3.2 Uniformly evolving domains

In uniformly growing domains, the kurtosis computed in comoving or physical coordi-

nates is the same,

β2(t) =
〈y4(t)〉
〈y2(t)〉2

=
〈x4(t)〉
〈x2(t), 〉2

(3.52)

for symmetric random walks. This property follows from the relation 〈ym〉 = am〈xm〉,
as a result of which the propagator has the same shape in comoving and physical space,

up to a convenient rescaling of coordinates. In contrast, one expects that the comoving

and physical propagators exhibit different kurtosis in the case of nonuniformly growing

domains, which will not be dealt with here.

The kurtosis can be computed by combining Eqs. (3.8) and (3.11),

β2(t) = 6Γ(α)

∫ t
0

du
a2(u) 0D

1−α
u

[∫ u
0 ds

sα−1

a2(s)

]
[∫ t

0 du
uα−1

a2(u)

]2 . (3.53)

In general, for 0 < α < 1, β2(t) is a time decreasing function for expanding domain, and

a time increasing one for contracting domains. The drift induced by the growing domain

indeed hinders the formation of fat-tails in the subdiffusive propagator. In contrast,

the domain contraction favours the thickening of the propagator tails, since the Hubble

flux in this case is “centripetal”. We conjecture that this behavior might be related to

the strong variability in the number of jumps performed by the random walkers after

a given time. The outliers of the propagator mostly correspond to particles which took

more jumps than those in the central part. There exists a strong correlation between

the jump times and the impact of the domain expansion on the transport properties.

These arguments cannot be applied in the case of Brownian diffusion, since all the

walkers perform the same number of jumps per unit of time. In this case the kurtosis

is β2 = 3 regardless of whether the domain is static or expands.
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The time-dependence of the kurtosis suggests that the propagator should have a

much more complex functional form than its counterpart for a static domain. Indeed,

since the property (2.52) of the Fox H function implies that the fourth-order moment

should be proportional to the second-order one, such a function is not compatible with

Eq. (3.53). Moreover, in evolving domains, the propagator does not follow a universal

scaling law, as opposed to the case of a static domain -see Eq. (2.10)-. In other words,

the non-stationarity of the kurtosis gives rise to changes in the shape of the propagator.

The remainder of this section is devoted to studying these intriguing properties for

power-law and exponential scale factors.

Power-law expansion

For a(t) = (1 + t/t0)γ , the time evolution of the kurtosis can be formally obtained

from Eqs. (3.19) and (3.13). Unfortunately, it does not seem possible to find a general

analytical expression for the integral defined by Eq. (3.13), and one must therefore

content oneself with a numerical study and with asymptotic analytic results for the

long time limit. Regarding the latter, we already proved that the fourth-order and the

second order moments are proportional to each other, which leads to a finite value of

β∞2 = limt→∞ β2(t).

It is convenient to study the cases of diffusion-dominated and expansion-dominated

transport separately to analyze the behavior of the kurtosis. The time evolution of

β2(t) for slow power-law expansions (0 < γ ≤ α/2) is displayed in Fig. 3.5 for different

values of γ. As one can see, for any given arbitrary time the quantity β2(t) ≤ βstatic
2

becomes smaller with increasing γ. The semi-analytical curves obtained for β2(t) agree

with results from Monte Carlo simulations. Note that the comparison with simulations

only makes sense at times long enough for the random walk to reach the diffusive regime

[53].

Besides, in Fig. 3.5 one sees that for any positive value of γ ≤ α/2, β2(t) decreases

in time as it approaches a finite asymptotic value. This final value can be obtained

from Eqs. (3.15) and (3.20), and is found to be

β∞2 =
3Γ(α)Γ(1 + α− 2γ)

Γ(2α− 2γ)
. (3.54)
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Figure 3.5: Kurtosis for a subdiffusive random walk with α = 1/2 and Kα = 1/2 on an
evolving domain with power-law scale factor a(t) = (1 + t/t0)γ , for t0 = 103 and γ = 0,
1/20, 1/10, 3/20, 1/5, and 1/4. Symbols represent simulations results with 106 realizations.
Numerical solutions are represented by solid lines. The value of β2(t) was computed by
numerical integration of the comoving fourth-order moment and subsequent division by the
analytical expression of the squared comoving second-order moment. Horizontal dashed
lines represent the value of β∞2 for each value of γ as given by the equation (3.54). The
asymptotic value for γ = 1/4, β∞2 = 3, is not shown. This figure is the same as Fig. 1 in
Ref. [100].

This expression obviously implies that β∞2 < βstatic
2 for 0 < γ ≤ α/2. It also reproduces

Eq. (3.51) in the limit γ → 0.

It is worth noting that, even though the domain growth gives rise to a time decrease

of kurtosis, the propagator always remains leptokutic (β∞2 > 3) for 0 < γ < α/2. In the

marginal case γ = α/2, β∞2 = 3, which indicates that the propagator should resemble

a Gaussian. However, a Gaussian function is not an exact solution of the FPE (3.2)

when α < 1. We therefore say that the propagator evolves towards a Gaussian-like

behavior. In any case, this is a clear example in which W (x, t) is not invariant under

a scaling transformation.

In Fig. 3.6 we illustrate how the (comoving) propagator for γ = α/2, α = 1/2

and t0 = 103 changes its shape in the course of time. In panel (a), the propagator is

represented at a relatively short time (t = 214), and it is seen not to strongly differ

from its counterpart for a static domain. Indeed, the value β2(t = 214) ' 4.22 of the

kurtosis is not too far from βstatic
2 ' 4.71. At the origin, the non-differentiable peak still

persists at this time. Here, W (x, t = 214) was plotted by solving the FPE (3.2) with the
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Figure 3.6: Logarithmic representation of the comoving propagator W (x, t) for a sub-
diffusive particle with α = 1/2 and Kα = 1/2 on power-law expanding media with
a(t) = (1 + t/103)1/4. In panel (a) we show the simulations results (empty squares) for
the propagator at time t = 214, as well as the numerical solution of Eq. (3.2) for the same
time. The numerical solution was obtained by means of the fractional finite-difference
method explained in Appendix B (solid line). The spatial and time discretizations were
chosen to be ∆x = 0.1 and ∆t = 0.1. The dashed line represents the exact solution for the
static case at t = 214. In panel (b) we show the propagator at t = 234 as computed from
simulations (empty circles), and we compare it with a Gaussian of identical variance. This
figure corresponds to Fig. 2 in Ref. [100].

computational method explained in Appendix B. In panel (b), we show the propagator

at t = 234 obtained from our numerical Monte Carlo simulations. The latter reveal

that the strongly peaked early-time propagator evolves into a bell-shaped one, which

becomes mesokurtic as t → ∞. The simulations are compared with a Gaussian PDF

whose second-order moment 〈x2(t = 234)〉 is taken to be that of the exact solution.

However, both functions still remain distinguishable from one another. The simulated

propagator exhibits fat tails, as the kurtosis for this time is β2(t = 234) = 3.42 > 3. We

do not plot the solution of W (x, t) because the numerical routine requires too much

memory and computation time.

Next, let us turn to the case of a fast power-law expansion (γ > 1/2). Here, the

comoving statistical moments tend to constant values in the long time limit. The

corresponding value is given by Eq. (3.15c) for the second-order moment, but already

for fourth-order one, the saturation value must be determined numerically. The ratio

of both quantities yields the asymptotic value of the kurtosis. This result is quite

expected, given that W (x, t) reaches a stationary profile at long times.

An important point is that the t0-dependence of the kurtosis vanishes in the limit

t → ∞, as illustrated by the previous case γ ≤ α/2. Indeed, in the long time limit
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Figure 3.7: Kurtosis for a subdiffusive random walk with α = 1/2 and Kα = 1/2 on
fast growing domains. The two upper curves correspond to an exponential scale factor
a(t) = exp(Ht), with H = 10−5 and 10−6. The two bottom curves correspond to a power-
law scale factor a(t) = (1 + t/t0)γ with t0 = 104 and γ = 3/2 and 3/4, from top to bottom
at t = 108. Symbols represent simulation results with 106 realizations. Numerical solutions
are represented by solid lines. The value of β2(t) was computed by evaluating numerically
the integral defining 〈x4(t)〉 -see Eq. (3.11)- and by subsequent division by the analytical
expression of 〈x2(t)〉. The dashed line shows the value of βstatic

2 ' 4.71. This figure is the
same as Fig. 3 in Ref. [100].

both (〈x2(∞)〉)2 and 〈x4(∞)〉 are proportional to t2α0 -see Eqs. (3.15c) and (3.20)-.

On the other hand, t0 sets the time at which the kurtosis β2(t) essentially becomes

indistinguishable from its asymptotic value. This time should be of the order of the

time for which the Hubble drift starts to prevail over the diffusive contribution. Recall

this time was previously estimated to be of the order of t0(21/γ − 1).

The numerical computation of the kurtosis shows the dependence of β2(t) on γ. In

contrast to what is observed for slow power-law expansions, β∞2 grows with increasing

γ, since the comoving propagator freezes more rapidly for faster expansions. This

behavior is shown in Fig. 3.7, which also displays simulation results.

Finally, we note that the Eq. (3.54) also holds for power-law contractions (γ < 0).

The big difference with respect to the expanding case (γ > 0) is that β∞2 increases with

|γ|.
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Exponential expansion

For an exponential expansion a(t) = exp(Ht) with H > 0, the time evolution of the

kurtosis can be computed numerically from Eqs. (3.22) and (3.27), as done in Fig. 3.7

for two different values of H. Regardless of the value of H, the kurtosis is seen to

decrease until the saturation value

β∞2 = 3× 21−α, (3.55)

is reached. The role of H in the kurtosis is similar to that of t0 in the case of fast power-

law expansions: it only determines the time at which the kurtosis becomes almost

indistinguishable from its final value. This time is on the order of 1/H.

Note that the value of β∞2 provided by Eq. (3.55) was computed analytically from

Eqs. (3.23) and (3.30). For a given α < 1, the relation βstatic
2 > β∞2 > 3 holds, which

means that the final propagator is always leptokurtic. The excess kurtosis β∞2 − 3

approaches zero as α→ 1.

Of interest is also the case of an exponential contraction H < 0. Here, for α < 1

the kurtosis diverges as

β2 = 3× (2 |H| t)1−α (3.56)

-see Eqs. (3.42) and (3.45)- in the long-time limit. This reflects the singularity noted

in Sec. 3.2.3. Note that the Gaussian behavior is retrieved from Eq. (3.56) by taking

the limit α→ 1.

3.4 Subdiffusive random walks in nonuniformly growing

domains

All the results obtained in previous sections of the present chapter stem from the FPE

(3.2). This equation was derived in Sec. 2.2 by means of a CTRW approach restricted

to the case of a uniformly expanding domain. However, many growth processes in

nature are not adequately described by uniformly expanding media. One such case is

neural cell migration during embryogenesis in vertebrates [118].

In 2017, Angstmann et al. obtained the FPE for a time-fractional CTRW in an
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arbitrarily evolving domain [47],

∂W

∂t
= Kα

∂

∂x

{
1

ā(x, t)

∂

∂x

[
1

ā(x, t)
0D

1−α
t W (x, t)

]}
. (3.57)

Their derivation was subsequently extended to account for birth and death processes

of the subdiffusive particles [44].

In what follows, we will take advantage of Eq. (3.57) to analyze the underlying

physics. Relevant information can be extracted from the computation of the moments

of the propagator, as done in Ref. [44]. A numerical solution of the FPE (3.57) will

be given. A comparison with numerical simulations, which were absent in Ref. [47],

corroborates the validity of Eq. (3.57).

We will now extend the procedure of Sec. 1.4.2 to compute the statistical moments

in the case of Brownian particles to subdiffusive random walks. We recall that the

method consists of three steps. First, one performs a Taylor expansion of the scale

factor ā(x, t) with respect to the spatial variable. Next, one multiplies both the l.h.s.

and the r.h.s. of the FPE (3.57) with xm and integrates over space. The time-derivative

of the mth-order moment in comoving space is obtained as an infinite sum over the

moments multiplied with certain time-dependent coefficients. Finally, the computation

of the comoving moments is carried out by solving a set of coupled equations, which in

the present case of subdiffusive particles are integrodifferential equations. To do so, the

latter set of equations is truncated and the moments are approximated by their lower

order terms in time. To compute higher order corrections, the resulting expressions of

the moments are refined iteratively. In order to illustrate this procedure, we use the

nonuniform scale factor ā(x, t) = exp(µ0tx
2).

Let us examine Eq. (3.57) and compare it with the FPE for normal diffusion in

arbitrarily evolving domains -Eq. (1.35)-. Both equations become identical when the

replacement DW → Kα 0D
1−α
t W is performed on the r.h.s. of Eq. (1.35). We thus

conclude that the time derivative of the mth-order moment can be written in terms of

the fractional derivatives of the comoving moments. In particular, for the specific scale
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factor ā(x, t) = exp(µ0tx
2), one has

d

dt
〈x〉 =10Kαµ0t 0D

1−α
t 〈x〉+ 8Kαµ

2
0t

2
0D

1−α
t 〈x3〉+

Kα

∞∑
k=1

(−1)k(2µ0t)
k

k!

{
(2k + 1)(2k) 0D

1−α
t 〈x2k−1〉+

(6k + 5) (2µ0t) 0D
1−α
t 〈x2k+1〉+ 2 0D

1−α
t 〈x2k+3〉(2µ0t)

2
}
,

(3.58a)

and

d

dt
〈xm〉 =Kα

∞∑
k=0

(−1)k(2µ0t)
k

k!

{
(2k +m)(2k +m− 1) 0D

1−α
t 〈x2k+m−2〉+

(2µ0t) [3 (2k +m+ 1)− 1] 0D
1−α
t 〈x2k+m〉+ 2 (2µ0t)

2
0D

1−α
t 〈x2k+m+2〉

}
,

(3.58b)

for m ≥ 2. These equations are obtained from Eqs. (1.38) by performing the afore-

mentioned replacement DW → Kα 0D
1−α
t W .

Then, the short-time behavior of the lower order moments is determined by the

differential equations

d〈x〉
dt

= Kα

[
−2µ0t 0D

1−α
t 〈x〉+ 4µ2

0t
2

0D
1−α
t 〈x3〉 − 4µ3

0t
3

0D
1−α
t 〈x5〉+ · · ·

]
, (3.59a)

d〈x2〉
dt

= Kα

[
2 0D

1−α
t 〈x0〉 − 8µ0t 0D

1−α
t 〈x2〉+ 12µ2

0t
2

0D
1−α
t 〈x4〉+ · · ·

]
, (3.59b)

d〈x3〉
dt

= Kα

[
6 0D

1−α
t 〈x〉 − 18µ0t 0D

1−α
t 〈x3〉+ · · ·

]
, (3.59c)

d〈x4〉
dt

= Kα

[
12 0D

1−α
t 〈x2〉 − 32µ0t 0D

1−α
t 〈x4〉+ · · ·

]
, (3.59d)

... (3.59e)

For an initial condition W (x, 0) = δ(x − x0), one has 〈xm(0)〉 = xm0 . In this case,
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we find

〈x〉 =x0 −
2Kαµ0x0

(1 + α)Γ(α)
t1+α +

4Kαµ
2
0x

3
0

(2 + α)Γ(α)
t2+α + o

(
t2+α

)
, (3.60a)

〈x2〉 =x2
0 +

2Kα

Γ(1 + α)
tα − 8Kαµ0x

2
0

(1 + α)Γ(α)
t1+α

− 16K2
αµ0

(1 + 2α)Γ(2α)
t1+2α +

12Kαµ
2
0x

4
0

(2 + α)Γ(α)
t2+α + o

(
t2+α

)
,

(3.60b)

〈x3〉 =x3
0 +

6Kαx0

Γ(1 + α)
tα − 18Kαµ0x

3
0

(1 + α)Γ(α)
t1+α + o

(
t1+α

)
, (3.60c)

〈x4〉 =x4
0 +

12Kαx
2
0

Γ(1 + α)
tα +

24K2
α

Γ(1 + 2α)
t2α − 32Kαµ0x

4
0

(1 + α)Γ(α)
t1+α + o

(
t1+α

)
. (3.60d)

In Fig. 3.8 our short-time approach is checked against random walk simulations and

numerical results for the second-order moment when x0 = 0. For this particular case,

our theory says that

〈x2〉 =
2Kα

Γ(1 + α)
tα − 16K2

αµ0

(1 + 2α)Γ(2α)
t1+2α + o

(
t1+2α

)
. (3.61)

Fig. 3.8 shows that the leading term on the r.h.s. is insufficient to describe random

walks at times long enough for the diffusive description to hold. The correction of

order t1+2α clearly broadens the time range over which our approach overlaps with

the numerical solution. The sign of this term is negative, since the mapping of the

real motion to comoving coordinates reduces the particle spreading with respect to

the static case. The agreement between the numerical computation of 〈x2〉 and the

simulations is excellent.

In physical space, the moments can be computed from the equation

〈ym〉 =

〈[∫ x

0
dz exp(µ0z

2t)

]m〉
. (3.62)

Hence,

〈y〉 =y0 +
1

3
µ0y

3
0t+

2Kαµ0y0

Γ(2 + α)
t1+α +

1

10
µ2

0y
5
0t

2 + o(t2), (3.63a)

〈y2〉 =y2
0 +

2Kα

Γ(1 + α)
tα +

2

3
y4

0µ0t+
8Kαy

2
0µ0

Γ(2 + α)
t1+α+

16K2
αµ0

Γ(2 + 2α)
t1+2α +

14

45
y6

0µ
2
0t

2 + o(t2).

(3.63b)
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Figure 3.8: Time dependence of 〈x2〉 for µ(x, t) = µ0x
2,W (x, 0) = δ(x),Kα = 1/2

and µ0 = 10−6 for subdiffusive particles with α = 1/2. The dotted line represents a
computation of 〈x2(t)〉 by means of a numerical solution of the FPE (3.57). Simulation
results are represented by squares. The broken line corresponds to the solution on a static
domain, whereas the solid line corresponds to the analytical short time approximation
given by Eq. (3.61). This figure corresponds to Fig. 10 in Ref. [44].

These equations reveal that the medium expansion has a deeper impact on subdiffusive

walkers than on their Brownian counterparts. For instance, in the simplest case x0 = 0,

one sees that the leading correction in the MSD is of the order t1+2α, it is thus more

important than the cubic correction obtained in the case of normal diffusion. For

x0 6= 0, the linearity of the leading correction in time for the first moment is preserved

for subdiffusive CTRWs, but the expansion introduces a new term proportional to t1+α,

which makes part of the t2-order correction when α = 1.

Finally, we show in Fig. 3.9 a representation of the physical propagator for the

nonuniform scale factor ā(x, t) = exp(µ0tx
2) under consideration. The solution was

computed numerically via an adaptation of the fractional Crank-Nicolson method pre-

sented in Appendix B. One sees that the propagator is narrower than the one for the

static case in the central part, but its tails are fatter. This result is in agreement with

the fact that, in the present case, the growing domain strongly drifts the particles away

from the origin as soon as they reach locations y 6= 0. The propagator represented

in Fig. 3.9 is symmetric because of the initial condition W ∗(y, 0) = δ(y), and this

symmetry with respect to the starting point is preserved by the chosen scale factor.
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Figure 3.9: Representation of W ∗(y, t) at t = 5000 for a nonuniformly growing domain
with scale factor ā(x, t) = exp(µ0tx

2), where µ0 = 10−5. The random walk is characterized
by α = 1/2 and Kα = 1/2, as well as by the initial condition W ∗(y, 0) = δ(y). The solid
line is obtained from the numerical solution of Eq. (3.57) and subsequent transformation
into the physical space. The dashed line is the corresponding solution for the case of a
static domain.

3.5 Summary and outlook

Subdiffusive CTRWs have been used to successfully model many processes in biol-

ogy, geology, physics and finance. In this model, the random walkers are governed by a

fat-tailed waiting time PDF, which introduces aging in the diffusive process. This prop-

erty is crucial to determine the behavior of the subdiffusive particles in an expanding

medium.

A careful analysis of the FPE (3.2) in the case of uniformly growing domains brings

to light relevant properties of the propagator. Subdiffusive time-fractional random

walkers in an expanding medium do not preserve the functional form of the propagator.

Furthermore, the time dependence of the propagator cannot be expressed in terms of a

scale variable depending on the second moment only. This follows from our finding of

a time-dependent kurtosis, which continuously modifies the shape of the propagator.

An exact computation of the lowest-order moments was provided for specific cases

of uniform scale factors. In the case of power-law expansions, we found that the MSD is

proportional to the MSD of the static case or to the square of the scale factor, depending

on whether the half value α/2 of the anomalous diffusion exponent is respectively larger

or smaller than the exponent of the scale factor γ. The latter behavior, i.e., a MSD
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proportional to a2(t), is also observed for expansions faster than a power-law, such

as an exponential expansions. This phenomenology also holds for Brownian particles

(see Sec. 1.3.1). In contrast, for an exponential contraction, we conclude that all the

physical moments collapse at large times, which reflects the fact that the long-time

PDF tends to a delta function. In the case of normal diffusion, this Big Crunch can

only be observed for contractions which are much faster than an exponential.

In the case of nonuniform domain growths, we extended the iterative procedure

developed in the previous chapter to obtain analytical expressions for the moments

of the propagator at short times. For time-fractional CTRWs, the corrective terms

introduced by the domain evolution appear at a lower order in time than in the case

of Brownian walkers. This reflects the fact that the relative influence of the domain

growth on the transport process is much stronger in the subdiffusive case.

A natural extension of this work would consist in addressing the case of bi-fractional

random walks, especially in uniformly growing domains. Unfortunately, an analytical

expression for the propagator is not known, and the computation of the fractional

moments is complicated. Nonetheless, numerical simulations could help to shed light

on the behavior. One expects that the results will be qualitatively similar to those

observed for time-fractional random walks. For instance, a Big Crunch is expected to

emerge for an exponential contraction, since this phenomenon is caused by the slowing

down of the jump rate. More generally, the medium expansion or contraction could

decide the outcome of the competition between long rests and long jumps that takes

place in static media (we recall that the MSD of a bi-fractional walk is proportional to

t2α/µ in an unbounded domain [43]).

Finally, we point out that our CTRW formalism could be a good starting point

to model the dissemination of morphogens in growing tissues. The motion of these

signaling molecules is often subdiffusive; as morphogens move, they undergo degrada-

tion processes which may depend both on time and space [71]. Thus, the morphogen

motion could be modeled as evanescent CTRWs, i.e., CTRWs with an associated death

rate [119]. The corresponding fractional reaction-subdiffusion equations for arbitrarily

growing domains were derived in Ref. [44].



Chapter 4

Diffusion-advection in growing

domains and kinetics of particle

mixing

The presence of an external force modifies the properties of a diffusive system. The

effect of the force on a CTRW can be accounted for in two different ways [116]. The

first possibility is that the external force continuously drags the diffusing particles as if

they were moving in a velocity field. Loosely speaking, we would then say the particles

“feel” the external force at all times. Secondly, it is also possible that the effect of

the external force simply amounts to introducing a bias in the single step probabilities

of the random walk. In this case, the walkers would only feel the force at the times

when they jump. This latter implementation of the external force is well-suited in

situations where the diffusing particles fall into traps and the force is insufficient to

immediately pull them out. In a static domain, we know with certainty that both

realizations of the external force yield the same advection-diffusion equation when the

diffusing particles are Brownian. Interestingly enough, this equivalence breaks down as

soon as one considers the case of anomalous diffusion.

In Ref. [43], the term “Galilei invariant” was used to refer to a symmetric subdiffu-

sive CTRW that is then coupled to a ballistic flux; the propagator then is straightfor-

wardly obtained from a Galilean shift of the zero-field PDF. For subdiffusive particles,

The contents of this chapter are included in Ref. [100].

91
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this property no longer holds when the force field induces a bias in the jump length

PDF. The transport process is then referred to as “Galilei variant”.

Galilei invariant subdiffusion is observed in the motion of cosmic rays over spiral

trajectories [120]. This phenomenon is of special interest for this thesis, since the

diffusion of cosmic rays is strongly influenced by expansion of the extragalactic space.

This kind of diffusion is also found in charge transport in amorphous semiconductors

driven by an electrical field [121], as well as in groundwater aquifers with a water flow

towards a spring.

In this chapter, we will focus on the study of diffusion-advection processes in ex-

panding media. Such processes result from Galilei invariant subdiffusion as defined

above. In Sec. 4.1 we first derive the Fractional Diffusion-Advection Equation (FDAE)

for the standard case of a static domain. This FDAE is a novel bi-fractional equation

that we already presented in our article [100], and can be considered one of the main

results of this thesis. In Sec. 4.2 we generalize this FDAE to account for the case of

uniformly growing domains and time-dependent velocity fields. A computation of the

statistical moments is provided in Sec. 4.3. Next, in Sec. 4.4, the FDAE for growing

domains is applied to elucidate the role of the velocity field in the mixing kinetics of

two diffusing pulses. Sec. 4.5 contains a summary of the most important results of this

chapter.

4.1 Diffusion-advection in static domains

In this section we will revisit the CTRW framework we have been dealing with in

Chaps. 2 and 3 to consider the influence of a constant velocity field that drifts the

diffusing particles. We will first derive the corresponding FDAE, and then demonstrate

that the propagator is Galilei invariant. In this section, we will first address the case of

a static domain. Finally, we highlight the use of material derivatives as an indispensable

tool to study Galilei invariant diffusion processes.

4.1.1 CTRW in a velocity field: Galilei invariance

As explained in Chap. 2, the CTRW model assumes that particles move by instanta-

neous jumps. In the decoupled version, the jump statistics is determined both by the

jump length PDF λ∗(∆y) and by the waiting time PDF ϕ(∆t).
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The derivation of the FDAE given in this subsection is slightly different from that

of the FPE in the pure diffusive (driftless) case. Here, we will assume that the particles

are subjected to a velocity field v. Thus, in the laboratory frame of reference, the

random walkers perform a uniform linear motion during any time interval between two

successive jumps. This fact has to be taken into account in the mesoscopic equations

governing the whole process.

Let us denote by ∆y the length of a walker’s jump performed at time t. Just after

this jump, the walker arrives at the position y. Similarly, let y′ denote the position of the

walker just after having taken the previous jump at time t′. The total distance traveled

by the random walker during the resting period ∆t = t− t′ is clearly y−y′ = ∆y+v∆t.

Thus, the density of the probability for arriving at the point y at time t by means of a

jump, η∗(y, t), satisfies the relation

η∗(y, t) =

∫ ∞
−∞

dy′
∫ t

0
dt′η∗(y′, t′)λ∗(y − y′ − v(t− t′))ϕ(t− t′) + δ(y)δ(t). (4.1)

The above equation assumes that the walker is located at the point y = 0 at time

t = 0, but can be easily generalized to any initial condition W ∗(y, 0) by making the

replacement δ(y)→W ∗(y, 0).

The relation between the arrival density η∗(y, t) and the sojourn PDF W ∗(y, t) is

also modified by the presence of a velocity field. In this case, a particle found at the

point y at time t must first have arrived at the point y − v(t − t′) at time t′ < t, and

then not having jumped while it was being drifted by the velocity field during the time

interval t− t′. Thus, one has

W ∗(y, t) =

∫ t

0
dt′η∗(y − v(t− t′), t′)Φ(t− t′), (4.2)

where Φ stands for the mortality function defined in Eq. (2.16).

In the Fourier-Laplace space, the relations (4.1) and (4.2) read as

̂̃η∗(k, s) =
Ŵ ∗(k, 0)

1− λ̂∗(k)ϕ̃(s+ ivk)
(4.3)

and ̂̃W ∗(k, s) = ̂̃η∗(k, s)1− ϕ̃(s+ ivk)

s+ ivk
. (4.4)
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Both equations give rise to the general formula

̂̃W ∗(k, s) =
Ŵ ∗(k, 0)

1− λ̂∗(k)ϕ̃(s+ ivk)

1− ϕ̃(s+ ivk)

s+ ivk
. (4.5)

In the general case, one must allow for the possibility that both λ∗ and ϕ(∆t) exhibit

fat tails. This means that λ̂∗(k) ∼ 1− |k|µσµ and ϕ̃(s+ ivk) ∼ 1− τα(s+ ivk)α in the

diffusive limit. Here, σ and τ are parameters that determine the respective widths of

the jump-length or waiting time PDFs, and therefore also the value of the generalized

diffusion constant Kα,µ = σµ/τα. In this regime, Eq. (4.5) can be interpreted as the

FPE in the Fourier-Laplace space,

̂̃W ∗(k, s) =
Ŵ ∗(k, 0)

s+ ivk +Kα,µ|k|µ(s+ ivk)1−α . (4.6)

Let us denote by W ∗0 (y, t) the corresponding positional PDF in the absence of a

velocity field v = 0. From Eq. (4.6), we see that ̂̃W ∗0 (k, s) satisfies the equation

̂̃W ∗0 (k, s) =
Ŵ ∗0 (k, 0)

s+Kα,µ|k|µs1−α . (4.7)

Let us also note that Eq. (4.6) can be obtained from Eq. (4.7) by making the replace-

ments W ∗0 →W ∗ and s→ s+ ivk. This implies

̂̃W ∗(k, s) = ̂̃W ∗0 (k, s+ ivk), (4.8)

or, equivalently,

W ∗(y, t) = W ∗0 (y − vt, t). (4.9)

We are now in the position to introduce the concept of Galilei invariance embodied

in Eq. (4.9). One can define a reference frame S0 in which the deterministic motion

induced by the velocity field is subtracted from the overall particle motion, i.e., an

observer in this reference frame follows the advective flux. In S0, the CTRW description

is the same as in the absence of a velocity field. Therefore, the particles are distributed

according to W ∗0 .

Clearly, the frame of reference S0 moves with velocity v respect with respect to

the laboratory frame (hereafter denoted by SL). As a result of this, after a time t
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the particles experience a shift vt when observed from SL. This is the reason why the

particle distribution in the laboratory frame is W ∗(y, t) = W ∗0 (y − vt, t), as predicted

by Eq. (4.9). We conclude that the effect of a velocity field on a CTRW process can be

accounted for by a simple Galilean transformation.

4.1.2 Fractional diffusion-advection equation for a CTRW in a static

domain

In the previous subsection 4.1.1 we derived the Fourier-Laplace transformed FPE (4.6)

for the positional PDF of a random walker subject to the action of a velocity field. Here,

we will address the question of how the counterpart of Eq. (4.6) in the direct space-

time domain looks like. Even though the solution of the problem (4.9) is trivial, finding

the correct evolution equation is tricky. The introduction of a new integrodifferential

operator, the so-called fractional material derivative, is required.

Let us start by rewriting Eq. (4.6) as

(s+ ivk)̂̃W ∗(k, s)− Ŵ ∗(k, 0) = −Kα,µ|k|µ(s+ ivk)1−α̂̃W ∗(k, s). (4.10)

In this form, the Fourier-Laplace inversion can be carried out by means of an (integro-

differential) operator
(
∂
∂t + v ∂

∂y

)1−α
such that

FL

[(
∂

∂t
+ v

∂

∂y

)1−α
W ∗(y, t)

]
= (s+ ivk)1−α̂̃W ∗(k, s). (4.11)

It turns out that this operator is exactly the fractional material derivative introduced

by Sokolov and Metzler in Ref. [122]. Therefore, the FDAE for a CTRW can be written

as (
∂

∂t
+ v

∂

∂y

)
W ∗(y, t) = Kα,µ∇µy

(
∂

∂t
+ v

∂

∂y

)1−α
W ∗(y, t). (4.12)

For µ = 2, this equation was recently obtained by Cairoli et al. [123]. In the limit

α → 1, one also recovers the well-known equation of motion of a Lévy flight in a

velocity field [93, 94].

The explicit form of the fractional material derivative in the direct space-time do-
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main can be found in Ref. [120]:(
∂

∂t
+ v

∂

∂y

)1−α
W ∗(y, t) =

1

Γ(α)

(
∂

∂t
+ v

∂

∂y

)∫ t

0
dτ
W ∗(y − v(t− τ), τ)

(t− τ)1−α . (4.13)

This expression can be written in terms of the Riemann-Liouville integral [100](
∂

∂t
+ v

∂

∂y

)1−α
W ∗(y, t) =

(
∂

∂t
+ v

∂

∂y

)[
0D
−α
t W ∗(y + vt, t)

]
y→y−vt

=

(
∂

∂t
+ v

∂

∂y

)[
0D
−α
t W ∗0 (y, t)

]
y→y−vt . (4.14)

Hence, Eq. (4.12) becomes(
∂

∂t
+ v

∂

∂y

)
W ∗(y, t) = Kα,µ∇µy

[(
∂

∂t
+ v

∂

∂y

)
0D
−α
t W ∗0 (y, t)

]
y→y−vt

, (4.15)

or equivalently,(
∂

∂t
+ v

∂

∂y

)
W ∗(y, t) = Kα,µ∇µy

[
0D

1−α
t W ∗0 (y, t)

]
y→y−vt . (4.16)

Here, we have assumed that Eq. (2.32a) holds, and so the Riemann-Liouville derivative

has been replaced with the Grünwald-Letnikov operator defined by Eq. (4.16). In what

follows, we will retain this assumption.

To close this part, we will now discuss what would be the consequences of replacing

the fractional material derivative in Eq. (4.12) with the Grünwald-Letnikov operator.

For simplicity, let us focus on the case µ = 2. The resulting equation,(
∂

∂t
+ v

∂

∂y

)
W ∗F (y, t) = Kα,µ∇µy 0D

1−α
t W ∗F (y, t), (4.17)

was considered in several references [43, 124, 125] before the publication of the paper

by Cairoli et al. [123]. When computing the first- and second-order moments from

Eq. (4.17), one obtains what is expected for a Galilei invariant propagator,

〈y(t)〉 = vt (4.18a)

and

〈y2(t)〉 = v2t2 +
2Kα

Γ(1 + α)
tα = v2t2 + 〈y2(t)〉0, (4.18b)
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Figure 4.1: Representation of W ∗(y, t) (solid line) and W ∗F (y, t) (short dashed line) at
time t = 104 for α = 1/2, Kα = 1/2 and v = 2×10−3. The curve for W ∗F (y, t) is plotted by
solving Eq. (4.17) in the Laplace space and subsequently performing a numerical inversion
-see Ref. [125] for more details-. The squares represent simulation results for a CTRW
subjected to a velocity field with the aforementioned parameter values. 106 runs were
performed.

where 〈y2(t)〉0 denotes the second-order moment of W ∗0 (y, t). Of course, these results

can also be obtained from Eq. (4.16). However, the centered third-order moment of

W ∗F is

〈(y − 〈y〉)3〉 =
6(1− α)Kαv

Γ(2 + α)
t1+α, (4.19)

which is different from zero (unless α = 1). This does not make sense, since the Galilei

invariant propagator is symmetric. What is more, in Fig. 4.1 we compare W ∗F with the

true solution of the problem, W ∗, given by Eq. (4.9). An excellent agreement between

the latter propagator and the simulation results is found. Conversely, there exists a

certain range of y where the solution of Eq. (4.17), W ∗F (y, t), is negative! We thus

conclude that Eq. (4.17) is unphysical.

4.2 Fractional diffusion-advection equation for growing

domains

In this section, we continue with the study of the problem of a CTRW in a velocity field,

but we now allow the domain in which the random walk evolves to expand uniformly

with a given scale factor. We still call SL the laboratory frame of reference and S0 the

frame of reference that follows the velocity field. Our framework can also deal with the
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case of a time-dependent velocity field v(t) (in this case the coordinate transformation

is no longer Galilean, since an acceleration exists).

As done for the case v(t) = 0 in Chap. 2, we will work in comoving coordinates,

as this simplifies the mathematical treatment of the domain growth. If the domain

expands uniformly with the scale factor a(t), the comoving distance traveled by S0

with respect to SL is

Λ(t) ≡
∫ t

0
dt′υ(t′), (4.20a)

where

υ(t) =
v(t)

a(t)
. (4.20b)

In the case of a constant velocity, Λ(t) = vT1(t), where T1(t) is the so-called conformal

time [48, 49].

Therefore, the PDF W (x, t) measured in the SL is just the solution in S0, but shifted

by a length Λ(t),

W (x, t) = W0(x− Λ(t), t). (4.21)

Here, W0(x, t) denotes the solution of the FPE (2.33). The above equation can be

regarded as a generalization of the result given by Eq. (4.9) for a static domain.

In Fig. 4.2, Eq. (4.21) is plotted for a growing domain for a(t) = (1 + t/103)1/8.

The PDFs W0 and W are computed by simulations results and then compared with

a numerical solution of Eq. (2.33) -see Appendix B-. For the sake of comparison, we

also add the corresponding propagators for the case of a static domain. We remind the

reader that the widths of the comoving propagators decrease with respect to the static

case when the domain expands.

In general, Λ(t) could be a complicated function of time, even for the case of a

constant velocity v. This complicates the task of finding a relation between W and

W0 in the Fourier-Laplace space similar to Eq. (4.8). Therefore, we will not use the

method applied in Sec. 4.1 to derive of the FDAE in growing domains, but rather an

alternative one.

In view of Eqs. (4.16) and (4.21), a reasonable guess for the FDAE is(
∂

∂t
+ υ(t)

∂

∂x

)
W (x, t) =

Kα,µ

aµ(t)
∇µx

[
0D

1−α
t W0(x, t)

]
x→x−Λ(t)

, (4.22)
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Figure 4.2: Comoving propagators at times t = 104 and t = 105 for a subdiffusive walk
with µ = 2, α = 1/2, and Kα = 1/2. The domain growth is described by a power-law scale
factor a(t) = (1 + t/t0)γ with t0 = 103 and γ = 1/8. We display cases with v = 0 (zero
field) and v = 1. Symbols depict results from simulations (106 runs were performed for
each parameter set). Solid lines represent numerical solutions of Eq. (2.33) at these times
(the temporal and spatial steps are, respectively, ∆t = t/105 and ∆x = 0.1). The broken
lines are the exact solutions at t = 104 (dashed) and t = 105 (dotted) for a static domain.
This figure is the same as Fig. 4 in Ref. [100].

since the comoving velocity υ(t) plays the role of v(t) in an expanding domain. We will

now prove that this equation is undoubtedly the correct FDAE by showing that it is

the only equation compatible with the relation (4.21). This proof amounts to showing

that the l.h.s. and the r.h.s. of (4.22) become identical if one assumes that Eq. (4.21)

holds. Let us start by evaluating the l.h.s. of Eq. (4.22),(
∂

∂t
+ υ(t)

∂

∂x

)
W (x, t) =

(
∂

∂t
+ υ(t)

∂

∂x

)
W0(x− Λ(t), t) =

∂W0

∂t

∣∣∣∣
x−Λ(t)

. (4.23)

For the r.h.s., one has

Kα,µ

aµ(t)
∇µx
[
0D

1−α
t W0(x, t)

]
x→x−Λ(t)

=

[
Kα,µ

aµ(t)
∇µx 0D

1−α
t W0(x, t)

]
x→x−Λ(t)

=
∂W0

∂t

∣∣∣∣
x−Λ(t)

. (4.24)

A good question is whether a new fractional integrodifferential operator can be

introduced so that the FDAE (4.22) can be written in a more compact fashion like
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Eq. (4.12). Indeed, with the definition(
∂

∂t
+ υ(t)

∂

∂x

)1−α
W (x, t) ≡

(
∂

∂t
+ υ(t)

∂

∂x

)
1

Γ(α)

∫ t

0
dτ
W (x+ Λ(τ)− Λ(t), τ)

(t− τ)1−α ,

(4.25)

(4.22) can be rewritten as(
∂

∂t
+ υ(t)

∂

∂x

)
W (x, t) =

Kα,µ

aµ(t)
∇µx
(
∂

∂t
+ υ(t)

∂

∂x

)1−α
W (x, t). (4.26)

The proof is reduced to comparing Eqs. (4.12) and (4.26) and noting that both are

equivalent if (
∂

∂t
+ υ(t)

∂

∂x

)1−α
W (x, t) =

[
0D

1−α
t W0(x, t)

]
x→x−Λ(t)

. (4.27)

To check the latter identity, it is helpful to rewrite Eq. (4.25) in terms of the Riemann-

Liouville integral,(
∂

∂t
+ υ(t)

∂

∂x

)1−α
W (x, t) =

(
∂

∂t
+ υ(t)

∂

∂x

)[
0D
−α
t W (x+ Λ(t), t)

]
x→x−Λ(t)

. (4.28)

Besides, for a generic differentiable function G(x, t), one has(
∂

∂t
+ υ(t)

∂

∂x

)
[G(x, t)]x→x−Λ(t) =

(
∂

∂t
+ υ(t)

∂

∂x

)
G(x− Λ(t), t)

=
∂G

∂t

∣∣∣∣
x−Λ(t)

− ∂Λ(t)

∂t

∂G

∂x

∣∣∣∣
x−Λ(t)

+ υ(t)
∂G

∂x

∣∣∣∣
x−Λ(t)

=
∂G

∂t

∣∣∣∣
x−Λ(t)

. (4.29)

The proof is concluded by taking G(x, t) = 0D
−α
t W (x+ Λ(t), t).

Finally, we note that our formulation can be made in terms of the physical coor-

dinate y. In this case, the position of a given point measured in S0 evolves in time

as a(t)Λ(t) with respect to the position of the same point in SL. The physical PDF

measured in SL is W ∗(y, t) = W (y/a(t), t)/a(t). The FDAE in physical space can be

obtained from Eq. (4.22) by applying Eq. (3.5) and the relation

∇µxW (x, t) = a1+µ(t)∇µyW ∗(y, t). (4.30)
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One gets [100]

∂W ∗

∂t
= − ∂

∂y

[(
ȧ

a
y + v

)
W ∗(y, t)

]
+Kα,µ∇µy 0P

1−α
t W ∗(y, t), (4.31)

where 0P
1−α
t is a fractional derivative accounting for the drift introduced both by the

velocity field and by the domain growth

0P
1−α
t W ∗(y, t) =

1

a

{
0D

1−α
t [aW ∗(ax+ aΛ, t)]

}
x=y/a−Λ . (4.32)

In conclusion, for uniformly evolving domains, the addition of a velocity field to the

diffusive process preserves its scale invariance. As in the case of a static domain, the

propagator is related to that for the zero-field case by a simple a transformation. In

physical space, this relation reads as follows:

W ∗(y, t) = W ∗(y − a(t)Λ(t), t). (4.33)

A treatment of the problem in comoving coordinates shows that the fractional diffusion

equation satisfied by W (x, t) is similar to that for W0, but replacing the usual time

derivatives with their corresponding material derivatives.

4.3 Moments of the propagator

In the case of a static domain, the results for the moments of the propagator contributed

to the acceptance of Eq. (4.16) as the only FDAE compatible with a Galilei invariant

solution. Here, we will provide analytical expressions for the statistical moments in the

case of a uniformly growing domain. We will restrict our calculations to the case µ = 2,

since the second-order moment is ill-defined otherwise. Two alternative procedures are

considered. On the one hand, a direct computation based on the scale invariance of

the propagator will be carried out. On the other hand, the moments can be calculated

from hierarchical relations derived from the FDAE (4.22). The agreement between

both methods corroborates the validity of Eq. (4.22). In both cases, we will work in

comoving coordinates.

The exact relation (4.21) provides an easily way to find the moments 〈xm(t)〉 of
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W (x, t) in terms of the moments 〈xm(t)〉0 of W0(x, t). Indeed,

〈xm(t)〉 =

∫ ∞
−∞

dz[z + Λ(t)]mW0(x, t) =

m∑
j=0

(
m

j

)
Λn−m(t)〈xj(t)〉0. (4.34)

Taking into account Eqs. (3.8) and (3.11) as well as the fact that odd-order moments

〈x2m+1(t)〉0 vanish, we find

〈x〉 = Λ(t), (4.35a)

〈x2〉 = Λ2(t) +
2Kα

Γ(α)

∫ t

0
dτ
τα−1

a2(τ)
, (4.35b)

〈x3〉 = Λ3(t) +
6Kα

Γ(α)
Λ(t)

∫ t

0
dτ
τα−1

a2(τ)
, (4.35c)

〈x4〉 = Λ4(t) +
12Kα

Γ(α)
Λ2(t)

∫ t

0
dτ
τα−1

a2(τ)
+ 24

(Kα)2

Γ(α)

∫ t

0

dτ

a2(τ)
0D
−α
τ

τα−1

a2(τ)
. (4.35d)

for the first lower order moments. These equations reveal important properties of our

system. One e.g. sees the first-order moment corresponds to the comoving distance

traveled by S0 with respect to SL. Besides, one can check that the variance 〈x2〉 − 〈x〉2

is the same as in the zero-field case. More generally, any centered moment satisfies the

relation

〈(x− 〈x〉)m〉 = 〈(x− 〈x〉0)m〉0, (4.36)

which means that the diffusive properties of the random walk are not affected by the

velocity field regardless of the value of α. This no longer holds when the particles

are subjected to a constant force acting on their jump length PDF. In this case, the

diffusive properties are only preserved for α = 1 [126], as will be discussed in Chap. 5.

Next, we show how the expressions for the moments can be directly obtained from

the FDAE (4.22). To do so, we apply the same procedure as in Sec. 3.2, i.e., we

cross-multiply equation (4.22) with xm and integrate over space. We then obtain the

following hierarchy of integrodifferential equations:

d〈xm〉
dt

−mυ〈xm−1〉 =
Kα

Γ(α)a2(t)

(
∂

∂t

∫ t

0
dτ

I
(m)
2

(t− τ)1−α + υ

∫ t

0
dτ

I
(m)
3

(t− τ)1−α

)
, (4.37)
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with

I(m)
p =

∫ ∞
−∞

dx xm
∂p

∂xp
W (x− Λ(t) + Λ(τ), τ)

=

∫ ∞
−∞

dx [x+ Λ(t)− Λ(τ)]m
∂p

∂xp
W (x, τ).

(4.38)

The latter integral is performed by applying the binomial rule and integrating by parts.

The resulting hierarchy can be further simplified to obtain

d〈xm〉
dt

= mυ〈xm−1〉+
Kα

Γ(α)a2(t)

m∑
j=2

(
m

j

)
j(j − 1)

(
d

dt
J

(m)
j,2 − υ(j − 2)J

(m)
j,3

)
, (4.39)

where

J
(m)
j,p =

∫ t

0
dτ

[Λ(t)− Λ(τ)]m−j

(t− τ)1−α 〈xj−p(τ)〉. (4.40)

Next, we will explicitly give the equations for the first three integer moments. Ex-

pressions for higher order moments can also be computed by Eq. (4.39). In particular,

for m = 1, we get
d〈x〉
dt

= υ, (4.41)

which is equivalent to Eq. (4.35a) according to Eq. (4.20a). For m = 2, Eq. (4.39)

becomes
d〈x2〉
dt

= 2υ〈x〉+
2Kα

Γ(α)a2(t)

d

dt
J

(2)
2,2 . (4.42)

A straightforward integration of the above equation yields Eq. (4.35b), since dJ
(2)
2,2/dt =

tα/α. Finally, for m = 3 one has

d〈x3〉
dt

= 3υ〈x2〉+
6Kα

Γ(α)a2(t)
tα−1Λ(t). (4.43)

The combination of this equation with Eq. (4.35a) gives

d〈x3〉
dt

= 3υΛ2 +
6Kα

Γ(α)

d

dt

[
Λ

∫ t

0

τα−1

a2(τ)
dτ

]
. (4.44)

This equation is in agreement with Eq. (4.35c).

In summary, the computation of the statistical moments confirms the validity of

Eq. (4.22). Their behavior merely reflects that the velocity field shifts the propagator

by a comoving distance Λ(t). Knowledge of these comoving moments allows one to
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compute the physical ones from the relation 〈ym(t)〉 = am(t)〈xm(t)〉.

4.4 Mixing of diffusive pulses drifted by velocity fields

on a growing domain

As we have seen, a homogeneous velocity field introduces a shift in the PDF of a

diffusing particle. This implies that the mean interparticle distance is the same as

in the zero-field case only if all the particles in the system are drifted by the same

advective flux. Otherwise, diffusional mixing is strongly affected by the force field

originating the advective flux. This happens when the force field is able to discriminate

between different particles thanks to a distinctive property. E.g., if the advective flux

arises from an electric field, this property is the electric charge. In this section we

will analyze the influence of the velocity field on the mixing properties of two particles

diffusing on a one-dimensional growing domain. We will consider the cases of Brownian

walks, subdiffusive time-fractional walks and Lévy flights.

To formulate our main problem, we will respectively label the two particles with

the indices “1′′ and “2′′. The first index is assigned to the particle initially located to

the left, i.e., the pulses associated with the particles start to evolve from the initial

positions x
(1)
0 < x

(2)
0 . For simplicity, we will restrict ourselves to the case in which

the two diffusing particles feel homogeneous drifts, respectively characterized by the

constant velocities v(1) and v(2).

The two-pulse PDF is written as a normalized linear combination of the single-pulse

PDF associated with each particle. In comoving coordinates, one has

W (x, t) =
1

2

[
W0

(
x− x(1)

0 − v(1)T1(t), t
)

+W0

(
x− x(2)

0 − v(2)T1(t), t
)]
. (4.45)

However, for subdiffusive time-fractional walks, an analytical expression for W0(x, t) is

not known, one must thus content oneself with a semianalytical study of the mixing

properties.

At sufficiently short times, the two pulses are well distinguished, and their respective

maxima are found at x
(1)
M (t) = x

(1)
0 + v(1)T1(t) and x

(2)
M (t) = x

(2)
0 + v(2)T1(t). Each pulse

is also characterized by a typical width w(i)(t), i = 1, 2 which depends on the diffusive

properties of each particle. One can define two critical points x
(1)
C (t) = x

(1)
M (t) +w(i)(t)
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and x
(2)
C (t) = x

(2)
M (t)−w(2)(t), such that the mixing of the pulses is no longer negligible

as soon as x
(1)
C (t) > x

(2)
C (t). In this vein, we say that there is weak mixing when

x
(2)
0 − x

(1)
0 <

[
v(1) − v(2)

]
T1(t) + w(1)(t) + w(2)(t). (4.46)

Eq. (4.46) quantifies the importance of the advective flows in the kinetics of particle

mixing when the relative velocity v(1) − v(2) 6= 0. When this quantity is positive, the

particle mixing is accelerated with respect to the zero-field case. In contrast, when

v(1) < v(2), the probability that the two peaks coalesce after a given time decreases

with respect to the zero-field case.

In static domains, the long-time mixing properties are simply determined by the

value of α/µ, since w(t) ∝ tα/µ [43]. When α/µ < 1, the distance traveled by the walkers

due to the advective flux becomes much greater than the typical distance associated

with the diffusive spreading; the degree of mixing is then strongly dependent on the

sign of v(1) − v(2). In contrast, when α/µ > 1, the advective motion cannot avoid that

both pulses eventually mix.

However, the domain growth induces an additional particle separation with strong

implications for the mixing properties. Both the advective motion and the pulse widths

are modified. For sufficienly fast expansions leading to a saturation of both T1 and w

in the long-time limit, it is possible to find weak mixing at arbitrarily long times if

x
(2)
0 − x

(1)
0 <

[
v(1) − v(2)

]
T1(∞) + w(1)(∞) + w(2)(∞). (4.47)

In what follows, we will study the mixing properties of two particles with iden-

tical diffusive properties
(
w ≡ w(1) = w(2)

)
and subject to opposite drift velocities(

v ≡ v(1) = −v(2)
)

on a power-law growing domain. We will also take x
(1)
0 = −x(2)

0 ≡
−x0. The weak mixing condition (4.46) then reduces to

x0 < vT1(t) + w(t). (4.48)

The above scenario is of particular interest because of the possible competition be-

tween the drift induced by the velocity field and the Hubble drift. While the former

tends to bring the particles closer to each other, the latter tends to increase their sepa-

ration. In a biological context, this problem reminds one of messenger RNA diffusion in
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γ < α/2 γ = α/2 α/2 < γ < 1 γ = 1 γ > 1

T1 t1−γ t1−γ t1−γ ln t const.

w tα/2−γ
√

ln t const. const. const.

Table 4.1: Asymptotic long-time behavior of T1(t) and w(t) for a subdiffusive walker with
anomalous diffusion exponent α evolving on a domain that expands with a power law of
characteristic exponent γ.

growing neurons, since messenger RNA molecules are shuttled in preferential directions

by molecular motors [127].

4.4.1 Brownian and subdiffusive pulses

When the diffusing particles are Brownian (µ = 2, α = 1) or subdiffusive (µ = 2, 0 <

α < 1), the half-width of the propagator is of the order of its standard deviation. We

define this half-width as

w(t) = 2
√
〈x2〉0 − 〈x〉20. (4.49)

The extra factor of two in Eq. (4.49) implies that the probability for a particle’s position

to deviate by a distance smaller than w(t) from the location of the pulse peak is

erf(
√

2) ' 0.9545 for α = 1.

The long-time mixing properties of the system are determined by the long-time

behaviors of T1(t) and w(t). In the case of a power-law expansion, these behaviors are

shown in Table 4.1. Different subcases should be considered. When v = 0, both pulses

eventually merge if α ≤ 2γ. Otherwise, one has w(∞) < ∞, and the mixing will be

negligible if x0 � w(∞).

The relative advective drift gives rise to a new regime (α/2 < γ < 1) where the

two pulse peaks cross in the long-time limit, since limt→∞ T1(t) = ∞ in this case.

Depending on the initial condition, such an encounter might not happen when v = 0,

as one then has w(∞) <∞.

Besides, for γ > 1, strong mixing could be prevented at arbitrarily long times.

This will be the case if at a previous characteristic time t for which w(t) ' w(∞) and

T1(t) ' T1(∞), the weak mixing condition (4.48) holds. In this case, the two-pulse PDF

tends to a stationary profile W (x,∞) in the long time limit. In physical coordinates,

the pulses move away from one another. The action of the opposite velocity fields turns

out to be insufficient to counteract the medium expansion.
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Figure 4.3: PDF in comoving coordinates at times t = 104, 2 × 104, 3 × 104, and
4 × 104, for two subdiffusive pulses (α = 1/2 and Kα = 1/2) that are drifted in opposite
directions on a power-law growing domain with γ = 3/4 and t0 = 103. We set x0 = 75 and
v = x0/T1(4×104) ' 1.225×10−2. The theoretical curves (solid lines) were obtained from
the numerical algorithm described in Appendix B. The time and spatial discretizations
were chosen to be ∆t = 0.1 and ∆x = 0.2. The symbols depict simulations results from
106 runs. This figure is the same as Fig. 5 in Ref. [100].

The time evolution of W (x, t) for two subdiffusive pulses (α = 1/2) evolving on a

domain that expands according to the scale factor a(t) = (1 + t/t0)γ (with γ = 3/4

and t0 = 103) is represented in Fig. 4.3. Since 1 > γ > α/2, the probability that both

pulses merge increases in time. However, at the time for which the curves are plotted,

t = 104, 2 × 104 2 × 104, and 4 × 104, the corresponding half-widths of the pulses,

w(t) ' 11.67, 11.80, 11.85, and 11.87, are not too far from w(∞) ' 11.95. This means

that, in the present case, mixing is mainly driven by the advective motion caused by the

opposite velocity fields. Furthermore, one sees that the PDF becomes single-peaked at

the time tM when the cusps of the two initial pulses coalesce. This time is given by the

condition T1(tM ) = x0/v. Only at this specific time tM is the two-pulse PDF identical

with the one-particle propagator for the zero-field case, W (x, tM ) = W0(x, tM ).

An alternative representation that shows how the opposite velocity fields favour the

particle mixing is shown in Fig. 4.4. In this figure, we represent W (x, t) at a given time

t = 104 for several values of v. One sees that the probability of overlap grows with

increasing v. For v = x0/T1(104), the PDF exhibits a single maximum.

Finally, in Fig. 4.5 we show an example of the lack of mixing observed in the case

of a fast power-law expansion a(t) = (1 + t/t0)γ with γ = 2 and t0 = 5× 103. One sees
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Figure 4.4: Two-pulse PDF in comoving coordinates at time t = 104 for v = 10−2,
1.25 × 10−2, 1.5 × 10−2, and v = x0/T1(104) ' 1.62 × 10−2. Solid lines represent the
numerical solution of the FPE computed via the fractional Crank-Nicolson method devised
in Appendix B with ∆t = 0.1 and ∆x = 0.2. The symbols show simulations results (106

runs). The remaining parameters are: x0 = 75, γ = 1/2, t0 = 103, α = 1/2, and Kα = 1/2.
This figure is the same as Fig. 6 in Ref. [100].

that the pulse widths remain practically constant at all the times represented, and the

deterministic displacement of the pulse peaks is clearly slowed down.

The theoretical curves depicted in the last three figures have been compared with

simulation results. An excellent agreement is found, except at times so short that the

number of jumps taken by the random walkers is not large enough to enter the diffusive

regime.

4.4.2 Lévy pulses

To complete our analysis of pulse mixing, we now address the case of Lévy flights,

where α = 1 and 0 < µ < 2. In this case, the two-pulse PDF can be written in terms

of the well-known Lévy functions [80]

W (x, t) =
1

2
[Lµ (x+ x0 − vT1(t);σµ(t)) + Lµ (x− x0 + vT1(t);σµ(t))] , (4.50)

where σµ(t) = K1,µTµ(t) is the scale factor that determines the width of the Lévy stable

density.

In Sec. 2.3.4 we defined the half-width of the comoving propagator as wµ(t) =

Cµσ(t), where the prefactor Cµ is determined by the probability P to find the particle

in the interval [−wµ(t), wµ(t)] at time t -see Eq. (2.59)-. This probability P is arbitrary
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Figure 4.5: Two-pulse PDF W (x, t) obtained from the numerical integration of the frac-
tional diffusion equation for α = 1/2, Kα = 1/2, a(t) = (1 + t/5000)2, x0 = 75, and
v = 7.5 × 10−3. We used a fractional Crank-Nicolson algorithm with ∆t = 0.1 and
∆x = 0.2. The symbols show simulations results (106 runs). This figure is the same
as Fig. 7 in Ref. [100].

γ < min{1/µ, 1} 1/µ = γ < 1 1/µ < γ < 1 γ = 1 < 1/µ 1/µ = γ = 1

T1 t1−γ t1−γ t1−γ ln t ln t

wµ t1/µ−γ (ln t)1/µ const. t1/µ−γ (ln t)1/µ

1/µ < γ = 1 1 < γ < 1/µ 1 < γ = 1/µ γ > max{1, 1/µ}
T1 ln t const. const. const.

wµ const. t1/µ−γ (ln t)1/µ const.

Table 4.2: Asymptotic long-time behavior of T1(t) and wµ(t) for a Lévy flight of index µ
on a power-law growing domain of exponent γ.

within a reasonable range of values (it is clear that its value should not be too low).

The definition of the half-width provided in the previous subsection 2.3.3 for the case

of Brownian diffusion (µ = 2), w(t), corresponds to the choice P = erf(
√

2) ' 0.9545.

Since the half-width of the comoving propagator is proportional to [Tµ(t)]1/µ, the

long-time behavior of wµ(t) for a power-law expansion can be directly obtained from

Eqs. (2.46). A summary of the different possible behaviors is also shown in Table 4.2.

One sees that w(t) diverges for long times when γ ≤ 1/µ, and reaches a stationary

value otherwise. This implies that the mixing of two pulses with zero relative velocity

is allowed at arbitrarily long times only when γ ≤ 1/µ.

However, the conformal time T1(t) does not depend on the exponent µ. This typical
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time tends to a finite long-time limit when γ > 1.

Depending on the choice of T1(t) and wµ(t), the mixing behavior of the two Lévy

pulses can be very different, and a rich phenomenology is observed.

First, when the Lévy index µ ≥ 1, the mixing properties of diffusion are qualitatively

similar to those of Brownian particles. Indeed, the typical spreading of a Brownian

motion can be obtained from a Lévy flight by performing the replacement 1/µ → 1/2

in the width of the propagator. Hence, for v > 0, the mixing can be totally prevented

in an expanding domain with γ > 1. Recall that if v = 0, it is enough to have γ > 1/µ

to prevent pulse mixing.

In the opposite situation 0 < µ < 1, the leading contribution to the motion of the

Lévy pulses comes from the pure stochastic transport rather than from the advective

motion. The most interesting scenario takes place when 1 < γ ≤ 1/µ, a situation which

is forbidden for Brownian diffusion. In this regime, the peaks of the distribution get

closer to each other (in comoving coordinates) up to the time t when T1(t) reaches a

value indistinguishable from T1(∞). However, the tails of the distribution continue to

approach each other because of the ongoing widening of the pulses. At some time, the

two-pulses merge and the distribution becomes single-humped. This is exactly what

we represent in Fig. 4.6 for the parameter choice γ = 5/4 and µ = 3/4. One sees that

the maxima of W (x, t) become less sharp in the course of time, but remain at the same

position until they merge into a single pulse. A comparison with simulation results is

provided in Fig. 4.6.

To conclude, let us briefly discuss the case 1 < 1/µ < γ. Here, diffusion prevails over

the advective contribution as the dominant mixing mechanism during a short transient

period. However, at long times, the domain expansion takes over, and the two-pulse

PDF adopts a stationary profile W (x,∞). This final distribution can be single-peaked

or doubled-peaked depending on the parameter choice. This is also the case for other

types of domain evolutions that are faster than a power-law.

4.5 Summary and outlook

In this chapter we studied a CTRW subject to a velocity field in a uniformly growing

domain.
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Figure 4.6: Comoving PDF at times t = 5× 103, 104, 2.5× 104, 5× 104, and 105 for two
Lévy pulses with µ = 3/4, Kµ

1 = 1/2, x0 = 104, and v = 1/10 for a power-law expansion
given by the scale factor a(t) = (1+ t/103)5/4. Solid lines represent the theoretical solution
W (x, t) illustrated in Eq. (4.50). The Lévy functions are plotted using Nolan’s algorithm
[97]. Symbols show results from simulations with 106 realizations. This figure is similar to
Fig. 8 in Ref. [100].

We started considering the case of static media, which has received surprisingly lit-

tle attention in the literature. The reason may be that the underlying physics and the

relation between W ∗(y, t) and the zero-field propagator W ∗0 (y, t) are relatively straight-

forward (both propagators are related to one another by a Galilean transformation).

Our main contribution here is a rigorous derivation of the FDAE for bi-fractional ran-

dom walks

We then studied the same CTRW, but implemented in a uniformly growing domain.

We considered the general case of a time-dependent velocity field v(t). In this case,

the diffusing particles travel a comoving distance Λ(t) =
∫ t

0 dt
′v(t′)/a(t′) with respect

to the laboratory reference frame. Simulation results confirmed our guess that the

comoving propagator fulfills a relation similar to the Galilean transformation, W (x, t) =

W0(x − Λ(t), t), where W0 is the comoving propagator in the zero-velocity case. In

physical coordinates, the latter relation becomes W ∗(y, t) = W ∗0 (y − a(t)Λ(t), t).

The (time-dependent) velocity field does not alter the shape of the positional PDF.

It only yields a time dependent spatial shift independent of the diffusion exponent α (in

the subdiffusive case) or µ (in the superdiffusive case). This statement does not hold

any more in the case of a spatial-dependent velocity: as shown in Sec. 3.3, the velocity

field induced by the domain growth, v(y, t) = ȧ(t)y/a(t), does modify the kurtosis of
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the subdiffusive propagator.

We also found that the FDAE for W (x, t) looks like the Fokker-Planck equation

for W0(x, t), but with the time derivatives replaced with material derivatives. These

intricate integrodifferential operators reflect the fact that the walkers move even when

they do not jump, since they are drifted by the velocity field. The validity of the FDAE

was checked indirectly by computing the moments of the propagator. As expected, the

propagator W (x, t) preserves the variance and kurtosis of W0(x, t).

Lastly, we undertook a semiquantitative study of the mixing properties of two dif-

fusing particles subjected to different drift velocities. A very fast medium expansion

gives rise to a very small probability that the pulses finally overlap (as long as the initial

particle separation is large enough). However, when the expansion is not too fast, and

the respective advective flows approach the particles, one finds certain regimes where

significant mixing can take place after a sufficiently long time. In the particular case

of Lévy flights with sufficiently small exponent µ, we concluded that at long enough

times the particle mixing is essentially driven by diffusion rather than by the respective

velocity fields.

Our work can be extended in several directions, e.g., by considering spatial-dependent

velocity fields and/or nonuniformly evolving domains. Another possible generalization

concerns the case of coupled CTRWs like Lévy walks.

In the next chapter, we will explore the case in which a constant force field induces

a nonsymmetric random walk. We will see that this kind of drift does modify the

functional form of the propagator [126], as opposed to the case of a constant velocity

field treated in this chapter.



Chapter 5

Continuous-Time Random Walks

under external forces in

uniformly growing domains

The problem of a Brownian particle in an external force field was solved for the first

time by Smoluchowski in 1906 [128]. Later, in 1940, Kramers addressed an alternative

approach to this problem, but focused on the calculation of chemical reaction rates

[129]. Since these seminal works, drifted diffusion processes have been used to study

many problems in biology, physics, finance...

In more recent times, the effect of an external force in the case of anomalous trans-

port has attracted considerable interest. In this context, Continuous-Time Random

Walks have also been widely employed. In the previous chapter, we noted that sub-

diffusive particles in a constant force field could experience a continuous drag owing

to the advective flux induced by the external force. However, in some systems, the

effect of the force field on the particles cannot be described in this way. For example,

Compte argued that this approach was not suitable to describe non-Fickian transport

in turbulent fluids [130]. In this case, the shear flow actually induces a bias in the walk-

ers’ jump length PDF. Thus, the diffusion process is not Galilei invariant. Indeed, the

walkers’ positional PDF does not satisfy the same Fokker-Planck equation as the PDF

for the analogous Galilei invariant subdiffusion process [131]. The FPE for such Galilei

variant transport processes can e.g. be applied to sedimentation processes in porous

This chapter is based on Ref. [126].

113
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media, where the tracers get trapped off the velocity flux [132]. In biology, one also

finds examples of drifted anomalous diffusion processes, such as facilitated diffusion of

binding proteins on DNA molecules [133] or bacteria search processes in the presence

of a chemotactic gradient [134].

Let us now briefly outline the contents of this chapter. In Sec. 5.1 we introduce a

general formalism to describe CTRW processes in uniformly expanding media, when

such processes are subject to an external force that introduces a spatial bias in the

walker jumps. In Sec. 5.2 we deduce the corresponding Fokker-Planck equation for

Brownian and subdiffusive time-fractional random walks. In Sec. 5.3 this equation

is applied to analyze the effect of a constant force field on the diffusive properties.

We consider both the case of a power-law and of an exponential domain growth. We

conclude with a brief summary in Sec. 5.4.

5.1 External force and CTRWs in a uniformly expanding

domain

Biased CTRWs are a standard way to model (anomalous) diffusive processes in the

presence of an external force field. As described in Chap. 2, particles performing this

type of walks move by instantaneous jumps drawn from the probability density function

ψ∗(y, y′, t, t′). This function is the PDF for hopping from y′ to y at time t, given that

the previous jump was taken at t′. The main novelty with respect to the force-free

case is the nonequality ψ∗(y′, y, t, t′) 6= ψ∗(y, y′, t, t′), since a preferred jump direction

is introduced by the force. The function ψ∗ only depends on the jump length |y − y′|
for unbiased CTRWs. As in previous sections, we will restrict ourselves to the case of

one-dimensional domains for the sake of simplicity.

When the displacement ∆y = y−y′ and the waiting time ∆t = t−t′ are independent

random variables (i.e., the situation we have been dealing with in previous chapters),

the random walk is said to be separable. In this case, the jump PDF of the biased

CTRW factorizes as

ψ∗(y, y′, t, t′) = Λ∗(y, y′, t)ϕ(t− t′), (5.1)

where ϕ(t − t′) is the waiting time PDF and Λ∗(y, y′, t) corresponds to the PDF for

moving from y′ to y at time t. The time-dependence of Λ∗ takes into account that the

force field can be time-dependent.
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Following Refs. [124, 135], we consider a PDF Λ∗(y, y′, t) with this form

Λ∗(y, y′, t) = 2λ∗(y, y′)
[
A∗(y′, t)ΘH(y − y′) +B∗(y′, t)ΘH(y′ − y)

]
, (5.2)

where ΘH represents the Heaviside step function and

λ∗(y, y′) = λ∗(y′, y) ≡ λ∗(|y − y′|) (5.3)

is a normalized, symmetric PDF that determines the probability for a random walker

to take a jump of size |y − y′|. In Eq. (5.2), A∗(y′, t) (respectively, B∗(y′, t)) denotes

the probability that a walker located at y′ takes a jump to the right (left) at time t.

From these definitions, it is clear that A∗ + B∗ = 1. However, the spatial asymmetry

induced by the external force implies that A∗ 6= B∗ in general. The force-free case is

recovered by taking A∗ = B∗ = 1/2.

The above description is valid both for static and for expanding domains. In the

latter case, the particle do not remain at rest at a given physical point y after performing

the jump, since they are drifted by the flux induced by the domain growth. However, it

should be noted that, in the present model, the force field does not provide an additional

contribution to the particle drift, as opposed to the diffusion-advection processes studied

in Chap. 4. In the model used in the present chapter, all the effects of the force field

are contained in Λ∗(y, y′, t), which means that the force does not act on the particles

during the time intervals between successive jumps. During these periods, the comoving

coordinate of the particle, x, does not change. Therefore, a description of our CTRW

model in comoving coordinates is pertinent, as it happened in the force-free case.

The counterpart of the jump PDF ψ∗(y, y′, t, t′) in comoving coordinates is

ψ(x, x′, t, t′) = Λ(x, x′, t)ϕ(t− t′). (5.4)

The function ψ(x, x′, t, t′) should be defined as a normalized PDF, it should thus have

the property

ψ∗(y, y′, t, t′)dydt = ψ(x, x′, t, t′)dxdt. (5.5)

Because of Eq. (5.1), this implies that Λ(x, x′, t) = Λ∗(y, y′, t)dy/dx corresponds to the
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PDF of taking a jump from the comoving site x′ to x at time t, or equivalently,

Λ(x, x′, t) = a(t)Λ∗(a(t)x, a(t)x′, t) (5.6)

for a uniformly expanding domain. Hence, Eq. (5.2) is written in comoving coordinates

as

Λ(x, x′, t) = 2λ(x, x′, t)
[
AΘH(x− x′) +BΘH(x′ − x)

]
= 2λ(x, x′, t)

[
(A−B) ΘH(x− x′) +B

]
,

(5.7)

where A ≡ A(x′, t) = A∗(a(t)x′, t), B ≡ B(x′, t) = B∗(a(t)x′, t), and

λ(x, x′, t) = a(t)λ∗(a(t)x, a(t)x′). (5.8)

From Eq. (5.3), it is obvious that λ(x, x′, t) is also a symmetric PDF such that

λ(x, x′, t) = λ(x′, x, t) ≡ λ(x− x′, t). (5.9)

The PDF for arriving at the comoving position x at time t, η(x, t), satisfies a master

equation similar to (2.14). Indeed, since any change in the walkers’ comoving position

comes from a new jump, η(x, t) can be expressed as the sum of the probabilities for

having arrived at any other site x′ at t′ < t, and then having taken a jump from x′ to

x at time t. Mathematically, this statement can be expressed as follows: [43, 136]

η(x, t) =

∫ ∞
−∞

dx′
∫ t

0
dt′η(x′, t′)ψ(x, x′, t, t′) + δ(x)δ(t), (5.10)

where δ(x)δ(t) accounts for the initial condition. Inserting Eq. (5.7) on Eq. (5.10) and

switching to the Fourier-Laplace space, one has

̂̃η(s, t) = 2L
{
F [λΘH]F

[
(A−B)L−1 (η̃ϕ̃)

]
+ λ̂F

[
BL−1 (η̃ϕ̃)

]}
+ 1. (5.11)

The arrival PDF η(x, t) is closely related to the comoving propagator W (x, t). In

Sec. 2.2, we saw that, in the Fourier-Laplace space, they are related to one another by

Eq. (2.19). Therefore, an equation that relates W to the single-jump PDFs λ and to
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the waiting time PDF ϕ is

̂̃
W

Φ̃
− 1 = 2L

{
F [λΘH]F

[
(A−B)L−1

(
ϕ̃
W̃

Φ̃

)]
+ λ̂F

[
BL−1

(
ϕ̃
W̃

Φ̃

)]}
, (5.12)

where Φ̃(s) is the Laplace-transformed mortality function. Recall that Φ(t) is defined

as the probability that the walker has not taken any jump by the time t, as shown in

Eq. (2.16).

It is worth noting that Eq. (5.12) holds for any force as long as its effect on the

diffusing particles can be described by asymmetric jump probabilities. Indeed, for

static media, Eq. (5.12) is equivalent to the generalized master equation provided in

Ref. [135] for the case where A∗ and B∗ do not depend on time. Likewise, if A∗ and

B∗ are constant (the jump length PDF Λ∗ only depends on the difference |y− y′|), the

well-known Montroll-Weiss equation [73, 136],

̂̃
W (k, s) =

Φ̃(s)

1− ϕ̃(s)Λ̂(k)
, (5.13)

is recovered from Eq. (5.12).

5.2 Fokker-Planck equation for walkers with finite

jump-length variance

Equation (5.12) was derived as a general equation in Fourier-Laplace space for a (biased)

CTRW in a uniformly expanding medium. This equation holds for arbitrary λ∗ and ϕ.

In this section, we will first deduce an equation equivalent to (5.12), but for the case

where the jump length PDF λ∗ has a finite variance. We will then take the diffusive

limit to derive the Fokker-Planck equation for Brownian and subdiffusive walkers in the

space-time domain. Finally, we will write these equations in terms of the force field.

5.2.1 General FPE for walkers with finite jump-length variance

The symmetric jump length PDF λ∗(y) is considered to have a finite variance denoted

by 2σ2. We will refer to σ2 as the semivariance. In the Fourier space, one has λ̂∗(k) ∼
1− σ2k2 as k → 0.
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More specifically, let M∗j be the j-th semimoment of λ∗(y), defined as

M∗j =

∫ ∞
−∞

dy yjλ∗(y)ΘH(y) =

∫ ∞
0

dy yjλ∗(y). (5.14)

From the definition of the Fourier transform, one can see that

F(λ∗ΘH) =
∞∑
j=0

(−ik)j

j!
M∗j . (5.15)

It is clear that M∗2 = σ2.

Similarly, we define the jth-order semimoment in comoving coordinates as

Mj(t) =

∫ ∞
−∞

dx xjλ(x, t)ΘH(x) =

∫ ∞
0

dx xjλ(x, t). (5.16)

According to Eq. (5.8), one has

Mj(t) =
M∗j
aj(t)

. (5.17)

Let us now denote by k the Fourier transform variable corresponding to the comoving

coordinate x. For small k, one finds

F(λΘH) ∼M0 − ikM1(t)− k2M2(t)

2
, (5.18)

or equivalently,

F(λΘH) ∼ 1

2
− ik M

∗
1

a(t)
− k2 σ2

2a2(t)
. (5.19)

We will hereafter use the notation M∗1 = εσ, or identically, M1(t) = εσ/a(t). The

dimensionless constant ε accounts for the role of the explicit form of λ∗ in M∗1 . It simply

reflects the fact that the two PDFs with the same semivariance σ can have different

first semimoments. For a Gaussian function, ε = 1/
√
π.

Substituting Eq. (5.19) into Eq. (5.12), one obtains a FPE in the Fourier Laplace

space for walkers with finite jump length variance:

s
̂̃
W (k, s)− 1 = −L

k2σ2

a2(t)
L−1

ϕ̃ ̂̃W
Φ̃

− L

2ikεσ

a(t)
F

(A−B)L−1

ϕ̃ ̂̃W
Φ̃

 .

(5.20)
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Taking the inverse Fourier-Laplace transform, one finally gets

∂W (x, t)

∂t
=

σ2

a2(t)
L−1

(
ϕ̃

Φ̃

∂2W̃

∂x2

)
2εσ

a(t)

∂

∂x

[
(B −A)L−1

(
ϕ̃
W̃

Φ̃

)]
. (5.21)

5.2.2 FPE for Brownian diffusion

Let us now particularize Eq. (5.21) for the case of Brownian CTRWs. Our aim is to

rewrite Eq. (5.21) in terms of the diffusion constant and standard differential operators.

In order to simplify our task, the waiting-time PDF ϕ(t) will be hereafter assumed

to be a continuous function. In driftless processes, the latter assumption is irrelevant.

However, biased random walks having an arbitrary continuous waiting time PDF with

mean τ turn out to yield a different diffusivity as in the case when ϕ(t) = δ(t − τ),

although the FPE has the same general form in both cases [137].

Specifically, we will assume that the Laplace-transformed waiting time PDF behaves

as ϕ̃(s) ∼ 1− τs for small values of the Laplace variable s. The function ϕ̃(s) is related

to the mortality function via the property

Φ̃(s) =
1− ϕ̃(s)

s
. (5.22)

Thus, ϕ̃/Φ̃ ∼ 1/τ . Substituting this result into Eq. (5.21), one obtains

∂W (x, t)

∂t
=

D

a2(t)

∂2W

∂x2
− 1

a(t)

∂

∂x
[v1(x, t)W (x, t)] , (5.23)

where D = σ2/τ stands for the diffusion constant and

v1(x, t) ≡ 2εσ

τ
[A(x, t)−B(x, t)] . (5.24)

At this point we warn the reader that, even though v1(x, t) has been introduced as

a function of the comoving coordinate, it actually is a physical velocity. In order to

avoid misunderstandings, let us introduce the notation

v∗1(y, t) ≡ v1(y/a(t), t) =
2εσ

τ
[A∗(y, t)−B∗(y, t)] . (5.25)

The effective velocity measured in the comoving frame of reference is v∗1(y, t)/a(t) ≡
v1(x, t)/a(t).
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To be more accurate, v∗1(y, t) is just the mean displacement of the Brownian particle

after a single jump,

〈z〉 =

∫ ∞
−∞

dz zΛ(z + y, y, t) = 2[A∗(y, t)−B∗(y, t)]
∫ ∞

0
dz zλ∗(z)

= 2[A∗(y, t)−B∗(y, t)]εσ,
(5.26)

divided by the average time τ the particle waits to take jump. In other words, v∗1(y, t)

stands for the walker’s net drift velocity arising from the left-right bias in the jump

length distribution Λ∗. This result was obtained in Ref. [51] when deriving the FPE

in an expanding medium (5.23) by means of an alternative Chapman-Kolmogorov ap-

proach.

Finally, let us mention that in the case where the resulting velocity v1(t) is only a

function of time, Eq. (5.23) can be written in terms of the material derivative as(
∂

∂t
+

v1(t)

a(t)

)
W (x, t) =

D

a2(t)

∂2

∂x2
W (x, t). (5.27)

Therefore, we conclude that the motion of a Brownian particle subjected to a time-

dependent force and diffusing in a growing domain is the same as if it were moving in

a time-dependent velocity field v1(t).

5.2.3 FPE for subdiffusive CTRWs

We will now proceed as in Sec. 5.2.2 to derive the FPE for time-fractional random

walks. The resulting FPE was originally derived in Ref. [126].

Let us consider a waiting time PDF exhibiting a power-law long-time behavior. In

the Laplace space, ϕ̃(s) ∼ 1 − ταsα. Applying Eq. (5.22), one gets ϕ̃/Φ̃ ∼ s1−α/τα.

Once this approximation is inserted into Eq. (5.21), one obtains the FPE

∂W (x, t)

∂t
=

Kα

a2(t)

∂2

∂x2 0D
1−α
t W (x, t)− 1

a(t)

∂

∂x

[
vα(x, t) 0D

1−α
t W (x, t)

]
, (5.28)

with Kα = σ2/τα and

vα(x, t) ≡2εσ

τα
[A(x, t)−B(x, t)]

=
2εσ

τα
[A∗(y, t)−B∗(y, t)] ≡ v∗α(y, t).

(5.29)
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From a mathematical point of view, Eq. (5.28) is simply a generalization of Eq. (5.23)

valid for any value of α ∈ (0, 1]. However, the physics described by the FPE differs

strongly from that for the Brownian case α < 1. In this case, vα(x, t) is no longer a

velocity, as can be checked by dimensional analysis. This quantity just accounts for the

walker’s preference to move in a given direction.

Furthermore, the lack of an effective velocity field in the biased time-fractional

walks considered here highlights the difference between the present model and the

one discussed in Chap. 4. This difference manifests itself both in static and growing

domains.

5.2.4 Force and bias

The presence of an external force induces an asymmetry in the jump length distribution,

i. e., A∗ 6= B∗. Without loss of generality, one has A∗ > B∗ when the force pushes the

particle to the right.

In static media, the force field F ∗(y, t) is known to be proportional to the left-right

bias A∗ −B∗, regardless of wether it acts on a Brownian or on a subdiffusive particle.

More quantitatively,

F ∗(y, t) = ξαv∗α(y, t), (5.30)

where ξα is the so-called generalized drag coefficient [43]. For α = 1, this means that

the emerging drift velocity v∗1(y, t) arises from a drag force F ∗(y, t). The constant ξ1 is

simply a measure of the environmental friction.

Taking into account the generalized Stokes-Einstein-Smoluchowski relation [138]

Kαξα = kBT, (5.31)

and Eqs. (5.30) and (3.3), one finds the relation between the jump length bias A∗−B∗

and the force field F ∗,

A∗ −B∗ =
F ∗σ

2εKαξα
=

F ∗σ

2εkBT
. (5.32)

Note that that the bias A∗ − B∗ depends on the explicit form of the walkers’ jump

length distribution λ∗ (via ε). In Eqs. (5.31) and (5.32), kB stands for the Boltzmann

constant and T is the absolute temperature.
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The fact that |A∗ − B∗| cannot be larger than one implies that the action of any

force field equal or greater than 2εKαξα/σ has the same effect on the random walker;

in other words, the action of the force field saturates at |F | = 2εKαξα/σ = 2εσξα/τ
α.

In the case of Brownian diffusion, this means that the resulting speed cannot exceed

a limiting value that depends on the walker’s jump properties, i.e., |v1| ≤ 2εσ/τ . The

restriction on the value of v1 is a remarkable difference between the setting considered

here and the motion of a Brownian walker in a velocity field.

In general, it seems reasonable to assume that the asymmetry induced by the force

field in the walkers’ jump PDF is independent of whether the medium in which the

CTRW takes place is expanding or not. Thus, we will assume that Eqs. (5.30) and

(5.32) holds for expanding media, too. Consequently, the fractional FPE (5.28) for

walkers subjected to an external force in a uniformly expanding medium becomes

∂W (x, t)

∂t
=

Kα

a2(t)
0D

1−α
t

[
∂2W

∂x2

]
− 1

a(t)

1

ξα

∂

∂x

[
F (x, t) 0D

1−α
t W (x, t)

]
, (5.33)

with F (x, t) = F ∗(a(t)x, t). This equation was derived by Henry et al. in Ref. [139] for

the case of static media (a(t) = 1).

Finally, we note that Eq. (5.33) can be written in physical coordinates. To do so,

one follows the same path as in Sec. 3.1. The resulting FPE reads

∂W ∗

∂t
=− ȧ

a

∂

∂y
[y W ∗] +

Kα

a(t)

∂2

∂y2

{
0D

1−α
t [a(t)W ∗(a(t)x, t)]

}
x→y/a(t)

− 1

a(t)ξα

∂

∂y

[
F ∗(y, t)

{
0D

1−α
t [a(t)W ∗(a(t)x, t)]

}
x→y/a(t)

]
.

(5.34)

Taking α = 1, one obtains the corresponding FPE for Brownian diffusion

∂W ∗

∂t
= − ∂

∂y

[(
ȧ

a
y +

F ∗

ξ

)
W ∗
]

+D
∂2W ∗

∂y2
, (5.35)

which is exactly the diffusion-advection equation for a Brownian particle in the velocity

field ȧy/a+ F ∗/ξ. In Eq. (5.35), the friction coefficient ξ1 is denoted by ξ.
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5.3 Diffusion under a constant force in a uniformly

expanding domain

In this section we deal with the problem of diffusing particles subjected to a constant

force in a uniformly expanding medium. The starting point is the FPE (5.33), or

equivalently, Eqs. (5.23) and (5.28). The analysis of their respective solutions shows

that the transport statistics is determined by the joint action of the external force and

the medium expansion. The role of the medium expansion in the diffusive process

depends on the value of the anomalous diffusion exponent.

5.3.1 Solution of the FPE for Brownian particles

In the case of normal diffusion, and a constant force F = ξv1, the FPE in comoving

coordinates is
∂W (x, t)

∂t
=

D

a2(t)

∂2W

∂x2
− v1

a(t)

∂W

∂x
. (5.36)

As anticipated, this equation is the same for a random particle moving with a constant

velocity in a uniformly growing domain. We present here a method to compute the

propagator.

A standard technique to solve partial differential equations for free boundary condi-

tions takes their Fourier transform as a starting point. In the Fourier space, Eq. (5.36)

reads
∂Ŵ (k, t)

∂t
= −k2 D

a2(t)
Ŵ (k, t)− ik v1

a(t)
Ŵ (k, t). (5.37)

Integrating over the time variable, one gets

ln

(
Ŵ (k, t)

Ŵ (k, 0)

)
= −Dk2T2(t)− iv1kT1(t), (5.38)

or equivalently,

Ŵ (k, t) = Ŵ (k, 0) exp
[
−Dk2T2(t)− iv1kT1(t)

]
. (5.39)

The initial condition W (x, 0) = δ(x) implies that Ŵ (k, 0) = 1. Taking the inverse

transform of Eq. (5.39) with the latter initial condition, one finds for the comoving
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propagator

W (x, t) = N
(
〈x〉, 2σ2

x

)
≡ 1√

4πσ2
x(t)

exp

[
−(x− 〈x〉)2

4σ2
x(t)

]
, (5.40a)

with the mean value

〈x〉 = v1T1 (5.40b)

and the variance

〈x2〉 − 〈x〉2 = 2σ2
x = 4DT2. (5.40c)

In physical coordinates, the PDF W ∗(y, t) is of course a Gaussian bell with mean

〈y〉 = v1aT1 (5.41a)

and variance

〈y2〉 − 〈y〉2 ≡ 2σ2
y = 4Da2T2. (5.41b)

One concludes that the behavior of the propagator and its moments is determined

by the time scales T1(t) and T2(t), which in turn depend on the scale factor a(t).

As done in previous chapters, we will now provide a specific analysis for the cases of

power-law and exponential expansions.

Power-law expansion

For the case of a power-law expansion a(t) = (1 + t/t0)γ , we have already seen that the

typical Tµ (with µ = 1 or µ = 2) displays a power-law long-time behavior Tµ(t) ∼ t1−γµ

for γµ < 1 or exhibits a logaritmic growth Tµ(t) ∼ ln t for γµ = 1. Note that for γµ > 1

this function converges to a constant value Tµ(∞) = t0/(γµ−1). This follows from the

general behavior described by Eqs. (2.45) and (2.46).

The fact that Tµ exhibits different behaviors in the long-time limit carries over

to the mean and the variance of the walker’s position. Several regimes are identified

depending on the value of the power-law exponent γ.

(a) For γ > 1 the propagator W (x, t) approaches a stationary profile W (x,∞) at

long times. In this limit, the mean of the Gaussian PDF is 〈x〉 = vT∞1 , and its

semivariance reads σ2
x(∞) = DT∞2 . Since a(t) ∼ tγ for t→∞, in physical space

one has 〈y〉 ∼ tγ and σ2
y(t) ∼ t2γ . Qualitatively, these behaviors are the same
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Figure 5.1: Propagator W (x, t) for normal diffusive particles under a constant force in
a power-law expanding medium with γ = 2 and t0 = 103. We assumed that the walkers
diffuse with constant D = 1/2 and that the net velocity due to the bias in the jump length
distribution is v1 = 1/

√
2π. The symbols are simulation results for t = 28, 210, 212 and t =

216 (as displayed in the legend). The solid lines are the corresponding theoretical solutions
given by Eqs. (5.40a). The dashed line depicts the asymptotic distribution W (x,∞). This
figure is similar to Fig. 1 in Ref. [126].

as those respectively exhibited by the distance between two static points in an

expanding medium and the square thereof. We thus conclude that for power-law

expansions with γ > 1 (fast power-law expansions) the expansion of the medium

is the only relevant factor in the spreading of particles at sufficiently long times.

In other words, the diffusive motion becomes negligible in this limit, which is

dominated by the medium expansion.

In Fig. 5.1 we show W (x, t) for a power-law expanding medium with γ = 2 at

several times. For the longest time represented, t = 216, the propagator is close to

W (x,∞). It should be noted that the width of the propagators are very similar

in all cases, whereas the propagator maxima are clearly separated. This is a

consequence of the fact that the Brownian conformal time T2(t) converges to its

final value faster than T1(t).

(b) For γ = 1 the propagator W (x, t) is quasi-stationary. One sees that the average

position of the walkers grows logarithmically, 〈x〉 ∼ log t, whereas the semivari-

ance tends to a constant value, σ2
x(∞) = Dt0. In physical space, 〈y〉 and σ2

y(t)

follow the same asymptotic behavior as for γ > 1, except for the logarithmic

correction in 〈y〉.
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(c) For 1/2 < γ < 1, one finds that 〈y〉 ∼ v1t/(1− γ), which means that the average

position is essentially determined by the external force. More concretely, 〈y〉 is

the same as in the static case, save for a factor 1/(1 − γ) that accounts for the

effect of the medium expansion. However, σ2
y(t) ∝ a2(t), which means that the

width of the physical propagator is determined by the expanding domain.

(d) For γ = 1/2 one finds the same qualitative behavior as in the case γ < 1/2 (see

below), save for a logarithmic factor in the value of σ2
y .

(e) For γ < 1/2 (including the case γ < 0 of a contracting domain) one finds that

both 〈y〉 ∼ vt/(1 − γ) and σ2
y(t) ∼ 2Dt/(1 − 2γ) are of the order of the values

〈y〉 and σ2
y(t) obtained for a static domain. That is, in this regime the effect of

the domain growth on the particles spreading is largely irrelevant. The diffusion

process is essentially controlled by the force field and the stochastic transport.

Exponential expansion

In the case of an exponential growth, the scale factor is a(t) = exp(Ht), or alternatively,

a(t) = exp(t/tH), where tH = 1/H is the so-called Hubble time in cosmology [48, 49].

Note that tH is negative when the medium shrinks (H < 0).

When H 6= 0, both the conformal time and the Brownian conformal time can be

evaluated from Eq. (2.48). In terms of the Hubble time, they are respectively written

as

T1(t) = tH [1− exp(t/tH)] (5.42a)

and

T2(t) = tH
1− exp(2t/tH)

2
. (5.42b)

For the static case, H = 0, Tµ(t) = t for any µ > 0, and one recovers the corresponding

Gaussian propagator.

In the expanding caseH > 0, both times converge to the asymptotic values T∞1 = tH

and T∞2 = tH/2, since the exponential expansion is an example of a very fast growth

under which the diffusive motion and the force field ultimately become irrelevant as

transport mechanisms. Correspondingly, the comoving propagator W (x, t) eventually

reaches the stationary state W (x,∞) = N {v1tH , DtH}. In contrast, the physical quan-

tities 〈y〉 ∼ v1tH exp(t/tH) and σ2
y(t) ∼ DtH exp(2t/tH)/2 diverge exponentially.
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In the contracting case H < 0, the comoving moments blow up. However, in the

physical space, one observes the propagator is the same as W (x, t) when H > 0, but

with the replacements x → y and tH → −tH . Therefore, W ∗(y, t) eventually reaches

the stationary profile W ∗(y,∞) = N (−v1tH ,−DtH).

5.3.2 Solution of the FPE for subdiffusive particles

In Chap. 3, we studied the solutions of the FPE for symmetric, time-fractional random

walks in expanding media. In general, one has to resort to numerical methods to obtain

the propagator. Such methods still apply when a biasing force is at play.

In the static case, an analytic approach to formally obtain the subdiffusive propa-

gator in the presence of a force field is the subordination technique [43, 140]. It consists

in using the solution for normal diffusion W1(x, t) to construct the solution Wα(x, t)

for particles with anomalous diffusion exponent α ∈ (0, 1). Denoting by D and Kα the

respective diffusion constants of the Brownian and subdiffusive walkers, one has

Wα(x, t) =

∫ ∞
0

r(t′, t)W1(x, t′)dt′, (5.43)

with

r(z, t) =
1

α

(
Kα

D

)1/α t

z1+1/α
lα

(
K

1/α
α t

D1/αz1/α

)
. (5.44)

In the latter equation, lα stands for the one-sided Lévy stable probability density, whose

Laplace transform is

l̃α(s) = exp(−sα). (5.45)

It is instructive to show why the aformentioned procedure no longer holds for evolv-

ing domains regardless of whether one works in comoving or in physical coordinates.

The deduction of Eqs. (5.43) and (5.44) relies on the fact that the propagator for a

subdiffusive CTRW process can be written in the form

Wα(x, t) =
∞∑
n=0

W̄1(x, n)χn(t), (5.46)

where W̄1(x, n) is the PDF of finding a Brownian walker at the point x after performing

exactly n jumps. The function χn(t) denotes the probability of have taken exactly n

jumps up to time t. The relation between χn(t) and the walker’s waiting time PDF is
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Figure 5.2: Propagator W (x, t) for subdiffusive random walkers (α = 1/2 and Kα = 1/2)
in an exponentially expanding medium with Hubble time tH = 104 subjected to an external
force field (A − B = 1/2, vα = 1/

√
2π) at times t = 210 and t = 214. The lines represent

the numerical solution of Eq. (5.28). These solutions are obtained with ∆t = 1/10 and
∆x = 1/10 for x ∈ [−75,+75] and t = 210, and with ∆t = 1 and ∆x = 1/10 for x ∈
[−150,+150] and t = 214. The corresponding simulation results (106 runs) are represented
by the symbols. This figure is very similar to Fig. 2 in Ref. [126].

very simple in the Laplace space [74]:

χ̃n(s) = [ϕ̃(s)]n . (5.47)

Eq. (5.46) cannot be applied for evolving domains since the probability of finding a

particle at a given point not only depends on how many jumps were taken to go there,

but also on the times at which these steps were taken.

In the remainder of this subsection we will analyze the solutions of the FPE (5.28)

by means of a numerical method, and we will discuss some fundamental properties of

the propagator through the computation of the moments. As usual, we will focus on

power-law and exponential expansions.

Numerical solution of the FPE for subdiffusive particles

The solutions of the FPE (5.28) can be obtained by employing the fractional Crank-

Nicolson routine discussed in Appendix B. The comoving propagator W (x, t) is com-

puted with time and spatial discretizations respectively denoted by ∆t and ∆x. The

precision of the algorithm is of the order of ∆t and (∆x)2.
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Based on our numerical results, let us now describe the general characteristics of

W (x, t), which are also confirmed by numerical simulations. To this end, we take

Fig. 5.2 as the starting point of our discussion. In this figure we plot the comoving

propagator for subdiffusive particles in an exponentially expanding medium, a(t) =

exp(Ht), at two different times, t = 210 and t = 214. The parameters chosen are

α = 1/2, Kα = 1/2, vα = 1/
√

2π, and H = 10−4. This case shows two interesting

properties concerning the shape of the propagator.

First, in contrast to what is observed for Brownian diffusion (α = 1), when α < 1

the propagator W (x, t) cannot be obtained by a mere shift of the propagator for the

force-free case, W0. This is not possible, since the introduction of a preferred jump

direction entails that for subdiffusive walks the propagator W (x, t) becomes skewed.

This property was termed “Galilei variance” in the case of subdiffusive processes taking

place in static media [43]. Recall that, in the normal diffusion case, we saw in the

previous section 5.3.1 that in the presence of a constant force the propagator is always

a shifted Gaussian (both for static and evolving media), i.e., one says that it is Galilei

invariant.

Secondly, the domain growth modifies the shape of the propagator with respect

to that for a static domain, as anticipated in Sec. 3.3 when considering the force-free

case. In the static case, Galilei variant propagators with α = 1/2 always preserve a

characteristic cusp at the starting point x0 = 0 [132]. This cusp is also observed in

growing domains at short times. However, as represented in Fig. 5.2 for t = 214, the

medium expansion may give rise to the onset of a new regime where the maximum

of W (x, t) appears at some point x > 0. As it turns out, the propagator remains

non-differentiable at x0 = 0.

To conclude, we note that, in contrast to the Brownian diffusion case, the mean

value does not necessarily correspond to the most probable location of the subdiffusive

particle. In fact, at short times the maximum of W (x, t) is located at the starting point.

In what follows we will provide analytical expressions for the lower order moments of

the propagator.

Moments of the propagator

Since an exact solution of the FPE (5.28) is not known, a good starting point to obtain

information about the propagator is the computation of its moments. They can be
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obtained by means of recursive relations derived from Eq. (5.28). The procedure is

similar that used in the force-free case -see Sec. 3.2-. From now on, the quantity vα

will be taken to be constant, that is, we assume a constant force.

The mth comoving moment is determined by the differential equation

d

dt
〈xm(t)〉 = m(m− 1)

Kα

a2(t)
0D

1−α
t 〈xm−2(t)〉+m

vα
a(t)

0D
1−α
t 〈xm−1(t)〉. (5.48)

Thus, the first moment can be computed from

d

dt
〈x〉 =

vα
a(t)

0D
1−α
t 1 =

vα
a(t)Γ(α)

tα−1. (5.49)

The time integration of the latter equation gives rise to

〈x(t)〉 =
vα

Γ(α)

∫ t

0
du
uα−1

a(u)
(5.50)

for the initial condition W (x, 0) = δ(x). This implies 〈xm(0)〉 = 0 for m = 1, 2, ...

The second moment follows

d

dt
〈x2(t)〉 = 2

Kα

Γ(α)

tα−1

a2(t)
+ 2

vα
a(t)

0D
1−α
t 〈x(t)〉, (5.51)

and then

〈x2(t)〉 = 〈x2(t)〉0 + 2vα

∫ t

0
du

0D
1−α
u 〈x(u)〉
a(u)

, (5.52)

where 〈x2(t)〉0 = 2Kα

∫ t
0 du u

α−1/[a(u)Γ(α)] is the comoving variance in the force-free

case.

From Eqs. (5.50) and (5.52), one recovers the known expressions for the first and

second moment for the static case a(t) = 1 [43]

〈x(t)〉 =
vα

Γ(1 + α)
tα, (5.53a)

and

〈x2(t)〉 = 〈x2(t)〉0 + 2
[Γ(1 + α)]2

Γ(1 + 2α)
〈x(t)〉2 (5.53b)

with 〈x2(t)〉0 = 2Kαt
α/Γ(α). Besides, making use of Eqs. (5.30) and (5.31), one can
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obtain the so-called generalized Einstein relation [76, 138, 141],

〈x(t)〉 =
F

2

〈x2(t)〉0
kBT

, (5.54)

which relates the first moment induced by the constant force F to the variance in the

force free case. However, because of Eq. (5.52), the Einstein relation (5.54) no longer

holds in growing domains, not even in the case of Brownian diffusion (α = 1). This

is indeed one of the most important consequences of the domain growth for biased

random walks.

Finally, it is worth noting that for α < 1, the variance under the action a constant

force is different from that for the force free case, i.e.,

2σ2
x(t) = 〈x2(t)〉 − 〈x(t)〉2 6= 〈x2(t)〉0, (5.55)

both for static and expanding domains. This inequality is quite expected, since non-

symmetric forces are known to yield skewed propagators.

In the next subsections we will apply the expressions (5.50) and (5.52) for the first

two comoving moments to study the cases of power-law and exponential scale factors.

These results will be verified with numerical simulations.

Power-law expansion

Let us evaluate the first moment of W (x, t) for a power-law expansion with scale factor

a(t) = (1 + t/t0)γ . Inserting this scale factor in Eq. (5.50) one obtains

〈x(t)〉 =
vα

Γ(1 + α)
tα 2F1

(
α, γ; 1 + α;

−t
t0

)
, (5.56)

where 2F1 denotes the Gaussian hypergeometric function. The long-time behavior of

the first physical moment 〈y(t)〉 = a(t)〈x(t)〉 is interesting. In order to obtain it, we

make use of the large-argument properties of the hypergeometric function in Eqs. (3.14).

One gets

〈y(t)〉 ∼



vα
(α− γ)Γ(α)

tα if α > γ

vα
Γ(α)

tα ln(t/t0) if α = γ

〈x(∞)〉 (t/t0)γ if α < γ

(5.57)
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where 〈x(∞)〉 = vαtα0 Γ(γ − α)/Γ(γ) is the asymptotic value of the first comoving mo-

ment when α < γ. The condition α < γ is required for the integral defined in Eq. (5.50)

to be finite.

The second moment can also be formally obtained from Eq. (5.52). In the first step,

one inserts the Grünwald-Letnikov derivative of the first moment into the second term

of the r.h.s. of Eq. (5.52),

0D
1−α
t 〈x(t)〉
αvα

=
2t2α−1

2F1

(
α, γ; 1 + 2α; −tt0

)
Γ(1 + 2α)

−
γt2α 2F1

(
1 + α, 1 + γ; 2 + 2α; −tt0

)
t0 Γ(2 + 2α)

.

(5.58)

However, the resulting integral
∫ t

0 du (1 + u/t0)−γ 0D
1−α
u 〈x(u)〉 cannot be written in

terms of elementary functions. Accurate values of the second moment can be obtained

for all times by evaluating the aforementioned integral numerically. In addition, when

α < γ this integral (and therefore also the second comoving moment) converges to

a finite number. Otherwise, the integral does not converge. In this case, the long-

time behavior can be extracted by replacing the hypergeometric functions with their

leading contributions. An important point is that, for α ≤ γ, the asymptotic power-

law behavior displayed by the second term on the r.h.s. of Eq. (5.52) dominates over

〈x2(t)〉0. Altogether, one finds that the physical second moment 〈y2(t)〉 = a2(t)〈x2(t)〉

exhibits the following long-time behavior:

〈y2(t)〉 ∼



v2
αΓ(α− γ)

(α− γ)Γ(α)Γ(2α− γ)
t2α if α > γ,[

vα
Γ(α)

tα ln(t/t0)

]2

if α = γ,

〈x2(∞)〉 (t/t0)2γ if α < γ,

(5.59)

where

〈x2(∞)〉 =
2Kαt

α
0 Γ(2γ − α)

Γ(2γ)
+ 2vα

∫ ∞
0

dt

(
1 +

t

t0

)−γ
0D

1−α
t 〈x(t)〉. (5.60)

Once again, the asymptotic behaviors of 〈y〉 and 〈y2〉 illustrate the role of the

domain growth in the drifted diffusion process. Namely, when α > γ, these quantities
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are respectively proportional to tα and to t2α, as observed for the static case -see

Eqs. (5.53)-. One says that the medium expansion is subdominant with respect to

the anomalous diffusion process drifted by the external force. These results still hold

for the case of α = γ, except for the logarithmic and squared logarithmic factors. In

contrast, when α < γ, one has 〈y〉 ∝ tγ and 〈y2〉 ∝ t2γ , that is, the displacement of

diffusing particles grows in the same way as the distance between two static points in

an expanding medium.

The above results also suggest that an Einstein-like relation can only be found for

really slow power-law expansions and contractions (α > 2γ) in the long-time limit,

since it is the only case where 〈y〉 and 〈y2〉0 grow in time with the same exponent α.

Using Eqs. (3.17) and (5.57), one finds

〈y〉 ∼ vα
2Kα

α− 2γ

α− γ
〈y2〉0, only if α > 2γ. (5.61)

Note that, for γ = 0, the identity

〈y〉 =
vα

2Kα
〈y2〉0 (5.62)

is equivalent to (5.54).

Finally, we remark that the comoving variance 2σ2
x = 〈x2(t)〉 − 〈x(t)〉2 is differ-

ent from 〈x2(t)〉0 unless α = 1. In Fig. 5.3 the comoving variance, computed from

Eqs. (5.56), (5.58) and (5.52), is compared with 〈x2〉0 for α = 1/2 and different val-

ues of γ. The dashed lines representing 〈x2〉0 are clearly below the solid lines, which

correspond to 2σ2
x. In addition, the theoretical curves of 2σ2

x are also compared with

simulation results in Fig. 5.3. A really good agreement is observed.

Exponential expansion

For an exponential domain evolution a(t) = exp(Ht), the first moment reads as

〈x(t)〉 =
vα
Hα

[
1− Γ(α,Ht)

Γ(α)

]
(5.63)

for H 6= 0. In the expanding case H > 0, it is easy to check that the second moment

approaches a constant value

〈x(∞)〉 = vαtαH , (5.64)
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Figure 5.3: Comoving variance for a subdiffusive walker characterized by α = 1/2 and
Kα = 1/2 under the presence of an external force field (vα = 1/

√
2π) in a power-law

expanding medium with t0 = 103 and, from top to bottom, γ = 0, 1/4, 1/2, 2. Solid lines
represent the theoretical value of 2σ2

x, whereas broken lines show the same quantity for the
force free case (vα = 0). The symbols are simulation results with 106 runs. This figure
corresponds to Fig. 3 in Ref. [126].

with tH = 1/H. Thus, in physical coordinates 〈y(t)〉 diverges as vαtαH exp(t/tH).

In the contracting case H < 0, the behavior for large negative arguments of the

upper limit Gamma function yields

〈y(t)〉 =
vα|tH |
Γ(α)

tα−1. (5.65)

The second moment 〈x2(t)〉 can be computed as follows. From Eq. (5.63) one finds

0D
1−α
t 〈x(t)〉 =

vα
√
π

Γ(α)

(
H

t

)1/2−α
e−Ht/2 Iα−1/2

(
Ht

2

)
, (5.66)

where Iν(z) is the modified Bessel function of the first kind. One then substitutes

the latter equation and Eq. (3.22) into (5.52). The resulting expression for 〈x2(t)〉 is

difficult to write in terms of elementary functions. Nevertheless, for H > 0, one can

compute its asymptotic value for t→∞,

〈x2(∞)〉 = 21−α (Kαt
α
H + v2

αt
2α
H

)
. (5.67)

Therefore, 〈y2(t)〉 ∼ 21−α (Kαt
α
H + v2

αt
2α
H

)
exp(2Ht). In contrast, for H < 0, one finds
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Figure 5.4: Physical variance 2σ2
y(t) for a biased subdiffusive random walk (α = 1/2,

Kα = 1/2, and vα = 1/
√

2π) in an exponentially contracting medium with H = −10−4.
The symbols are simulation results obtained with 106 realizations. The thick solid line
represents theoretical results. The dashed line corresponds to the case with no external
force. For the sake of comparison we also provide the results for the case with external
force but for a static medium (thin solid line). The short dashed line corresponds to the
long-time behavior of 2σ2

y(t) obtained from Eqs. (5.65) and (5.68). This figure matches
with Fig. 4 in Ref. [126].

that 〈y2(t)〉 decays to zero as [126]

〈y2(t)〉 ∼
[
Kα|tH |+

v2
α|tH |1+α

Γ(α)

]
tα−1. (5.68)

This power-law decay is also exhibited by the physical variance 2σ2
y(t) = 〈y2(t)〉 −

〈y(t)〉2 when H < 0, since at long times 〈y(t)〉2 is negligible with respect to 〈y2(t)〉 -see

Eqs. (5.65) and (5.68)-. The time evolution of this quantity is displayed in Fig. 5.4.

One sees that the asymptotic behavior is roughly established for t & tH . However,

2σ2
y(t) is a growing function at times earlier than tH . In Fig. 5.4 we also represent the

variance for the force-free case, 〈y2〉0, (dashed line) to draw the reader’s attention to

the lack of equivalence between both variances.

As we just found, the two lowest-order physical moments blow up when H > 0,

whereas they go to zero as tα−1 for H < 0. Moreover, these behaviors are also

observed for all the higher-order moments. Indeed, for an exponential expansion

- or any expansion such that a(t) grows faster than tα - one can easily prove by

means of Eq. (5.48) that the comoving moments approach a constant profile. For

any moment of order m, it is clear that
[
0D

1−α
t 〈xm−2(t)〉

]
/a2(t) ∼ tα−1/a2(t) and
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[
0D

1−α
t 〈xm−1(t)〉

]
/a(t) ∼ tα−1/a(t). According to Eq. (5.48), d〈xm(t)〉/dt goes to

zero faster than 1/t for large times. This means that 〈xm(∞)〉 is also finite and, con-

sequently, 〈ym(t)〉 ∝ am(t). The described behavior is qualitatively similar to the

Brownian diffusion case.

Finally, we will demonstrate that for any anomalous diffusion exponent α < 1, all

the physical moments eventually vanish under an exponential contraction, as opposed

to the case of normal diffusion, in which they tend to constant values. In the present

case, it is convenient to work directly in physical coordinates. From Eq. (5.48), it is

easy to see that the moments of W ∗(y, t) follow the hierarchical relation

d

dt
〈ym〉 = m(m− 1)Kαa

m−2
0D

1−α
t

[
〈ym−2〉
am−2

]
+mvαam−1

0D
1−α
t

[
〈ym−1〉
am−1

]
+m

ȧ

a
〈ym〉.

(5.69)

From the initial condition W ∗(y, 0) = δ(y), one gets 〈ym(0)〉 = 0, implying that

Eq. (5.69) can be written in the Laplace space as

(s−mH)〈ym(s)〉 =
mvα

[s− (m− 1)H]α−1 〈y
m−1(s)〉+

m(m+ 1)Kα

[s− (m− 2)H]α−1 〈y
m−2(s)〉.

(5.70)

Let us now assume 〈yj(t)〉 ∼ c̄jt
α−1 for j = m − 1 and j = m − 2. According to a

Tauberian theorem [117], 〈yj(s)〉 ∼ c̄js
−α/Γ(α) when s → 0. Inserting this behavior

into Eq. (5.70), one finds

〈ym(s)〉 ∼
[
cm,1(m− 1)1−α + cm,2(m− 2)1−α]

m|H|αΓ(α)
s−α, (5.71)

where cm,1 = mvαc̄m−1 and cm,2 = Kαc̄m−2. Taking the inverse Laplace transform of

Eq. (5.71), one finds that the long time behavior of the mth-order physical moment

〈ym(t)〉 ∼ cm,1(m− 1)1−α + cm,2(m− 2)1−α

m|H|α
tα−1. (5.72)

The slowing-down of the (nonzeroth-order) physical moments implies that the prop-

agator W ∗(y, t) should eventually tend to the localized distribution δ(y). This Big

Crunch effect was already observed in Chap. 3 for the force-free case. The main nov-

elty associated with the presence of a constant force is that W ∗(x, t) is nonsymmetric

at any time t < ∞. In Fig. 5.5 we represent this function for |tH | = 104 at times

t = 28, 210, and 215. One sees that W ∗
(
y, 28

)
is narrower than W ∗

(
y, 210

)
, since those
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Figure 5.5: Propagator W ∗(y, t) at times t = 28, 210, and 215 for a biased subdiffusive
random walk (α = 1/2, Kα = 1/2, and vα = 1/

√
2π) in an exponentially contracting

medium with H = −10−4. The symbols are simulation results with 106 realizations. The
lines depict the corresponding numerical solutions of Eq. (5.28). We applied the fractional
Crank-Nicolson method described in Appendix B to compute the comoving propagator
W (x, t) with discretizations ∆x = ∆t = 1/10 for t = 28 and t = 210, and ∆x = ∆t = 1
for t = 215. The propagators are subsequently transformed into physical coordinates. This
figure is similar to Fig. 5 in Ref. [126].

times are significantly shorter than tH . However, at t = 215, the propagator is much

sharper, i.e., closer to a δ(y) distribution.

5.4 Summary and outlook

In this chapter we studied the motion of a separable CTRW subjected to an external

force in a uniformly expanding medium. The force acts at the time of each jump and

induces a bias in the jump length PDF. A mesoscopic description of this process is

given by a master equation in terms of the intrinsic characteristics of the random walk,

i.e., the jump length PDF and the waiting time PDF. For CTRWs whose jump length

PDF has a finite variance, that is, Brownian and subdiffusive time-fractional random

walks, a Fokker-Planck equation was derived in the diffusive limit.

The remainder of the chapter was devoted to analyzing the solutions of the FPE

in the case of a constant force. For Brownian walkers in static media, the introduction

of the force field leads to a displacement with constant velocity v of the Gaussian

PDF. The moments of the physical propagator W ∗(y, t) are determined by the medium

expansion. The first moment is 〈y(t)〉 = va(t)T1(t), whereas the variance reads 〈y2(t)〉−
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〈y(t)〉2 = 2DT2(t). We recall that these time scales are defined via the scale factor of

the expansion, i.e., Tµ(t) =
∫ t

0 du a
−µ(u).

For time-fractional CTRWs (α < 1), it did not seem possible to find analytical

solutions of the FPE (5.28). In order to obtain the free solution, we therefore resorted

to a finite-difference numerical method. We observed that the constant force breaks the

left-right symmetry of the propagator with respect to its instantaneous maximum. On

the other hand, the domain growth also contributes to modifying the functional form

of the propagator. We computed its moments and discussed the cases of power-law

and exponential domain growth in detail. For a power-law expanding medium with

scale factor a(t) = (1 + t/t0)γ , we found that the domain growth is not relevant for the

long-time spread of the particles when α > γ. However, if α < γ, the particle motion

is essentially driven by the medium expansion. The same qualitative behaviour was

found for an exponential expansion. However, in the opposite case of an exponential

contraction the moments were seen to go to zero at long times. This Big Crunch effect

had already been found in the zero-force case -see Sec. 3.2.3-.

Another important finding is the breakdown in growing domains of the well-known

Einstein relation characterizing the “Galilei variant” process in static media. The

violation of Einstein relation holds both for Brownian and subdiffusive walkers.

This work can be extended in many ways. First, one can go beyond the case of a

constant force. For example, in the next chapter, we will discuss the case where the

particles are subjected to a harmonic potential in a uniformly growing domain. Second,

one could consider a more general problem involving a random walk subject both to the

action of a velocity field and of a force causing a bias in the jump length PDF. Another

interesting problem is the derivation of the Fokker-Planck equation for biased walkers

with diverging jump length variance, e.g., Lévy flights. From a broader perspective,

the formulation of a general framework allowing one to also deal with nonuniformly

growing domains would certainly be of interest.



Chapter 6

The Ornstein-Uhlenbeck process

in uniformly growing domains

The celebrated Ornstein-Uhlenbeck process, introduced in 1930, can be regarded as a

stochastic process describing the motion of a Brownian particle subjected to a harmonic

potential [142]. Among the numerous applications of this process, an important one

is the modelization of the diffusive motion of particles confined by optical traps [143,

144]. This technique takes advantage of the gradient force originated by a laser beam

to manipulate microscopic systems. In particular, optical tweezers are an important

tool in the design of many biological experiments [145]. Other relevant applications

of this so-called standard Orstein-Uhlenbeck process (SOUP) are found in financial

markets. After Bachelier implemented the Brownian walk as a model of pricing [146],

the inclusion of a harmonic potential emerged as a natural way to avoid that prizes

deviate too much from their expected values [147–149]. Nowadays, the SOUP is also

used to optimize pair trading strategies [150].

The positional PDF associated with the SOUP is a Gaussian function whose vari-

ance attains a stationary value in the long-time limit. A similar behavior is displayed

by Brownian particles in an exponentially contracting medium [51], which in this sense

behave analogously to particles diffusing in a harmonic potential. Therefore, one ex-

pects that letting the medium in which the SOUP takes place grow at an appropriate

rate could effectively modify the stiffness of the potential, as well as the ergodicity

properties of the system [107].

This chapter is based on Ref. [56].

139
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Subdiffusive versions of the Ornstein-Uhlenbeck process were also formulated to

explain the outcome of optical tweezers experiments [151] and in the context of econo-

physics [152]. In the so-called fractional Ornstein-Uhlenbeck process (FOUP), the har-

monic potential modifies the jump length PDF of the random walk [43, 138]. In this

model, the positional PDF for subdiffusive walkers eventually reaches an asymptotic

profile, as in the case of Brownian diffusion. Recently, Chen et al. have considered

another interesting model of subdiffusion in an external Hookean field with compound

noise [116]. Some of the results obtained by these authors agree with the results that we

obtained by means of our approach, which relies on a CTRW model in an exponentially

contracting medium.

In this chapter we will study the CTRW model for diffusion under a Hookean

force in a uniformly growing domain. In Sec. 6.1 we set up the model and derive the

corresponding (fractional) FPE. Secs. 6.2 and 6.3 are respectively devoted to analyzing

the SOUP and the FOUP. Finally, in Sec. 6.4, we enumerate our main results and

suggest possible ways of extending the present work.

6.1 Modelling the Ornstein-Uhlenbeck process by

CTRWs

In Chap. 5 we obtained the Fokker-Planck equation for a CTRW subjected to an ex-

ternal force in a one-dimensional uniformly growing domain. In the present chapter we

study in detail the case of a linear restoring force associated with a harmonic potential,

F ∗ = −κy, where κ is the so-called elastic constant. The minimum of the harmonic

potential is set at y = 0. Our approach is restricted to CTRWs whose jump length

is given by a PDF λ∗ with finite variance 2σ2, i.e., we only consider Brownian and

subdiffusive CTRWs.

The physical propagator W ∗(y, t) in the presence of an external force obeys the

FPE (5.34). For the FOUP, one has

∂W ∗

∂t
=− ȧ

a

∂

∂y
[y W ∗] +

Kα

a(t)

∂2

∂y2

{
0D

1−α
t [a(t)W ∗(a(t)x, t)]

}
x→y/a(t)

+
κ

a(t)ξα

∂

∂y

[
y
{

0D
1−α
t [a(t)W ∗(a(t)x, t)]

}
x→y/a(t)

]
,

(6.1)
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where ξα stands for the generalized drag coefficient and Kα is the diffusion constant.

In the normal diffusive case (α = 1), this equation can be shown to be equivalent to a

Langevin description -see Sec. (6.2)-.

As discussed in Sec. 5.1, the key assumption in our approach is that the force field

is proportional to the the jump asymmetry,

F ∗(y, t) =
2ξαεKα

σ
[A∗(y, t)−B∗(y, t)], (6.2)

where A∗(y, t) and B∗(y, t) are respectively the probabilities that the CTRW jumps

from the position y to the right and to the left at time t. In Eq. (6.2), ε is just a

constant parameter determined by λ∗.

Equation (6.2) and the fact that A∗ +B∗ = 1 imply

A∗(y) =
1

2

[
1− κσy

2ξαεKα

]
(6.3a)

and

B∗(y) =
1

2

[
1− κσy

2ξαεKα

]
. (6.3b)

for the case of a Hookean force F ∗(y, t) = −κy. However, one observes that A∗ and B∗

are ill-defined when |y| is greater than a critical distance

dc =
2ξαεKα

σκ
. (6.4)

This reflects the fact that the effect of the force on the jump probability saturates when

|y| = dc, that is, the Hookean force F ∗(y, t) has to be replaced with the effective force

F ∗simu(y) =

{
−κy for |y| ≤ dc,
−κdc sgn(y) for |y| > dc,

(6.5)

This is especially relevant when dealing with simulations. This is the reason why we

use the label “simu” for the effective force.

For the force field F ∗simu(y), the directional probabilities assigned to the random

walkers, A∗simu(y) and B∗simu(y), are given by Eqs. (6.3) when |y| ≤ dc. Otherwise,

A∗simu(y) = 0 and B∗simu(y) = 1 for y > dc, or A∗simu(y) = 1 and B∗simu(y) = 0 for

y < −dc. Note that when the force field F ∗(y, t) saturates, the process becomes ballistic

rather than diffusive, as the walker is then forced to jump towards the origin.
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In Secs. 6.2 and 6.3 we study the Ornstein-Uhlenbeck process for CTRWs in growing

domains. Our analysis is based on the solutions of Eq. (6.1). We consider sufficiently

small values of the elastic constant so that, up to a vanishingly small number of statis-

tical realizations, one has |y| ≤ dc even at considerably long times.

6.2 Standard Ornstein-Uhlenbeck process in uniformly

expanding media

The Ornstein-Uhlenbeck process for a Brownian particle in a uniformly growing domain

is determined by the Langevin equation [45, 51]

dy =

[
−κ
ξ
y + v(y, t)

]
dt+

√
2DdW(t), (6.6)

where v(y, t) = ȧy/a is the advective velocity of the Brownian particle induced by the

growing domain, and W(t) represents the standard Wiener process. The first term

on the r.h.s. clearly shows that the drift induced by the domain growth tends to

counterbalance that caused by the restoring force.

In fact, Eq. (6.6) can be viewed as the Langevin equation for a SOUP in a static

domain, but with an effective, time dependent elastic constant κeff(t) = κ− ξȧ/a, i.e.,

dy = −κeff(t)

ξ
ydt+

√
2DdW(t). (6.7)

The long-time properties of the diffusive system are determined by the asymptotic

behavior of κeff(t). Indeed, for expansions such that κeff(∞) = κ, the physical variance

approaches the same constant as in static media, Dξ/κ. This is what happens for

power-law expansions.

The physical probability density function W ∗(y, t) associated with the Langevin

equation (6.6) follows the FPE [52]

∂W ∗

∂t
=

[
κ

ξ
− ȧ

a

]
∂

∂y
[y W ∗] +D

∂2W ∗

∂y2
, (6.8)

which is exactly Eq. (6.1) with α = 1, K1 = D and ξ1 = ξ. The solutions of Eq. (6.8)

will be analyzed below.
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In growing domains, the use of comoving coordinates facilitates the study of diffusive

processes. The Hookean force can be expressed in terms of the comoving coordinate

x as F (x, t) = F ∗(a(t), x) = −κxa(t). Thus, the comoving propagator W (x, t) follows

the FPE
∂W (x, t)

∂t
=

D

a2(t)

∂2W

∂x2
+
κ

ξ

∂

∂x
[x W (x, t)] . (6.9)

The propagator W (x, t) can be obtained by solving Eq. (6.9) by means of the

method of characteristics -see Sec. 5.1 of Ref. [153]-. The method consists in Fourier-

transforming the FPE,

∂Ŵ

∂t
+
κ

ξ
k
∂Ŵ

∂k
= −k2 D

a2(t)
Ŵ , (6.10)

and then looking for solutions of the form Ŵ (k(t), t). The total time derivative of the

Fourier-transformed propagator is

dŴ

dt
(k(t), t) =

∂Ŵ

∂t
+
∂Ŵ

∂k

∂k

∂t
. (6.11)

Comparing the latter equation with Eq. (6.10), one identifies dk/dt = kκ/ξ and

dŴ

dt
(k(t), t) = −k2(t)

D

a2(t)
Ŵ (k(t), t). (6.12)

Therefore, for an undetermined parameter k0, one has k(t) = k0 exp(κt/ξ) and

Ŵ (k, t) = Ŵ (k(0), 0) exp
[
−k2σ2

x(t)
]
, (6.13)

where

σ2
x(t) = D exp(−2κt/ξ)

∫ t

0
du

exp(2κu/ξ)

a2(u)
. (6.14)

Below, we will see that σ2
x(t) is exactly the semivariance of the comoving propagator.

At the initial time, the walker is assumed to be at the point x0, i.e., W (x, 0) =

δ(x− x0). In the Fourier space, this condition implies

Ŵ (k(0), 0) = exp(ik0x0) = exp [ik exp(−κt/ξ)x0] . (6.15)

Then, from Eq. (6.13), one finds

Ŵ (k, t) = exp
[
ikx0 exp(−κt/ξ)− k2σ2

x(t)
]
. (6.16)



144 6.2 Standard Ornstein-Uhlenbeck process in uniformly expanding media

The inverse Fourier transform of Ŵ (k, t) is a Gaussian distribution,

W (x, t) =
1√

4πσ2
x(t)

exp

(
− [x− 〈x(t)〉]2

4σ2
x

)
, (6.17)

whose first-order moment is

〈x(t)〉 = x0 exp(−κt/ξ) = x0 exp(−t/tr), (6.18)

where tr ≡ ξ/κ is the characteristic relaxation time. Note that 〈x(t)〉 is independent of

the scale factor a(t), that is, Eq. (6.18) is just the expression for the first-order moment

in a static domain.

In physical coordinates, the propagator is also a Gaussian bell,

W ∗(y, t) =
1√

4πσ2
y(t)

exp

(
− [y − 〈y(t)〉]2

4σ2
y(t)

)
(6.19)

with mean value 〈y(t)〉 = a(t)〈x(t)〉 and semivariance

σ2
y = a2(t)σ2

x(t) = D
a2(t)

exp(2t/tr)

∫ t

0
du

exp(2u/tr)

a2(u)
. (6.20)

This expression reproduces the behavior in the particular case of a static domain

(a(t) = 1), where the semivariance is [1 − exp(2t/tr)]Dtr/2. In the limit t → ∞,

this quantity approaches the asymptotic value Dtr/2, in agreement with what was said

below Eq. (6.7). We see that, in growing domains, the variance of the propagator de-

pends explicitly on the scale factor. The particle confinement observed in static media

can be broken for sufficiently fast expansions. In the next subsections we will discuss

the special cases of power-law and exponential expansions.

6.2.1 Power-law expansion

In this section we will analyze the SOUP in an expanding domain with a power-law scale

factor a(t) = (1 + t/t0)γ . Our starting point will of course be the general expressions

obtained for the physical propagator W ∗(y, t) and its moments. We recall that, by

definition of the propagator, the initial condition we will be dealing with is W ∗(y, 0) =

δ(y − y0).
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The exact expression for the physical first-order moment is

〈y(t)〉 = y0

(
1 +

t

t0

)γ
exp

(
− t

tr

)
. (6.21)

At long times (t� tr), the behavior of the first-order moment is fully dominated by the

decaying exponential term. In other words, for a power-law domain growth, 〈y〉 → 0

regardless of the value of γ. When t → ∞, the whole process becomes dominated by

the Hookean force field and the particles are expected to be found at the minimum of

the harmonic potential.

However, the domain growth leads to different transient behaviors. According to

the Langevin equation (6.6), one observes that the total velocity experienced by the

diffusing particles is ȧy/a − κy/ξ = γy/(t + t0) − y/tr. This drift is centripetal when

γ/(t + t0) < 1/tr. Under this condition, the first-order moment decreases in time.

Therefore, for γtr ≤ t0, 〈y(t)〉 is a monotonically decreasing function. Otherwise, when

γtr > t0, a maximum value is found at time tmax = γtr − t0, which means that the

expansion dominates the whole process at short times. The maximum value of the

first-order moment is 〈y〉max = y0 exp(t0/tr − γ)(γtr/t0)γ . We note that the same

information can be inferred by computing the first and second-order derivatives of

〈y(t)〉 from Eq. (6.21).

Simulation results confirm the behavior described in the previous paragraph. In

Fig. 6.1 we plot 〈y(t)〉 for tr = 104 and four different power-law expansions with the

same t0 = 103 but different γ = 1/4, 1/10, 0,−1/4. For these parameters, the non-

monotonic behavior is only observed when γ > 1/10, as expected.

The semivariance of the physical propagator can be obtained from Eq. (6.20) and

the relation σ2
y(t) = a2(t)σ2

x(t). For a power-law expansion, one has

σ2
y(t) =Dt0 exp

[
−2κ

ξ
(t+ t0)

]
×{(

t+ t0
t0

)2γ

E2γ

(
−2t0κ

ξ

)
−
(
t+ t0
t0

)
E2γ

[
−2κ

ξ
(t+ t0)

]}
,

(6.22)

where Eν(z) =
∫∞

1 du u−ν exp(−uz) stands for the exponential integral function.

Replacing the exponential integral in Eq. (6.22) by its behavior for large arguments
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Figure 6.1: 〈y(t)〉 for a SOUP where tr = 104 in a power-law expanding medium with
t0 = 103 and γ = 1/4, 1/10, 0,−1/4. The particles are initially located at y0 = 10 and have
D = 1/2. Solid lines depict the theoretical solutions given by Eq. (6.21). The symbols are
simulation results with 106 runs. This figure is the same as Fig. 1 in Ref. [56].

-see Eq. (5.1.51) of Ref. [113]-

Eν(z) ∼ exp(−z)/z, z →∞, (6.23)

one obtains that the semivariance approaches the asymptotic value σ2
y(∞) = Dtr/2

for any power-law expansion. This value is the same as that observed in the static

case (γ = 0). This behavior can be explained in terms of the drift velocity induced by

the medium expansion v(y, t) = γ/(t + t0). This velocity approaches zero in the limit

t → ∞. Thus, at long times, the Langevin equation (6.6) is reduced to that for the

SOUP in a static medium; thus, the physical moments should coincide with those for

the static case when t→∞.

The time evolution of 2σ2
y(t) is shown in Fig. 6.2. In this figure, we consider three

different cases: power-law expansion with γ = 2, static case (γ = 0) and power-law

contraction with γ = −2. In the static case, the second moment is linear in time at

short times. After a given time of the order of tr, the growth of 2σ2
y(t) is reduced and the

variance practically stabilizes at a fixed value. This is a consequence of the confinement

induced by the Hookean force. The same qualitative behavior is observed for power-law

contractions. One sees that the curve with γ = −2 is below the corresponding curve

for the static case. Both curves are clearly distinguished from each other at times of
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Figure 6.2: 〈y2(t)〉 = 2σ2
y(t) for a SOUP with tr = 104 in a power-law expanding medium

with t0 = 103 and γ = 2, 0,−2. Here, we have set y0 = 0 and D = 1/2. Theoretical curves
obtained from Eq. (6.22) are drawn by solid lines. The symbols represent simulation results
from 106 runs. The dashed line shows the asymptotic value of the variance, D/tr. This
figure is the same as Fig. 2 in Ref. [56].

the order of tC = t0(2−1/γ − 1). However, the behavior of 2σ2
y(t) is nonmonotonic for

power-law expansions. In this case, the propagator first widens until the maximum

value of 2σ2
y(t) is reached, and then it becomes narrower. The maximum is attained at

a time for which dσ2
y/dt = 0. The solution of this equation can be found numerically.

Fig. 6.2 also shows that the three curves converge to the value 2σ2
y(∞) = D/tr at long

times. Simulation results support the theoretical description.

To conclude, we remind the reader that the PDF W ∗(y, t) is a Gaussian bell with

mean and semivariance given by Eqs. (6.21) and (6.22). In Fig. 6.3, the physical

propagators corresponding to the cases represented in Fig. 6.2 are depicted at time

t = 217 ' 105.12 (the longest simulation time employed). At this time, the propagators

for the cases γ = 2 and γ = −2 are not too far from the stationary profile attained

when t → ∞. The asymptotic state is practically reached by the curve with γ = 0.

As expected, the propagator for t = 217 in the expanding case is slightly flatter than

that for γ = 0, whereas the propagator in the contracting case is a bit narrower. Once

again, we find an excellent agreement with the simulation results.
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Figure 6.3: Physical propagator W ∗(y, t) for a SOUP on a growing, a static, and a
contracting domain at time t = 217. The domain evolution is characterized by a power-law
scale factor with t0 = 103 and γ = −2, 0, 2 (from top to bottom at y = 0). In all cases, we
choose tr = 104 and D = 1/2. Solid lines depict the analytical propagator. The triangles,
the empty squares and the disks represent the respective simulation results obtained after
106 runs. This figure corresponds to Fig. 3 in Ref. [56].

6.2.2 Exponential expansion

A Brownian walk in an exponentially contracting medium, a(t) = exp(Ht) with H < 0,

is equivalent to a SOUP for which the drag velocity induced by the elastic force, −y/tr,
is equal to the advective velocity induced by the domain contraction v(y, t) = Hy.

Therefore, when the SOUP takes place in an exponentially evolving medium a(t) =

exp(Ht), the diffusive process is equivalent to a Brownian walk in an effective velocity

field −(1/tr − 1/tH)y, where tH = 1/H (note that tH is negative for H < 0 with this

definition). This result can be derived from the Langevin equation (6.6) by considering

a drift velocity v(y, t) = Hy. In this section, we compute the moments of the propagator

for a SOUP in an exponentially evolving domain and discuss the role of H.

The physical first-order moment for an initial distribution W ∗(y, 0) = δ(y− y0) can

be written as

〈y〉 = y0 exp

[
−t
(

1

tr
− 1

tH

)]
. (6.24)

Thus, the behavior of 〈y〉 is strongly determined by the values of tr and tH . When

1/tH < 1/tr, the mean value goes to zero as t → ∞. This situation emcompasses the

cases of static domains (H = 0), exponential contractions (tH < 0) and some exponen-

tial expansions. When 1/tH = 1/tr, one has 〈y〉 = y0, as a consequence of the restoring
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force being counterbalanced by the exponential expansion a(t) = exp(t/tr). For ex-

ponential expansions with 1/tH > 1/tr, the first-order moment grows exponentially.

Note that the three cases considered are precisely those for which the effective velocity,

−(1/tr − 1/tH)y, is “centripetal” (1/tH < 1/tr), zero (1/tH = 1/tr) or “centrifugal”

(1/tH > 1/tr).

An exact expression for the semivariance can be also obtained. One has

σ2
y = D

1− exp
[
2(t−1

H − t−1
r )t

]
2
(
t−1
r − t−1

H

) (6.25a)

for tr 6= tH , and

σ2
y(t) = Dt (6.25b)

for tr = tH .

As anticipated, the semivariance displayed in Eq. (6.25a) is that for a SOUP in a

static domain, but with the replacement 1/tr → 1/tr − 1/tH . In the limit t→∞, one

gets

σ2
y ∼

D

2
(
t−1
r − t−1

H

) exp
[
2(t−1

H − t
−1
r )t

]
(6.26a)

for exponential growths with tr < tH , or

σ2
y ∼

D

2
(
t−1
H − t

−1
r

) (6.26b)

if tr > tH . As a consequence, an asymptotic profile W ∗(y, t → ∞) is attained in the

latter case.

For any exponential growth or contraction, the width of the final PDF is modified

with respect to the one observed for static domains. This result differs from what

is observed for power-law expansions or contractions. In addition, the exponential

term in Eq. (6.25a) suggests that the convergence to the asymptotic state is faster

for exponential growths than for power-law growths. When tr > tH , the propagator

displays a long-time divergence of the variance; i.e., the medium expansion breaks the

particle confinement imposed by the force field.

In Fig. 6.4 we represent the physical propagators W ∗(y, t) at time t = 215 ' 104.52

for a given tr = 104 and different values of tH . Of course, the value of tH = 1/H

determines the width of the propagator. At this time, the propagators corresponding
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Figure 6.4: Physical propagator W ∗(y, t) evaluated at time t = 215 for a harmonic
potential with tr = 104, a diffusion constant D = 1/2. and an exponential domain growth.
Solid lines represent the analytical propagator for H = −10−4, 0, 5×10−5, 10−4, 1.2×10−4

(from top to bottom at y = 0). The symbols are the corresponding simulation results
for 106 runs. The dashed line represents the long-time asymptotic profile for the case
H = 5× 10−5. This figure is the same as Fig. 4 in Ref. [56].

to the cases where 1/tH ≤ 0 are undistinguishable from their stationary profile. The

propagator for the case with 0 < tH < tr is not too far from the asymptotic state, but

they can be still differentiated. This reflects the fact that the smaller 1/tH is, the faster

the convergence to the final PDF is. Simulation results also confirm that W ∗(y, t) is a

Gaussian function whose variance is given by Eqs. (6.25).

The most interesting case appears when tr = tH . Here, the Hookean force cancels

out with the one induced by the exponential growth. Hence, the resulting motion is a

standard Brownian motion with respect to the initial point y0, as shown in Eqs. (6.24)

and (6.25b).

Finally, we note that the latter case exemplifies how the domain growth clearly

modifies the ergodicity properties of the system. In static domains, a SOUP gives rise

to different ensemble and time-averaged MSD when the initial PDF W ∗(y, 0) is out

of equilibrium [154]. However, when a(t) = exp(t/tr), the expansion transforms the

SOUP into a Brownian walk. This process is ergodic regardless of the initial condition.
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6.3 Fractional Ornstein-Uhlenbeck process in uniformly

expanding media

In this section we study the Ornstein-Uhlenbeck process in expanding media when the

particles perform a subdiffusive random walk. In our model, the harmonic potential

only affects the particles at the times when they jump; however, the particles still move

while they are waiting to jump because of the medium expansion. The long waiting

periods characterizing the time-fractional CTRWs prevent that the supression of the

drift induced by the domain growth by the harmonic force. For Brownian diffusion, we

found that this cancellation can always be achieved for a given exponential scale factor

a(t) = exp(Ht), provided that the relaxation time ξ/κ for the static case is set equal

to 1/H.

This section is organized as follows. First, we provide the FPE governing our sys-

tem and compute the first- and second-order statistical moments for arbitrary scale

factors. Second, we apply these results to the case of power-law and exponential ex-

pansions. Finally, we plot the propagator by means of the numerical method explained

in Appendix B.

6.3.1 General results

In comoving coordinates, the propagator W (x, t) associated with the FOUP process

follows the FPE

∂W (x, t)

∂t
=

Kα

a2(t)
0D

1−α
t

[
∂2W

∂x2

]
+

1

a(t)

1

tαr

∂

∂x

[
x 0D

1−α
t W (x, t)

]
, (6.27)

where

tr ≡ tr(α) =

(
ξα
κ

) 1
α

. (6.28)

Equation (6.27) is just the FPE (5.33) for a force field F (x, t) = −κxa(t). We will see

below that the time tr is a relaxation time that also characterizes the time at which

the action of the external force becomes relevant. For α = 1, the value of tr given by

Eq. (6.28) is equal to ξ/κ, which is precisely the value of the relaxation time for the

SOUP.
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A typical property of diffusive systems is the fact that the moments of the propa-

gator are determined by hierarchical relations. The FOUP is not an exception. Cross

multiplication of the FPE (6.27) by xm and subsequent integration over the full spatial

domain yields

d〈xm〉
dt

=
m(m− 1)Kα

a2 0D
1−α
t 〈xm−2〉 − m

tαr
0D

1−α
t 〈xm〉. (6.29)

Integrating over time for m = 1 and m = 2 provides exact expressions for the two

lowest-order moments in comoving space. In the physical space, the moments are

simply obtained from the relation 〈ym〉 = am〈x〉. Equivalently, a hierarchical relation

for physical moments can be found from Eq. (6.29). This hierarchy is

d〈ym〉
dt

= m(m− 1)Kαa
m−2

0D
1−α
t

[
〈ym−2〉
am−2

]
− m

tαr
am0D

1−α
t

[
〈ym〉
am

]
+m

ȧ

a
〈ym〉. (6.30)

For m = 1, one has the differential equation

d〈x〉
dt

=
1

tαr
0D

1−α
t 〈x〉, (6.31)

whose solution is

〈x(t)〉 = x0 Eα,1 (−(t/tr)
α) . (6.32)

In the latter equation, Eα,1 stands for the Mittag-Leffler function [83, 155]. A remark-

able result is that the behavior of 〈x(t)〉 is the same as in static domain for any value

of α ∈ (0, 1] [138]. The exponential decay of the comoving first-order moment in the

limit of Brownian diffusion is recovered by using the identity E1,1(z) = exp(z).

However, the long-time behavior of the first-order moment for α < 1 is clearly

different from that observed in the normal diffusion case. The Mittag-Leffler function

displays the large-argument behavior [83]

Eα,β (−z) ∼ 1

zΓ(β − α)
, z →∞ (6.33)

for α 6= β. Consequently, the first-order moment exhibits the power-law decay 〈x(t)〉 ∼
x0Γ(1− α)(tr/t)

α.

In physical coordinates, the first-order moment reads

〈y(t)〉 = y0 a(t) Eα,1 (−(t/tr)
α) . (6.34)
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For α < 1, this function goes to infinity in the limit t→∞ when a(t) grows faster than

tα. In contrast, in the case of Brownian diffusion (α = 1), an exponential scale factor

is required to make 〈y(t)〉 diverge.

According to Eq. (6.30), the second-order moment can be obtained by

d〈x2(t)〉
dt

=
2Kα

a2(t)

tα−1

Γ(α)
− 2

tαr
0D

1−α
t 〈x2(t)〉. (6.35)

In the physical space, this equation becomes

d〈y2〉
dt

= 2Kα
tα−1

Γ(α)
− 2

tαr
0D

1−α
t

[
〈y2〉
a2

]
+ 2

ȧ

a
〈y2〉. (6.36)

In order to analyze the behavior of 〈y2(t)〉 in expanding media, let us first recall

the main results for the static media. In this case, the full solution of Eq. (6.36) can

be obtained by setting a(t) = 1 in Eq. (6.36) and taking the Laplace transform of the

resulting equation. After some straighforward manipulations, one finds an expression

for the second moment in the Laplace space, namely,

〈y2(s)〉 =
y2

0

s+ (2/tαr )s1−α +
2Kα

s1+α + (2/tαr )s
. (6.37)

The Laplace inversion of Eq. (6.37) can be performed by applying the following property

of the Mittag-Leffler function -see Eq. (1.80) in Ref. [83]-

L
[
tβ−1Eα,β(−atα)

]
=

1

sβ + asβ−α
. (6.38)

Hence,

〈y2(t)〉 = y2
0Eα,1 (−2(t/tr)

α) + 2Kαt
αEα,1+α (−2(t/tr)

α) . (6.39)

Using Eqs. (6.34) and (6.39), one can compute the variance for a static domain:

〈y2(t)〉 − 〈y(t)〉2 =y2
0

[
Eα,1 (−2(t/tr)

α)− (Eα,1 (−2(t/tr)
α))2

]
+ 2Kαt

αEα,1+α (−2(t/tr)
α) .

(6.40)

Equation (6.40) shows that the variance depends explicitly on y0, in contrast to the

result for Brownian diffusion (α = 1). This stems from the fact that the subdiffusive

propagator is not symmetric with respect to y0 for y0 6= 0 [43]. However, at long times,

Eq. (6.33) yields limt→∞〈y2(t)〉 − 〈y(t)〉2 = Kαt
α
r . Thus, the y0-dependence is lost in
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the long-time limit.

In growing domains, it is in general not possible to write the solution of Eq. (6.36)

in terms of elementary functions. Nevertheless, the procedure we have just applied to

obtain 〈y2(s)〉 for static media can also be used to compute the comoving second-order

moment from Eq. (6.35). One has

〈x2(s)〉 =
x2

0

s+ (2/tαr )s1−α +
2 Kα

Γ(α)L
[
tα−1

a2(t)

]
s+ (2/tαr )s1−α . (6.41)

One sees that the initial condition-dependent term on the r.h.s. is the same as in

Eq. (6.37). This yields a contribution y2
0a

2(t)Eα,1 (−2(t/tr)
α) in 〈y2(t)〉, which may

grow or decay depending on the behavior of a(t).

The second term on the r.h.s of Eq. (6.41) depends explicitly on the scale factor.

In the next subsections, we will analyze the behavior of the second-order moment

for power-law and exponential expansions, since in both cases the Laplace transform

L
[
tα−1/a2(t)

]
is known. The first-order moment is also provided.

6.3.2 Power-law expansion

In this part we make use of Eqs. (6.34) and (6.36) to study the behavior of the first

two moments for a FOUP implemented on a power-law growing domain with a(t) =

(1+ t/t0)γ . We see that both γ and the anomalous diffusion exponent α play a decisive

role in the underlying physics. The results are subsequently compared with those for a

SOUP.

First-order moment

For a power-law expansion a(t) = (1 + t/t0)γ , the physical first-order moment is

〈y(t)〉 = y0

(
1 +

t

t0

)γ
Eα,1 (−(t/tr)

α) . (6.42)

From Eq. (6.33), 〈y(t)〉 displays the long-time behavior

〈y(t)〉 ∼ y0t
α
r

Γ(1− α)tγ0
tγ−α (6.43)
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for 0 < α < 1. This implies that the first-order moment decays to zero for α > γ

or diverges when α < γ. In the marginal case α = γ, the first moment approaches a

constant value. Note that the asymptotic value is greater than y0 when tr > t0[Γ(1 −
α)]1/α. These results reflect the competition between the force field and the domain

growth.

Remarkable transient effects may appear for γ > 0 as a consequence of the afore-

mentioned competition. A complete analysis of the full function 〈y(t)〉 is required to

identify these behaviors. To this end, we first show that, regardless of the value of γ,

〈y(t)〉 is a decreasing function at short times. The time-derivative of the mean value,

d〈y(t)〉
dt

= y0
γ

t0

(
t+ t0
t0

)γ−1

Eα,1 (−(t/tr)
α)− y0t

−α
r

(
t+ t0
t0

)γ
tα−1Eα,α (−(t/tr)

α) ,

(6.44)

diverges to −∞ in the limit t→ 0.

At intermediate times, the behavior of 〈y(t)〉 is determined by the typical times

when the particles start to be highly influenced by the force field and the domain

growth, respectively. These time scales can be respectively defined as the relaxation

time tr introduced by Eq. (6.28) and the time tE such that a(tE) = 2.

On the one hand, when tE � tr, the effects of the medium expansion show up

for short times. An intermediate regime, where 〈y(t)〉 increases, is identified around a

time close to tE . Later, from a time of the order of tr on, the first moment displays

the asymptotic behavior predicted by Eq. (6.43). Note that, when 0 < γ < α, the

transient intermediate regime is localized between a relative minimum and a relative

maximum of 〈y2(t)〉, as this function goes to zero at long times. Fig. 6.5 (a) displays the

physical first-order moment for some examples of power-law expansions with tE � tr.

A comparison with simulation results is provided.

On the other hand, if tE � tr, the transient regime is not observed. The external

field forces 〈y(t)〉 to decrease until a time tE . From this time on, the first-order moment

quickly acquires the long time behavior. In Fig. 6.5 (b), one sees that 〈y(t)〉 is a strictly

decreasing function when γ < α, and decays to a plateau when γ = α. In contrast, a

minimum is attained at some time of the order of tE when γ > α.

Finally, in the cases where γ ≤ 0, 〈y(t)〉 shows a monotonic decay. Physically, this

means that the confining effect of the force field becomes more relevant as time goes

by. The domain contraction simply accelerates the decay.
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Figure 6.5: 〈y(t)〉 for a FOUP on a power-law evolving domain. For the cases of growing
domains, one has tE < tr in panel (a) and tE > tr in panel (b). The starting point is
y0 = 10. For both panels, we have taken α = 1/2, Kα = 1/2 and t0 = 105. We have chosen
κ/ξα = 10−3 (tr = 106) in panel (a), and κ/ξα = 3.5× 10−3 (tr = 8.16× 104) in panel (b).
The theoretical curves, given by Eq. (6.42), are represented by solid lines. The symbols
show simulation results obtained with 106 realizations. The values of tE for the cases of a
growing domain (γ = 5/9, 1/2, 1/3) are 2.48× 105, 3× 105, 7× 105, whereas the value of tC
for the case of a shrinking domain (γ = −2) is 4.14 × 104. These figures correspond with
Figs. 5(a) and 5(b) of Ref. [56].

Second-order moment

An analytical expression for the second moment in the case of a power-law expansion

can also be obtained in the Laplace space from Eq. (6.41). One has

〈x2(s)〉 =
x2

0

s+ (2/tαr )s1−α +
2Kα t

α
0 U(α, 1 + α− 2γ, st0)

Γ(α) [s+ (2/tαr )s1−α]
, (6.45)

where U stands for the Tricomi’s confluent hypergeometric function.

The first term in the r.h.s of the above equation gives rise to a Mittag-Leffler decay

x2
0Eα,1(−2(−t/tr)α), which is independent of the explicit form of the scale factor. In

the physical space, this contribution is multiplied by a2(t). The physics arising from

this contribution is qualitatively similar as in the case of the first moment. This is the

reason why we restrict our subsequent analysis to the case x0 = 0.

The Laplace inversion of the second-order moment can be obtained numerically. In

addition, it is possible to find the behavior of 〈x2(s)〉 in the limit s→ 0 by making use

of the corresponding asymptotic formulae for the U function (see Eqs. 13.5.6-13.5.12
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in Ref. [113]),

〈x2(s)〉 ∼ Kαt
α
r



t2γ0
Γ(α−2γ)

Γ(α) s2γ−1 if γ < α/2,

− tα0
Γ(α)s

α−1 log(st0) if γ = α/2,

tα0
Γ(2γ−α)

Γ(2γ) sα−1 if γ > α/2.

(6.46)

Therefore, the long-time behavior of 〈x2(t)〉 is provided by a Tauberian theorem [117]

〈x2(t)〉 ∼ Kαt
α
r



Γ(α−2γ)
Γ(α)Γ(1−2γ)

(
t
t0

)−2γ
if γ < α/2,

sin(πα)
π

(
t
t0

)−α
log(t) if γ = α/2,

Γ(2γ−α)
Γ(2γ)Γ(1−α)

(
t
t0

)−α
if γ > α/2.

(6.47)

Correspondingly, in the physical space, three different asymptotic regimes are found

〈y2(t)〉 ∼ Kαt
α
r



Γ(α−2γ)
Γ(α)Γ(1−2γ) if γ < α/2,

sin(πα)
π log(t) if γ = α/2,

Γ(2γ−α)
Γ(2γ)Γ(1−α)

(
t
t0

)2γ−α
if γ > α/2.

(6.48)

This result shows an important difference with respect to the SOUP in power-law

expanding medium, where the second moment for y0 = 0 converges to the same finite

value regardless of the value of γ. Moreover, the three subcases in Eq. (6.48) (γ <

α/2, γ = α/2, and γ > α/2) are the same as those obtained in the force free case [58].

The role of the force field in each one of these subcases will be analyzed in detail below.

Let us start with the case γ < α/2. This case encompasses power-law contractions

(γ < 0), static medium (γ = 0) and slow expansions with 0 < γ < α/2. In these

situations, the physical second-order moment exhibits a plateau in the long-time limit.

When α < 1, the value of 〈y2(∞)〉 shows an explicit dependence on γ that was absent

for Brownian particles. More precisely, the larger γ is, the larger 〈y2(∞)〉 becomes. In

summary, slow domain evolutions cannot overcome the action of a Hookean force, but

nevertheless the signature of the medium growth still persists at long times.
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For fast power-law domain growths (γ > α/2), the physical second moment depends

explicitly on t0 at long times, which implies that the signature of the medium growth is

stronger than in the case of slow expansions. Besides, the interparticle distance between

two subdiffusive walkers increases indefinitely. The force field is unable to keep the

particle confined. However, the restoring effect of the external force is reflected in the

time exponent of 〈y2(t)〉 ∝ t2γ−α. The diffusive spreading is reduced with respect to

the force-free case, in which 〈y2(t)〉 ∝ t2γ .

A similar effect is observed in the marginal case α = γ/2, where the asymptotic

behavior of the physical second moment is purely logarithmic. An extra factor propor-

tional to tα emerges when the force field is absent.

At this point, the reader may wonder why the second-order moment can be infinite

for subdiffusive walkers but not for Brownian particles, since for a given time, the latter

travel over larger distances. This paradoxical behavior stems from the fact that, in our

CTRW model, the force field is only at play when the random walkers jump. The aging

effects of this model lead the subdiffusive walkers to spend comparatively long periods

without being influenced by the restoring force. During these periods, the walkers are

dragged by the growing domain.

Beyond the asymptotic behavior discussed so far, the computation of 〈y2(t)〉 in

Figs. 6.6 unveils interesting transient effects. As done for the first moment, a discussion

in terms of the characteristic times tE and tr is again pertinent. Fig. 6.6 (a) shows the

time evolution of the physical second-order moment for different power-law expansions

such that tE � tr. Three stages can be identified in each curve. At short times,

one sees that 〈y2(t)〉 ∝ tα, since neither the domain growth nor the force field are

sufficiently relevant. In addition, an intermediate regime determined by the value of γ

and a long-time regime described by Eq. (6.48) can be identified. In the latter regime,

both the domain growth and the restoring force are strongly at play.

Let us now briefly focus on the intermediate regime. For expanding domains (γ > 0),

the curves begin to deviate from the case γ = 0 around a time tE . The slope of 〈y2(t)〉
in the double logarithmic representation is larger than in the long-time limit, since the

effect of the elastic force only becomes relevant in the latter limit.

In the case of contracting domains, one can also find an effective time scale tC

beyond which the effect on the contraction is noticeable. Let us define this time scale

via the equation a(tC) = 1/2. For tC � tr, one observes the same transient effects in
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Figure 6.6: Double-logarithmic representation of 〈y2(t)〉 for subdiffusive particles on a
domain subject to a power law domain growth/contraction with tE , tC � tr [panel (a)]
and tE , tC � tr [panel (b)]. In both panels we choose α = 1/2, Kα = 1/2, and y0 = 0. We
use t0 = 103 and tr = 106 in panel (a) and t0 = 105 and tr = 8.16× 104 in panel (b). The
values of γ for the cases in which the medium expands are 1/3, 1/4, and 1/6, respectively
leading to tE = 7×103, 1.5×104 and 6.3×104 in panel (a) and to tE = 7×105, 1.5×106,
and 6.3 × 106 in panel (b). For contracting domains, the value γ = −1 yields tC = 103

in panel (a) and tC = 105 in panel (b), whereas for γ = −5, one has tC = 148.70 in
panel (a). Solid lines are computed from a numerical Laplace inversion of Eq. (6.45) and
the subsequent multiplication with a2(t). The symbols show simulation results from 106

runs. Dashed lines represent the long-time behavior given by Eq. (6.48). These figures
correspond to Figs. 6(a) and 6(b) of Ref. [56].

〈y2(t)〉 as in the force-free case. In Fig. 6.6 (a) we plot this function for two domain

contractions with γ = −1 and −5, and t0 = 103 in both cases. This respectively yields

tC = 103 and tC = 148.70. In the case γ = −1, 〈y2(t)〉 does not decrease, but the curve

flattens at intermediate times. For γ = −5, the second moment oscillates. Such results

are also observed in the force-free case -see Fig. 3.2-.

In the opposite case tr � tE , displayed in Fig. 6.6 (b), there is a time range where

the stochastic transport and the Hookean force coexist. In general, the slope of 〈y2(t)〉

decreases in this range. However, a surprising behavior can be observed for power-law

contractions with tr � tC . The drift arising from the power-law contraction tends to

restrain the particle spreading. Thus, for a sufficiently large |γ|, the joint action of

the force field and the domain contraction gives rise to a “bump” in the second-order

moment. In Fig. 6.6 (b), for γ = −1 this “bump” arises at times that are roughly tC

and tr. The oscillation looks “dampened” because the action of the domain contraction

is relatively weak. In the force-free case, 〈y2(t)〉 is a growing function when γ = −1.



160 6.3 Fractional Ornstein-Uhlenbeck process in uniformly expanding media

6.3.3 Exponential expansion

Let us now particularize our general results for the cases of an exponential expansion

and contraction. For subdiffusive particles, we will see that the long-time behavior

of the physical moments is purely determined by the domain evolution. The physical

propagators W ∗(y, t) for expanding, static and contracting medium are computed at the

end of this subsection by means of numerical simulations and a numerical integration

of Eq. (6.27).

First-order moment

In the case of an exponential scale factor, a(t) = exp(Ht), the physical first-order

moment is

〈y(t)〉 = y0 exp(Ht)Eα,1 (−(t/tr)
α) . (6.49)

In the long-time limit, this function blows up when the medium expands (H > 0) and

decays to zero otherwise. In the latter case, H ≤ 0, one sees that the physical first-order

moment is a decreasing function, since

d〈y(t)〉
dt

= y0 exp(Ht)
[
HEα,1 (−(t/tr)

α)− (t/tr)
α−1Eα,α (−(t/tr)

α)
]
, (6.50)

is negative at any time. Here, we assumed y0 > 0 without loss of generality.

Furthermore, the first term on the r.h.s of Eq. (6.50) approaches 0 when t → 0.

This implies that d〈y〉/dt < 0 at short times for any value of H. Therefore, a relative

minimum is expected for H > 0 at a given time tmin <∞. The exact value of tmin can

be computed numerically by solving the equation d〈y(t)〉/dt|tmin = 0. Physically, one

expects that tmin should be of the order of tH = 1/H. The time tH represents a good

estimate of the time at which the Hubble drift starts to play an important role in the

FOUP. These results are shown in Fig. 6.7. A comparison with simulation results is

provided.
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Figure 6.7: 〈y(t)〉 vs time for a FOUP on a domain which evolves according to the scale
factor a(t) = exp(Ht), with H = 10−9, 0, and − 10−9. The particles are initially located
at y0 = 10. The other parameter values are α = 1/2, Kα = 1/2, and t−1r = 2.5 × 10−9.
Solid lines represent the exact solution given by Eq. (6.49). Symbols represent simulation
results obtained from 106 runs. This figure is the same as Fig. 9 of Ref. [56].

Second-order moment for exponential expansions

The second-order moment in comoving coordinates can be obtained by implementing

a numerical Laplace inversion of

〈x2(s)〉 =
x2

0 + 2Kα(s+ 2H)−α

s+ (2/tαr )s1−α . (6.51)

In the limit s→ 0, one has

〈x2(s)〉 ∼ x2
0 + 2KαH

−α

s+ (2/tαr )s1−α . (6.52)

The long-time behavior of the comoving second-order moment can be obtained from

Eq. (6.38). One finds

〈x2(t)〉 ∼
(
x2

0 + 21−αKαH
−α)Eα,1 (−2(t/tr)

α) , H > 0. (6.53)

In physical coordinates,

〈y2(t)〉 ∼
(
y2

0 + 21−αKαH
−α) exp(2Ht)Eα,1 (−2(t/tr)

α) , H > 0. (6.54)
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Figure 6.8: 〈y2(t)〉 versus time for a subdiffusive particle initially located at y0 = 0 on
an exponentially growing domain with H = 10−8. We have set α = 1/2, Kα = 1/2, and
tr = 4 × 106. The squares represent the simulation results obtained after 106 simulation
runs. The solid line is the theoretical curve. It was obtained by a numerical inversion of
Eq. (6.52), followed by a multiplication with exp(2Ht). The dashed line corresponds to
the long-time behavior described by Eq. (6.54). The two remaining curves represent the
cases with either no force (short-dashed line) or no domain growth (dash-dotted line). This
figure corresponds to Fig. 10 of Ref. [56].

Therefore, for α < 1 the second moment explodes under an exponential domain growth

(H > 0). The Hubble drift tends to make the distribution of the subdiffusive particles

increasingly sparse in spite of the action of the harmonic potential. Besides, the signa-

ture of the force field is only reflected through tr in the Mittag-Leffler decay, which at

long times turns to be irrelevant in comparison with the exponential function exp(2Ht).

These conclusions differ from the results for the case of the Brownian diffusion, in which

the confinement of the Hookean force is only broken when H is greater than a critical

value 1/tr.

In Fig. 6.8 we show the time evolution of 〈y2(t)〉 for tH = 108 and tr = 4× 106. As

tr < tH , one sees the curve practically overlaps with the one for the force free case up

to a time around tH . Later, it follows the asymptotic behavior given by Eq. (6.54). At

very long times, the curve representing the long-time asymptotics gets closer to that

for the force-free case (H = 10−8).
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Second-order moment for exponential contractions

Finally, let us consider the case of a FOUP on an exponentially contracting domain,

where H < 0. The force-free case was studied Sec. 3.2.3. For subdiffusive particles,

we obtained in that subsection that the particles eventually get localized at a single

point, an effect which was termed “Big Crunch”. The introduction of the harmonic

potential is expected to enhance this Big Crunch effect, since both the Hubble drift

and the Hookean force tend to prevent particle spreading.

This problem can be addressed by working directly in the physical space. For ex-

ponential expansions or contractions, the physical second-order moment in the Laplace

space can be obtained from Eq. (6.52) by means of the shift theorem [114]. One has

〈y2(s)〉 = 〈x2(s− 2H)〉 =
y2

0 + 2Kαs
−α

s− 2H + (2/tαr )(s− 2H)1−α . (6.55)

As observed for exponential expansions, the term proportional to y2
0 leads to a contribu-

tion y2
0 exp(2Ht)Eα,1 (−2(t/tr)

α). For H < 0, this means that the particles experience

a very fast decay to the origin.

From now on, we will focus on the case y0 = 0. For small s, Eq. (6.55) reads as

〈y2(s)〉 ∼ Kα

t−αr (−2H)1−α −H
s−α, H < 0. (6.56)

The corresponding Tauberian theorem provides the long-time behavior

〈y2(t)〉 ∼ Kα

t−αr (−2H)1−α −H
tα−1

Γ(α)
H < 0. (6.57)

This means that 〈y2(t)〉 slows down in time with the same power-law exponent α − 1

as in the force-free case. The elastic force just modifies the prefactor. By doing so, the

diffusive spreading is reduced and the Big Crunch effect is observed at earlier times.

The physical second-order moment is depicted in Fig. 6.9 for the parameter choice

α = 1/2, Kα = 1/2, H = −10−5, and tr = 4 × 104 (solid curve). The turning point

is localized at a time 1/(|H| + 1/tr), roughly. At times earlier than the turning time,

〈y2(t)〉 is essentially the same as in the static case. At long times, the solid curve is

parallel to the short-dashed line representing the force-free case.
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Figure 6.9: 〈y2(t)〉 versus time for y0 = 0, α = 1/2, Kα = 1/2, tr = 4 × 104, and
H = −10−5. The squares represent simulation results obtained after 106 runs. The solid
line has been computed from a numerical Laplace inversion of Eq. (6.55). The dashed line
represents the asymptotic long-time behavior given by Eq. (6.56). We also represent 〈y2(t)〉
in the static case H = 0 (dash-dotted line) and in the force-free case κ = 0 (short-dashed
line). This figure corresponds to Fig. 11 in Ref. [56].

Numerical solution of the FPE

We conclude our analysis of the exponential case by obtaining the physical propagator

W ∗(y, t) for some cases. As explained in Sec. 5.3.2, the propagator in the subdiffusive

case cannot be obtained from the one for Brownian particles by a subordination scheme.

Instead, one has to resort to the numerical method described in Appendix B. The

propagators obtained by means of this numerical method are in excellent agreement

with the numerical simulations.

In Figs. 6.10 we provide the physical propagator at time t = 215 for the FOUP in

an exponentially expanding medium (H = 2.5 × 10−5), a static medium (H = 0) and

an exponentially contracting medium (H = −2.5 × 10−5). In all cases, we choose a

relaxation time tr = 106. In panel (a) we consider the case of particles located at the

minimum of the harmonic potential. In this case, the propagators are symmetric. For

the case where H < 0, one sees that the propagator is really pointy. This reflects the

fact that W ∗(y, t) approaches δ(y) at long times.

The case y0 6= 0 is shown in Fig. 6.10 (b). Here, the propagators are skewed and

their cusps are not localized at the origin. More quantitatively, the propagator remains

nondifferentiable at ymax = y0 exp(Ht). This point is not the position of the mean
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Figure 6.10: Physical propagators at t = 215 for an exponential expansion with H =
−2.5× 10−5, 0, 2.5× 10−5. In panel (a), the particles are located at y0 = 0, whereas we
set all the particles at y0 = 10 to obtain the curves in panel (b). The solid lines represent
the numerical solutions obtained from the fractional Crank-Nicolson algorithm described
in Appendix B. The symbols show simulation results from 106 runs. In all cases α = 1/2,
Kα = 1/2, and tr = 106. These figures correspond to Figs. 12 and 13 of Ref. [56].

value.

6.4 Summary and outlook

In this chapter we studied the Ornstein-Uhlenbeck process for Brownian and subdiffu-

sive particles in uniformly expanding media. The stochastic particle motion is described

by the CTRW model, and the force field only changes the probability that the walker

jumps in a given direction. The elastic force thus diminishes the probability of large

deviations from the origin of the harmonic potential when the walker takes a jump.

For the Ornstein-Uhlenbeck process defined above, we derived the FPE. As in the

zero-force case, the nature of the stochastic motion (Brownian or subdiffusive) de-

termines how strongly the diffusive properties are influenced by the domain growth.

Subdiffusive time-fractional random walks are characterized by heavy-tailed waiting

time PDFs which lead to a time decrease of the jump rate. For this reason, the con-

tribution of the domain evolution to transport becomes more relevant at large times.

As a result of this, the equilibrium state induced by the restoring force in the case of

normal diffusive walkers can be easily destroyed for subdiffusive walkers.

More precisely, the confining action of the harmonic potential on a Brownian particle

cannot be overcome for expansions slower than an exponential. Indeed, a power-law

expansion yields the same asymptotic variance as in the case of a static domain. For an
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exponential domain growth, the variance diverges in the long time limit if the inverse

of the Hubble rate is smaller than the relaxation time associated with the force field. If

these two parameters are equal, both advective contributions cancel out, and the only

motion observed is the Brownian walk. Slower exponential expansions (or contractions)

modify the width of the stationary PDF attained in the long time limit, but this

quantity remains finite.

The behavior is markedly different in the case of a subdiffusive CTRW. Here, a

power-law domain growth with exponent γ ≥ α/2 is sufficient to break the confinement

induced by the harmonic force, and this is manifested by the divergence of the variance

in the long-time limit. Furthermore, any other power-law expansion or contraction

(γ < α/2) modifies the variance of the stationary state. This is a sign of the extreme

sensitivity to the domain growth exhibited by subdiffusive random walks.

Another remarkable difference between the SOUP and the FOUP in evolving media

concerns the functional form of the propagator. In the case of Brownian particles, the

PDF W ∗(y, t) remains Gaussian. However, the shape of the propagator can be strongly

modified by the evolving domain when α < 1. Besides, in the case of the FOUP,

the propagator is skewed when the initial distribution W ∗(y, 0) is nonsymmetric with

respect to the origin (minimum of the harmonic potential).

Finally, let us mention two possible extensions of our results in this chapter. An

interesting open problem is the derivation of a Fokker-Planck equation for Lévy flights

arising from our CTRW model. Also of interest is the study of a somewhat different

implementation of the Ornstein-Uhlenbeck process in an expanding domain, namely,

one in which the harmonic force is superimposed to a symmetric CTRW in the expand-

ing domain and acts continuously in time. In this situation, both the domain growth

and the force field can be implemented by drift terms in the corresponding Langevin

equation [116]. In Sec. 6.2, we carried out a similar study for the case of Brownian

particles.



Chapter 7

Encounter-controlled reactions in

one-dimensional growing domains

Elementary second-order chemical reactions occur under the prerequisite that reactant

molecules collide with one another. An important time scale is the time needed for the

molecules to react upon contact. When this time is large in comparison with the time

required for the reactants to encounter, local variations in the reactant concentrations

have no further implications for the reaction kinetics. In this case, the system can be

described by a mean-field approach relying on classical rate equations. In the opposite

situation, i.e., when the reaction process is very fast, the reaction rate is limited by the

time scale of reactant transport. In this scenario, the kinetics is strongly influenced by

local fluctuations, and the mean-field description no longer works [156]. In this case,

one speaks of diffusion-controlled reactions or, more generally, encounter-controlled

reactions.

In this chapter, we will deal with two one-species irreversible, encounter-controlled

reactions: coalescence (A + A → A) and annihilation (A + A → ∅). These reactions

have been shown to lie in the same universality class [158]. Despite their relatively sim-

ple kinetics, they exhibit interesting properties, such as the spatial-self ordering which

builds up as the particles interact with one another and disappear from the system

[159]. The coalescence-annihilation reactions are also relevant for describing the reac-

tion kinetics of some experimental systems, notably systems involving photogenerated

The results presented in this chapter are published in Ref. [46], as well as in the book chapters [45]
and [157].
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excitons [160].

In one dimension, a complete description of the kinetics of the diffusion-limited

coalescence reaction is obtained by the method of empty intervals devised by ben-

Avraham [161]. In his seminal work, ben-Avraham provided an exact solution for

the inter-particle distribution function (IPDF) in an unbounded domain [162]. Later,

a very similar technique was developed to study the annihilation reaction-diffusion

process: the so-called even-odd interval method [163]. These two interval methods were

subsequently applied to the cases of confined geometries [164] and reversible reactions

[165], and were even shown to work when stochastic particle resetting is included in

such systems [166].

In higher dimensional systems, an exact solution is no longer available; however, a

scaling analysis based on the volume of the Wiener sausage [167] provides the long-time

behavior of the reaction rate [158, 161]. In unbounded domains, this behavior depends

strongly on dimensionality, since a Brownian walk in spatial dimension d > 2 is not

recurrent [74].

In the expanding universe, binary reactions are one of the mechanisms for the for-

mation of cluster structures [168]. From this perspective, the study of the coalescence-

annihilation systems in expanding media is a subject of great interest. As we will see,

the medium expansion may introduce strong changes in the mixing properties of the

diffusing reactants, including an enhanced memory of the initial condition. This entails

that the early time properties arising from initial inhomogeneities in the system may

persist up to long times if the domain expansion is fast enough. Consequently, the

IPDF and the pair correlation function (PCF) are modified with respect to those for a

static domain [46].

Let us now provide an overview of the contents of this chapter. In Sec. 7.1 we

describe the IPDF method and extend its formulation to the case of a uniformly growing

one-dimensional domain. Sec. 7.2 is devoted to analyzing the behavior of the particle

concentration and the IPDF for the coalescence reaction. In Sec. 7.3, we study the

annihilation reaction. In Sec. 7.4, we provide a summary of results and enumerate

some possible extensions.
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7.1 The IPDF method for the coalescence reaction on a

1d growing domain

The so-called IPDF method allows one to describe the time evolution of diffusion-

controlled one-species reactions on an infinite line. Here, we first introduce the key

quantities in the IPDF method for the coalescence reaction A+A→ A in static media

[162]. We then show how this method can be applied in the case of uniformly growing

domains.

Our reaction-diffusion system will be defined as follows. Let us consider a set

of N identical point particles placed on an infinite line according to a given initial

distribution. In the course of time, the particles perform a Brownian motion with

diffusivity D. Let us now choose one individual particle and denote it by An. Similarly,

we term An+1 the nearest particle to the right of An. Without loss of generality, An

will be assumed to vanish upon collision with An+1. Such reactive events are assumed

to be instantaneous.

Let us denote by ς∗(y, t) the PDF associated with the probability of finding An+1 at

a distance y from An. In a frame of reference where An remains at rest, An+1 diffuses

with diffusion constant 2D. Therefore, ς(y, t) obeys the diffusion equation

∂ς∗

∂t
= 2D

∂2ς∗

∂y2
, y > 0, (7.1)

with the boundary condition ς∗(0, t) = 0. This requirement accounts for the fact that

two particles react with one another as soon as the interparticle distance vanishes, i.e.,

when the particles meet. For an unbounded domain, one also has ς∗(∞, t) = 0, because

no gap of finite size y may exist as long as there is more than one particle in the system.

The Dirichlet boundary condition ς∗(0, t) = 0 implies that the PDF ς∗(y, t) is

not normalized for any finite time t > 0. This is due to the fact that one of the

particles disappears when two of them meet. In a natural way, one defines the survival

probability,

S(t) =

∫ ∞
0

dy ς∗(y, t), (7.2)

as the fraction of surviving particles at a given time t. Besides, it is convenient to define

a normalized density for the probability to find a gap of length y between neighboring
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particles,

p∗(y, t) =
ς∗(y, t)

S(t)
. (7.3)

This is precisely the IPDF function we were previously referring to.

An alternative framework can be formulated in terms of the concentration of par-

ticles c∗(t). Introducing the auxiliary function q∗(y, t) = c0ς
∗(y, t), one finds

c∗(t) = c0S(t) =

∫ ∞
0

dy q∗(y, t), (7.4)

where c0 = c∗(0) denotes the initial particle concentration. According to Eq. (7.1), the

function q∗(y, t) also fulfills the diffusion equation

∂q∗

∂t
= 2D

∂2q∗

∂y2
, y > 0, (7.5)

and the boundary conditions q∗(0, t) = q(∞, t) = 0. The IPDF p∗(y, t) can then be

expressed as follows:

p∗(y, t) =
q∗(y, t)

c∗(t)
. (7.6)

Another important quantity is the probability E ∗(y, t) of not finding, at time t, any

particle inside a randomly chosen interval of length y. The relation with the IPDF is

obtained by carrying out the integration [161, 162]

E ∗(y, t) =

∫ y

0
dy′
∫ y′

0
dy′′q∗(y′′, t)− c∗(t)y + 1. (7.7)

which implies

c∗(t) = − ∂E ∗

∂y

∣∣∣∣
y=0

(7.8)

and

q∗(y, t) = c∗(t)p∗(y, t) =
∂2E ∗

∂y2
. (7.9)

Besides, one can check the empty interval probability E ∗ also obeys the standard dif-

fusion equation with diffusivity 2D with the boundary conditions E ∗(0, t) = 1 and

E ∗(∞, t) = 0. Thus, one can alternatively compute the IPDF by solving this boundary

value problem and subsequently applying Eq. (7.9).

In growing media, particles still experience diffusive spreading, but they tend to

separate from each other while they wait to jump. The probability of finding an empty
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interval E ∗(y, t) is greater than in the static case, so Eqs. (7.1) and (7.5) no longer hold.

The role of the domain growth is quantified by including an extra advective term in

the diffusion equations satisfied by the main quantities of interest. Thus, the evolution

of q∗(y, t) -or, alternatively, of ς∗(y, t)- is governed by the equation [46]

∂q∗

∂t
= 2D

∂2q∗

∂y2
− ∂ (vq∗)

∂y
, y > 0. (7.10)

Here, v(y, t) is the deterministic velocity that the particles acquire because of the

medium expansion. For a uniform scale factor a(t), this velocity is v(y, t) = −ȧy/a.

Note that the domain growth does not modify the boundary conditions q∗(0, t) = 0

and q∗(∞, t) = 0.

Solving Eq. (7.10) is a difficult task in general. Fortunately, we can provide exact

solutions for the case of uniformly growing domains. Once again, a description of the

system in terms of comoving coordinates is pertinent. We are now in the position to

introduce the comoving quantities ς(x, t) and q(x, t) = c0ς(x, t) as the corresponding

PDFs of finding a neighbour at a comoving distance x at time t. By conservation of

probability, ς(x, t) = a(t)ς∗(a(t)x, t) and q(x, t) = a(t)q∗(a(t)x, t). From these relations,

one finds that q(x, t) (or, equivalently, ς(x, t)) must satisfy the diffusion equation

∂q

∂t
=

2D

a2(t)

∂2q

∂x2
, x > 0 (7.11)

with q(0, t) = 0 and q(∞, t) = 0.

The above equation can be justified on physical grounds. In the comoving frame of

reference, the particle diffusivity decreases in time as D/a2(t), since the typical jump

length of the diffusive walkers is reduced by a factor a(t). Therefore, a given particle

diffuses with effective diffusivity 2D/a2(t) from the viewpoint of its neighbour particle.

In growing domains, the concentration can be expressed as the number of particles

per unit of length of the initial domain,

c(t) = c0S(t) =

∫ ∞
0

dx q(x, t) =

∫ ∞
0

dy q∗(y, t), (7.12)

or in terms of the real length of the domain at a given time

c∗(t) =
c(t)

a(t)
=
c0S(t)

a(t)
. (7.13)
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The change of c(t) in time is exclusively due to reactions, whereas c∗(t) is also affected by

the dilution effect induced by the medium expansion. However, it is more convenient

to describe the system in terms of quantities that do not depend on the size of the

domain. Two examples of such quantities are the survival probability and the IPDF

function in comoving coordinates

p(x, t) =
q(x, t)

c(t)
=
q∗(y, t)

c∗(t)
= p∗(y, t). (7.14)

In the next subsection we will analyze the behavior of S(t) and p(x, t) for different

initial particle distributions. In passing, we note that a comoving description in terms

of the empty interval density E (x, t) is also possible. As Eq. (7.7), this function is

defined on an expanding domain as

E (x, t) =

∫ x

0
dx′
∫ x′

0
dx′′q(x′′, t)− c(t)x+ 1, (7.15)

and fulfills the equation c = −∂E /∂x|x=0 and q(x, t) = ∂2E /∂x2. Exact solutions for

E (x, t) are also provided.

7.2 Exact solution for the coalescence reaction on a 1d

growing domain

In Sec. 7.1 we introduced a procedure to obtain the IPDFs p(x, t) for diffusion-limited

coalescence. Eqs. (7.12) and (7.14) relate the IPDFs to the quantity q(x, t), which can

be determined by solving the partial differential equation (7.11).

A similar equation for the positional density of a set of non-reacting Brownian

particles is Eq. (1.22). In Sec. 1.3, this equation was reduced to the standard diffusion

equation by introducing the Brownian conformal time T2(t) =
∫∞

0 du a−2(u). Applying

the same procedure to q(x, t), we get

∂q

∂T2
= 2D

∂2q

∂x2
, x > 0 (7.16)

with the boundary conditions q(0, T2(t)) = 0 and q(∞, T2(t)) = 0. In the represen-

tation (x, T2), the q-function is the same as q∗(y, t) as in the case of a static domain.

Consequently, the survival probability and the IPDF have the same functional form
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in a growing domain, except for the replacement t → T2(t). However, the fact that

T2(∞) becomes finite for sufficiently fast expansions leads to a rich phenomenology in

the reaction-diffusion kinetics of the A+A→ A system.

The remainder of this section is devoted to solving the above boundary value prob-

lem for the cases of a random and a periodic initial particle distribution. We also

characterize the spatial ordering induced by the reactions by evaluating multi-particle

correlations in Sec. 7.2.3.

7.2.1 Solution for a random initial distribution

The function q(x, t) determining the reaction-diffusion kinetics depends on the initial

concentration density q(x, 0). The solution for a generic initial condition can be ex-

pressed in terms of the corresponding Green function Gq(x, x
′, t). The Green function

is the solution of Eq. (7.16) for the initial condition q(x, 0) = δ(x− x′) on the positive

half-line with absorbing boundary at x = 0. This function can be computed from the

solution for free boundary conditions by the method of images. One finds [159]

Gq(x, x
′, t) = Gq(x, x

′, T2(t)) =
1

(8πDT2)1/2

{
exp

[
−(x− x′)2

8DT2

]
− exp

[
−(x+ x′)2

8DT2

]}
,

(7.17)

and

q(x, t) =

∫ ∞
0

dx′ Gq(x, x
′, t) q(x′, 0). (7.18)

In this subsection, we describe the dynamics of the system when the initial particle

distribution is Poissonian, i.e.,

q(x, 0) = c2
0 exp(−c0x). (7.19)

Under this condition, Eqs. (7.17) and (7.18) yield

q(x, t) =
c2

0

2
e2c20DT2

{
e−c0xerfc

[
−x− 4c0DT2

(8DT2)1/2

]
− ec0xerfc

[
x+ 4c0DT2

(8DT2)1/2

]}
. (7.20)

As shown in the previous subsection, exact expressions for the survival probability, for

the IPDF and for the empty interval density follow from q(x, t).
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Survival probability and concentration

Integration of the function q(x, t) over the spatial variable and subsequent division by

c0 yield the survival probability

S(t) = ez
2

erfc(z), (7.21)

with z = c0

√
2DT2(t). This formula agrees with the survival probability for the same

initial condition on a static domain [161, 162], but replacing the usual time with the

Brownian conformal time T2.

Eq. (7.21) quantifies the impact of the domain growth on the reaction-diffusion

kinetics. It is clear that the expansion of the domain reduces the number of reactions

up to a given time t with respect to the case of a static domain. The increase of

the survival probability due to the expansion can be computed from Eq. (7.21). The

time T2(t) gives a quantitative account of the fact that a faster expansion (contraction)

results in an increase (decrease) of the survival probability.

In Fig. 7.1 we plot the full solution S(t) for different cases of power-law and ex-

ponential domain expansions and contractions. The different curves overlap with the

solution on a static domain as long as T2(t) and t are indistinguishable. From then on,

the evolution of S(t) is dictated by the domain expansion. The results show excellent

agreement with numerical simulations. In the simulations, the diffusing particles are

characterized by CTRWs governed by a Gaussian jump length PDF and an exponen-

tial waiting time PDF. This allows one to assign a jump time for each particle of the

system. When a particle jumps, its comoving position and jump time are updated. All

other particles remain at rest in this reference system. A reaction takes place when a

given particle attempts to “overtake” one of its nearest neighbors.

Another important consequence of Eq. (7.21) is that the domain growth controls

the long-time evolution of the survival probability. In Sec. 1.3.1, we classified uniform

monotonic expansions as under-Brownian
(
a2(t)T2(t) ∼ t

)
, Brownian-like(

a2(t)T2(t) ∼ t ln t
)
, marginally over-Brownian

(
a2(t)T2(t)/(t ln t) ∼ o(ln t)

)
, and over-

Brownian (T2(∞) <∞). In the first three cases, one has limt→∞ T2(t) = ∞, and the

survival probability displays the long-time behavior

S(t) ∼ 1

c0

√
2πDT2(t)

, (7.22)
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Figure 7.1: Survival probability vs time for the coalescence reaction. Solid lines represent
theoretical results given by Eq. (7.21), whereas symbols are simulations results. At the
initial time, we prepare a Poissonian distribution of 105 Brownian particles with c0 = 1/100
and D = 1/2. Seven different homogeneous domain evolutions are considered: power law
expansions with t0 = 1000 and γ = 2, 3/4, 1/3, and − 2, exponential domain evolutions
with H = 10−4 and − 10−4, and the static case. Horizontal dashed lines represent the
limiting values S∞ for γ = 2 (S∞ ≈ 0.823), γ = 3/4 (S∞ ≈ 0.644), and H = 10−4

(S∞ ≈ 0.523). This figure resembles Fig. 2 of Ref. [46] as well as Fig. 1 of Ref. [157].

so that the typical decay of static media S(t) ∝ 1/
√
t is only reproduced for expansions

such that T2(t) ∝ t at long times. This is the case of logistic growth [46], which is found

in many embryonic systems.

Over-Brownian expansions lead to a finite value of the survival probability

S∞ = S(∞) = exp
(
c2

02DT2(∞)
)

erfc
(
c0

√
2DT2(∞)

)
. (7.23)

This behavior arises from the prevention of mixing of Brownian pulses. In the comoving

frame of reference, the distance traveled by a reacting particle decreases in time, since its

diffusivity decays as D/a2(t). At a time such that T2(t) is close to T2(∞), the typical

inter-particle distance freezes and the probability for a reaction to occur after this

time is extremely low. In the language of cosmology, one could say that the reactions

stop when the comoving distance between two neighboring particles is greater than

the Brownian event horizon
√

2DT2(∞) [46, 51]. For sufficiently long times, this lack

of reactions leads to a finite asymptotic value of the survival probability, as can be

observed in Fig. 7.1 for an exponential expansion and for power-law expansions with

exponent γ > 1/2.
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Figure 7.2: Survival probability vs z2 = 2c20DT2(t) for the coalescence reaction. The
solid curve is a plot of Eq. (7.21). The different symbols correspond to simulation results
(105 particles) for power-law domain evolutions with γ = 2, 3/4, and −2 and t0 = 103, as
well as for exponential scale factors with H = ±10−4. The dashed lines correspond to the
limiting values of the survival probability for γ = 2 (S∞ = 0.823), γ = 3/4 (S∞ = 0.644
and H = 10−4 (S∞ = 0.523). This figure is similar to Fig. 4 of Ref. [46].

An alternative way to visualize the freeze-out of the survival probability consists

in plotting this quantity versus the scaling variable z2 = 2c2
0DT2(t). As shown in

Fig. 7.2, this leads to a universal curve S(z) valid for any expansion as long as one has

T2(∞) =∞. In contrast, over-Brownian expansions only match the universal curve up

to a critical value of zc for which S(zc) = S∞. This critical value depends explicitly

on the expansion rate. In Fig. 7.2 we show simulation points for S(z) obtained at

long times for two power-law expansions with γ = 3/4 and γ = 2, as well as for an

exponential expansion with H = 10−4. One observes that they accumulate very close

to the corresponding values of S∞, which are marked by horizontal dashed lines in

Fig. 7.2.

As an example, let us study the long-time behavior for the survival probability in

the case of a power-law expansion a(t) = (1 + t/t0)γ :

S(t) ∼


exp

(
c2

02Dt0/(2γ − 1)
)

erfc
(
c0

√
2Dt0/(2γ − 1)

)
, γ > 1/2,

1/
√
c2

02πDt0 ln(t/t0), γ = 1/2,

1/
√
c2

02πDt2γ0 t1−2γ/(1− 2γ), γ < 1/2.

(7.24)

One sees that the long-time decay exponent is no longer −1/2 as soon as γ 6= 0. For
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Figure 7.3: Crossing time t× versus γ for power-law domain growths a(t) = (1 + t/t0)γ .
The solid line is the numerical solution of the equation S(t×) = 0.05 when γ ≤ 1/2 or
S(t×) = S∞ + 0.05. The empty circles show the simulation results obtained by using
an ensemble of 105 particles. We have chosen the parameters t0 = 103, D = 1/2, and
c0 = 10−2. This figure is similar to Fig. 3 of Ref. [46].

γ < 1/2, this exponent becomes γ − 1/2, whereas S(t) converges to S∞ for γ > 1/2.

The logarithmic growth of 1/S(t)2 when γ = 1/2 highlights that the typical time

between two successive reactions can get extremely long for small concentrations. In

other words, one expects that most reactions take place before the asymptotic long-time

regime is attained. In Fig. 7.3 we show the γ-dependence of the time t× needed for

the survival probability to reach the value 0.05 for γ ≤ 1/2, or S∞ + 0.05 for γ > 1/2.

Clearly t× attains a maximum value when γ = 1/2. This value is very large, but finite,

and for visualization purposes we do not show the full peak.

For the sake of completeness, we also provide the long-time asymptotics of the

survival probability for an exponential domain evolution, a(t) = exp(Ht),

S(t) ∼

{
exp

(
c2

0D/H
)

erfc
(
c0

√
D/H

)
, H > 0,√

|H|/(πD)e−|H|t/c0, H < 0.
(7.25)

As expected, a finite value of S∞ is observed for H > 0. However, exponential con-

tractions yield an exponential decay of the survival probablity at long times, which is

faster than the power-law decay found for power-law contractions.

We close by noting that there is a direct correspondence between the long-time

behavior of the physical concentration and the “class” of the medium expansion. The
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particle concentration evolves as the inverse of the typical correlation length
√
〈y2(t)〉 ∝√

a2(t)T2(t). More concretely, c∗(t) = c0S(t)/a(t) behaves as c∗(t) ∼ 1/
√
t for under-

Brownian expansions, c∗(t) ∼ 1/
√
t ln t for Brownian-like expansions, the quantity

t ln t[c∗(t)]2 displays a sublogarithmic growth for marginally over-Brownian expansions,

and c∗(t) = c0S∞/a(t) for over-Brownian expansions.

However, in the case of contracting media, the physical concentration c∗(t) does not

necessarily decay to zero when t → ∞. On the one hand, the physical inter-particle

distance grows in time because of the gradual disappearance of reactants. On the other

hand, the domain contraction moves the particles closer to one another. The dominant

effect determines the long-time behavior of c∗(t). One sees that for a power law domain

contraction
(√
〈y2(t)〉 ∝

√
t
)

the physical concentration preserves the same decay ex-

ponent as for an under-Brownian expansion. In contrast, an exponential contraction(√
〈y2(∞)〉 =

√
D/H

)
yields a stationary value of the physical concentration. One can

also see that c∗(t) could even grow in time for extremely rapid medium contractions.

IPDF and empty interval density

The IPDF function characterizes the spatial ordering of the particles. We consider an

initial situation where the particles are completely disordered, which corresponds to

an exponential IPDF p(x, 0) = c0e
−c0x. This initial distribution reflects the presence

of clusters, given that p(x, 0) takes the maximum value as x → 0. Let us first briefly

comment on what happens in the case of a static domain. In the course of time, particles

in the vicinity of others get killed, as a result of which the inter-particle gaps become

larger. In this way, the reaction mechanism destroys the clusters, and leads to a certain

spatial arrangement in the distribution of surviving particles. In the following, we will

allow the spatial domain to expand and discuss the influence of the expansion on the

dynamical self-ordering induced by the reactions.

In physical coordinates, it is clear that the domain expansion increases the average

inter-particle distance. To be more precise, the increase in the particle separation is

proportional to the scale factor a(t) controlling the uniform expansion. Since each gap

is affected by the expansion in the same way regardless of its size, one expects that

the relative fraction between large and small gaps remains unmodified. One therefore

also expects that the IPDF in comoving coordinates has the same form as on a static
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domain, up to the replacement t→ T2(t). This is precisely the result one obtains when

computing the IPDF p(x, t) = q(x, t)/[c0S(t)] from Eqs. (7.20) and (7.21),

p(x, t) =
c0

2

{
e−c0xerfc

[
−x− 4c0DT2

(8DT2)1/2

]
− ec0xerfc

[
x+ 4c0DT2

(8DT2)1/2

]}/
erfc

(√
2c2

0DT2

)
.

(7.26)

On the one hand, when limt→∞ T2(t) =∞, the IPDF behaves as

p(x, t) ∼ x

4DT2
exp

(
− x2

8DT2

)
. (7.27)

On the other hand, over-Brownian expansions (T2(∞) <∞) yield a premature freeze-

out of the IPDF. The slowing down of the reaction kinetics also slows down the self-

ordering of the reactants, to the extent that the latter is fully stopped at a time t

for which T2(t) ' T2(∞). This time, and consequently also the final particle ar-

rangement and the shape of the corresponding profile p(x,∞), are clearly determined

by the medium expansion. Since the freeze-out of the IPDF may already take place

at relatively short times, it might never attain the asymptotic behavior described by

Eq. (7.27).

In Fig. 7.4 we plot the rescaled IPDF p(x, t)/c(t). In the limit of low concentrations,

this quantity can be written as p(x, t)/c(t) = exp(−z̄2/2)/z̄ with z̄ = c(t)x [156, 159].

This property is evidenced when comparing the asymptotic large-T2 formula with the

exact IPDF for S(t) = 0.05 in Fig. 7.4. However, among the cases represented in

Fig. 7.4, only the exponential contraction a(t) = exp(Ht) with H = −10−4 exhibits the

long-time behavior of the IPDF given by Eq. (7.27) (this is the only case where T2(∞) =

∞). All the remaining cases correspond to over-Brownian expansions: exponential

growth with H = 104, and power-law growths with γ = 3/4 and 2. The theoretical

IPDF p(x,∞) is compared with the distribution found by simulation results at time

t = 105 (by this time, the survival probability has practically reached its limiting value

S∞). We also plot the IPDF at the time t for which S(t) = 0.75 with the exception of

the γ = 2, since in this case the value 0.75 is never reached, given that S∞ ' 0.823.

In the cases where the expansion is over-Brownian, the agreement between theory and

simulations is excellent. The agreement seems to be worse in the case where S(t) = 0.05,

but in this case the corresponding histogram only involves 5000 particles.
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Figure 7.4: Scaled IPDF vs c(t)x for the coalescence reaction when p(x, 0) = c0e
−c0x

with c0 = 1/100. Solid lines represent theoretical results, which can be computed from
Eq. (7.26)-, at the times when the survival probability is equal to S(t) = 0.823 (this is
precisely the value for S∞ for a power law expansion with t0 = 103 and γ = 2), S(t) = 0.75,
S(t) = 0.645 (S∞ for t0 = 103 and γ = 3/4), S(t) = 0.523 (S∞ for an exponential
domain growth with H = 10−4) and S(t) = 0.05. We compare these functions with
simulation results (symbols) for power-law expansions with t0 = 103 and γ = 2 and 3/4,
and exponential growths with H = ±10−4 (see the legend). In all cases, we use 105 particles
with D = 1/2. The dashed line shows the large-T2 approximation given by Eq. (7.27) when
S(t) = 0.05. This function overlaps with the full theoretical solution given by Eq. (7.26).

Finally, it is also possible to provide an exact expression for the empty interval

density E (x, t) by means of Eq. (7.15). One gets

E (x, t) =erfc

(
x√

8DT2

)
− 1

2
e2Dc20T2 ×{

ec0x
[
1− erf

(
x+ 4Dc0T2√

8DT2

)]
− e−c0x

[
1 + erf

(
x− 4Dc0T2√

8DT2

)]}
.

(7.28)

7.2.2 Solution for a periodic initial condition

In static domains, the long-time behavior of the survival probability and the IPDF are

independent of the initial particle distribution q(x, 0), except for certain exotic con-

figurations like fractals or power-law distributions [164, 169]. In general, the system’s

memory of the initial particle arrangement weakens as time goes by, and so the details

of the initial configuration only play a major role in the short-time regime. However,

the domain growth enhances the memory of the initial condition to such extent, that

in the case of a fast expansion the details of the initial distribution determine the final
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value of the survival probability. To illustrate this, we now proceed to compute the

survival probability and the IPDF for the case of a periodic initial particle distribution

and to compare the results with those for a Poissonian initial distribution.

For a periodic distribution q(x, 0) = c0δ(x− 1/c0), the survival probability reads as

S(t) = erf

(
1

c0

√
8DT2(t)

)
. (7.29)

In the small-T2 regime, one finds [156]

S(t) ≈ 1−
√

8c2
0DT2

π
exp

(
− 1

8c2
0DT2

)
× [1 +O(c2

0DT2)]. (7.30)

In contrast, for a Poissonian distribution, S(t) behaves as

S(t) ≈ 1−
√

8c2
0DT2

π
. (7.31)

The exponential term in Eq. (7.30) implies that the survival probability is larger for a

periodic distribution at short times.

This result can be intuitively explained in terms of the deviation of the inter-particle

distance. When the particles are uniformly distributed, it is possible to find small

clusters within which the inter-particle distance is much shorter than 1/c0. On average,

the particles in the cluster encounter at comparatively early times, and such encounters

trigger a significant number of chemical reactions. In contrast, for a periodic initial

distribution, a given particle must travel at least a distance 1/(2c0) to collide with one

of its neighbors. Thus, at very short times, the number of reactions is very low.

The long-time behavior of the survival probability is once again determined by T2(t).

When this function diverges in the limit t → ∞, the survival probability displays the

universal long-time behavior described by Eq. (7.22). The medium expansion (contrac-

tion) simply delays (anticipates) the beginning of the asymptotic regime. In contrast,

for over-Brownian expansions, the freeze-out of the Brownian conformal time results in

a premature halt of the reactions. The final survival probability then is

S∞ ≡ S(∞) = erf

(
1

c0

√
8DT2(∞)

)
. (7.32)
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Figure 7.5: Survival probability for diffusion-limited coalescence under an exponential
expansion a(t) = exp(Ht) with H = 10−4 of the spatial domain in the cases of a random
and a periodic initial distribution. We set c0 = 10−2 and D = 1/2. Symbols depict
simulation results for an ensemble of N = 106 particles. Solid lines are plots of the
theoretical solutions given by Eqs. (7.21) and (7.29). In the cases under consideration, the
survival probability approaches S∞ ' 0.5232 (random) or S∞ ' 0.6827 (periodic). The
broken lines represent the solutions for the static case H = 0. This figure is similar to
Fig. 2 of Ref. [157].

Expectedly, this value is greater than the value of S(∞) given by a pure random initial

distribution. We thus conclude that over-Brownian expansions impede that the memory

of the initial condition eventually fades away in the long-time limit.

In Fig. 7.5 the time evolution of the survival probability for an exponential domain

growth is represented both for a Poissonian and for a periodic initial distribution with

the same initial concentration c0 = 1/100. Recall that for exponential growths, a(t) =

exp(Ht) with H > 0, the conformal diffusive time converges to T2(∞) = 1/(2H). One

observes that the curves start to deviate from the solution for a static domain at a time

below tH = 1/H = 104. As anticipated, each curve converges to the expected value of

S∞. In contrast, the curves for the static case begin to overlap at a time t ' 105.

The strong dependence on the initial condition is also reflected in the behavior of

the IPDF

p(x, t) =
1

erf

(
1

c0
√

8DT2(∞)

) e
− (x−1/c0)2

8DT2 − e−
(x+1/c0)2

8DT2

√
8πDT2

. (7.33)

This function attains a maximum value at the position xmax, which is given by the
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Figure 7.6: IPDF for the coalescence reaction in a system of Brownian particles with
D = 1/2 and c0 = 10−2 on an exponentially growing domain a(t) = exp(Ht) with H =
10−4. Solid lines depict the exact solutions at a time when the survival probability is equal
to 0.85 for a periodic initial distribution p(x, 0) = δ(x− 1/c0) (t ' 2413) and for a Poisson
distribution p(x, 0) = c0 exp(−c0x) (t ' 228.2). These curves are respectively given by
Eqs. (7.33) and (7.26). Symbols represent the corresponding simulation results obtained
for an ensemble of N = 106 particles. The dashed lines represent the IPDF profiles in the
limit t→∞.

(numerical) solution of the equation

e
− (xmax−1/c0)2

8DT2 (xmax − 1/c0) + e
− (xmax+1/c0)2

8DT2 (xmax + 1/c0) = 0. (7.34)

When
√

4DT2 � 1/c0, xmax is expected to be very close to 1/c0. However, for a

Poissonian initial distribution, the maximum gets closer to zero.

The IPDF p(x, t) for the periodic initial condition also exhibits the long-T2 behavior

given by Eq. (7.27). In growing domains, the IPDF evolves towards the asymptotic

profile given by the expression for the static case if the domain growth is slow enough to

make T2(t) sufficiently large in the long time limit. This distribution is independent of

the initial condition. Otherwise, the fact that T2(∞) <∞ in the case of over-Brownian

expansions may result in a prematurely freeze-out of the IPDF before it can reach

this asymptotic form. In such cases, the asymptotic profile p(x,∞) may keep some

memory of the initial particle arrangement. In Fig. 7.6, we represent the IPDFs for

the cases addressed in Fig. 7.5. The IPDFs for the periodic and for the random initial

distributions are well distinguished at all times, since the Brownian conformal time

converges to a sufficiently small finite value T2(∞).
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7.2.3 Multiple-point density correlation

Sor far, we have quantified the spatial ordering induced by the reaction kinetics by

means of the IPDF p(x, t) and the empty interval density E (x, t). A generalization of

the latter function is the nth-order empty interval density E (x1, x
′
1, . . . , xn, x

′
n, t), which

is associated with the probability that the set of n intervals (x1, x
′
1)∪ . . .∪ (xn, x

′
n) are

simultaneously devoid of particles. With this notation we assume the intervals are

nonoverlapping and ordered (x1 < x′1 < . . . < xn < x′n).

In some cases (for example, for the initial Poisson distribution), the nth-order empty

interval function can be written in terms of its counterpart for a single interval. In

particular, for n = 2, one has [170]

E2(x1, x
′
1, x2, x

′
2) = E1(x1, x

′
1)E1(x2, x

′
2)− E1(x1, x2)E1(x′1, x

′
2) + E1(x1, x

′
2)E1(x′1, x2),

(7.35)

where E1(x1, x
′
1) = E (x′1−x1, t). The sign of the second term on the r.h.s. of Eq. (7.35)

is negative because the permutation (1 1 2 2)→ (1 2 1 2) is odd. A more general expres-

sion for n intervals can be found in Ref. [170].

In addition, E (x1, x
′
1, . . . , xn, x

′
n, t) is related to the n-point correlation function

[170]

ρn(x1, . . . , xn, t) = (−1)n
∂nEn(x1, x

′
1, . . . , xn, x

′
n, t)

∂x′1 . . . ∂x′n

∣∣∣∣∣
x1=x′1, ..., xn=x′n

. (7.36)

This quantity is the joint density of the probability for simultaneously finding n particles

in the vicinities of the respective positions x1, . . . , xn. According to Eq. (7.8), the

function ρn reduces to the comoving concentration c(t) for n = 1.

We will hereafter focus on the two-point correlation function ρ2(x1, x2, t). When

the particles follow a Poisson distribution at t = 0, an exact expression for ρ2(x1, x2, t)

is obtained from Eqs. (7.28) and (7.35),

ρ2(x1, x2, t)

c2
0

=
Q−1 −Q1

2
erfc

(
x2 − x1√

8DT2

)
+Q2

0 −Q−1Q1, (7.37)

where Qν ≡ Qν (x2 − x1, T2) and

Qν(x, T2) = exp
(
νc0x+ 2c2

0DT2

)
erfc

(
νx+ 4c0DT2√

8DT2

)
. (7.38)
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In the limit x2 − x1 →∞, ρ2(x1, x2, t)→ c2(t). This is a good reason to define the

pair correlation function (PCF) as follows:

g(x1, x2, t) =
ρ2(x1, x2, t)

c2(t)
. (7.39)

The PCF accounts for the correlations between the positions of two particles in the

system (not necessarily nearest neighbors) respectively located at x1 and x2 at time t.

Using the relations (7.21), (7.37), the fact that c(t) = c0S(t), and the above equation,

one finds an explicit expression for the PCF in the case of a completely random initial

distribution

g(x1, x2, t) =
Q−1 −Q1

2

erfc
(
x2−x1√

8DT2

)
+Q2

0 −Q−1Q1

exp
(
2c2

0DT2

)
erfc(c0

√
2DT2)

. (7.40)

The fact that g(x1, x2, t) depends on time via T2 means that the PCF follows the

same expression as in the static case, provided that the expansion is slow enough to en-

sure that limt→∞ T2(t) =∞. In Fig. 7.7 we plot the PCF given by Eq. (7.40), as a func-

tion of the rescaled distance c(t)|x2−x1|. Each curve is associated with a value of T2 such

that the survival probability is equal to a predetermined value. In the cases represented,

S = 0.826, 0.70, 0.50, and 0.10, one has T2 ' 321.3, 1242, 5915, and 3.085 × 105.

The spatial rescaling introduced above allows one to get rid of the dilution effect due

to the reactions [170]. The system’s correlation length is found to scale as 1/c(t) for

small concentrations.

The behavior of g(x1, x2, t) shown in Fig. 7.7 can be explained as follows. At

the initial time, g(x1, x2, 0) = 1 for a Poissonian initial condition, since the particles

are uncorrelated. As T2(t) evolves, the reactions build up spatial correlations, since the

evolution of a given particle depends on that of any other particle in the system. Indeed,

two randomly chosen particles have a mutual influence on the survival probability

of each other. This mutual influence decreases strongly with increasing interparticle

distance, which explains why the PCF tends to one for large values of |x2 − x1|.

Fig. 7.7 also allows one to study the T2-dependence of the PCF. The transition from

zero to one becomes less pronounced as T2 increases, since the concentration becomes

smaller. For expansions such that T2(t) → ∞, the PCF in the case of a Poissonian
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Figure 7.7: g(x1, x2, t) versus c(t)|x2 − x1| for the coalescence reaction with an initial
Poisson distribution of particles. The solid lines represent the analytic solution given by
Eq. (7.40) for a power-law expanding domain a(t) = (1+t/103)γ with γ = {2, 1/3, 1/3,−2}.
The times t chosen for such solutions are those for which S(t) = 0.8255, 0.70, 0.50, and 0.10
respectively. Symbols are simulation results corresponding to the specified times and ex-
pansion parameters. Note that the value S(t) = 0.8255 is the minimum value obtained
from simulations for the aforementioned power-law expansion with γ = 2. The line corre-
sponding to S(t) = 0.10 overlaps with the thick line, which represents the asymptotic PCF
given by Eq. (7.41). The horizontal dashed line represents the PCF at t = 0. This figure
is similar to Fig. 7 of Ref. [46].

initial particle distribution exhibits the long-T2 behavior [170]

g(x1, x2, t) ∼ 1− e−2ξ2
+
√
πξe−ξ

2
erfc(ξ), (7.41)

where ξ = (x2−x1)/
√

8DT2. This behavior is established when the survival probability

reaches values of the order of 1/10.

The impact of the domain growth on g(x1, x2, t) can be rationalized in a similar way

as in the case of the IPDF. For sufficiently slow expansions (limt→∞ T2(t) → ∞), the

increase of the physical inter-particle distance induces the low-concentration behavior

described by Eq. (7.41). In the case of over-Brownian expansions (T2(∞) < ∞), the

evolution stops prematurely and the profile of the function g(x1, x2, t) is precisely that

associated with the corresponding value of S∞. Thus, the final profile of the PCF

depends explicitly on the medium expansion. For example, the form (7.41) for the

PCF cannot be reached for a power-law expansion a(t) = (1 + t/t0)γ with γ = 2 and

t0 = 103, since S∞ ' 0.826. However, in Fig. 7.7 we can see that the asymptotic form

(7.41) is reached for a power-law contraction with γ = −2.
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7.3 Encounter-controlled annihilation on a 1d growing

domain

A very comprehensive description of the diffusion-limited annihilation reaction on a

static domain was given by Masser and ben-Avraham in 2001 [163]. In their joint

work, they developed a variation of the empty interval method used for the coalescence

reaction: the so-called method of odd-even intervals.

In this formulation, the role of E ∗(y, t) is now played by the function F ∗(y, t).

This function is defined as the density for the probability that an interval of length

y contains an even number of particles. Indeed, F ∗(y, t) satisfies the same diffusion

equation as E ∗(y, t), but with different boundary conditions. When the interval length

tends to zero, it will definitely be empty, thus F ∗(0, t) = 1. In the limit y → ∞, our

interval will contain the total number of particles that still survive at time t. Since

particles annihilate by pairs, this number has the same parity as the initial particle

number N 1. The diffusive approach is valid for large values of N , the parity of N

is thus irrelevant. This implies F ∗(∞, t) = 1/2. As explained for the empty interval

method, the concentration and the IPDF, as well as spatial correlation functions [171],

are obtained from the generating function F ∗(y, t).

At this point we make it clear that the derivation of the IPDF for one-species

annihilation by Masser and ben-Avraham was not the first one. Indeed, the kinetics

of the A + A → ∅ reaction was obtained before by mapping the annihilation process

to the Glauber spin model [172, 173]. Let us assume that the particles diffuse on a

one-dimensional lattice. Each lattice site, j, is assigned a spin state, sj = ±1. The

spin chain is made by a succession of domains of one or more spins in the same state.

The particles are placed at those sites j for which sj 6= sj−1. In other words, the

nth spin domain is located between the lattice sites occupied by the particles An and

An+1. When the particle An moves from site j to site j ± 1, the j-th spin flips and

the variable sj changes sign. Consequently, when the particles An and An+1 meet, the

number of domains with the same spin state is reduced by two, which corresponds to

a reaction event. The spin-spin correlation function in the Glauber model G ∗(y, t) and

1Even though we will formally consider an infinite system with an infinite number of particles, the
system under consideration here should be understood as the thermodynamic limit of a system with
finite size and initial particle number, as assumed in our subsequent reasoning.



188 7.3 Encounter-controlled annihilation on a 1d growing domain

the generating function F ∗(y, t) introduced by Masser and ben-Avraham are related

to one another by the equation G ∗(y, t) = 2F ∗(y, t)− 1 [172].

Let us now turn to the case of an expanding domain. The annihilation process can

be described by the generating function F (x, t) in the comoving frame of reference.

Here, the expression for F (x, t) is again given by the result for a static domain with t

replaced with T2(t), i.e., F ∗(x, T2(t)) [45]. For a purely random initial condition, one

has F (x, 0) = [1 + exp(−2c0x)] /2, which yields [171]

F (x, t) =
1

2
+

1

2
erfc

(
x√

8DT2(t)

)
− 1

4
e8Dc20T2(t)×{

e2c0x

[
1− erf

(
x+ 8Dc0T2(t)√

8DT2(t)

)]
− e−2c0x

[
1 + erf

(
x− 8Dc0T2(t)√

8DT2(t)

)]}
.

(7.42)

Note that the expression for F (x, t) also follows from the Glauber correlation function

for times long enough to make the difference between a lattice and a continuum domain

negligible. The function G (x, t) satisfies the same diffusion equation and the same

boundary conditions as E (x, t) in the coalescence process [172]. However, the initial

condition for G (x, t) is G (x, t) = 2c0 exp(−2c0x) [171]. This means that G (x, t) follows

the same expression as Eq. (7.28), except that c0 is now replaced with 2c0.

The comoving concentration is then found to be

c(t) = −∂F (x, t)

∂x

∣∣∣∣
x=0

. (7.43)

One can check that the survival probability S(t) = c(t)/c0 follows the same scaling law

as Eq. (7.21), but with a redefined scaling parameter z = c0

√
8DT2(t). This implies

that S(t)|coalescence > S(t)|annihilation at any time t > 0 for particles with equal diffusivity

and identical initial distribution.

Qualitatively, the survival probability is influenced by the medium expansion in a

similar way as in the coalescence reaction. In Fig. 7.8, we show the time evolution of

the survival probability for different uniformly expanding or contracting domains. The

survival probability only converges to a finite value S∞ = S(∞) > 0 in the case of

over-Brownian expansions. Our numerical simulations confirm the theoretical results.

The fact that the survival probability is a function of the scaling variable z alone
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Figure 7.8: Survival probability vs time for an annihilation reaction-diffusion system with
D = 1/2, c0 = 1/100 and a Poissonian initial distribution. Theoretical results given by
Eq. (7.21) with z = c0

√
8DT2(t) are represented by solid lines. Symbols are simulations re-

sults with 105 starting particles. Seven different uniform expansions are considered: power
law expansions with t0 = 1000 and γ = 2, 3/4, 1/3, and − 2, exponential domain evolu-
tions with H = 10−4 and − 10−4, and the static case. Horizontal dashed lines represent
the theoretical value of S∞ for γ = 2 (S∞ ≈ 0.692), γ = 3/4 (S∞ ≈ 0.458), and H = 10−4

(S∞ ≈ 0.336). This figure resembles Fig. 8 of Ref. [46].

unveils the universality of the annihilation reaction. All the simulation results collapse

once again into a single curve. Besides, the action of the domain growth can once again

be scaled away by introducing a new time variable T2(t) which allows one to study the

kinetics with the equations for the static case. When the Brownian conformal time T2(t)

goes to infinity for long times, the simulation data are located along the entire universal

curve. In contrast, when T2(t) saturates at long times, the data cannot overcome the

value of S∞. This is exactly what we see in Fig. 7.9. An interesting observation is

that the portion of the universal curve that overlaps with simulation points in the

case of over-Brownian expansions is larger for annihilation than for coalescence, since

S∞|coalescence > S∞|annihilation.

Another important point concerns the long-time behavior of the survival probability

for expansions with limt→∞ T2(t) =∞. According to Eq. (7.42), the generating function

F (x, t) behaves as

F (x, t) ∼ 1

2

[
1 + erfc

(
x√

8DT2(t)

)]
(7.44)
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Figure 7.9: Survival probability vs z2 = 8c20DT2(t) for the annihilation reaction. The solid
curve is the universal curve predicted by the theory. The symbols correspond to simulation
results (105 particles) for power-law domain evolutions with γ = 2, 3/4, and − 2 and
t0 = 103, as well as for exponential scale factors with H = ±10−4. Dashed lines represent
the limiting values of the survival probability for γ = 2 (S∞ = 0.692), γ = 3/4 (S∞ = 0.458
and H = 10−4 (S∞ = 0.336). This figure is similar to Fig. 9 of Ref. [46].

when t→∞. Hence,

S(t) ∼ 1

c0

√
8πDT2(t)

(7.45)

at long times. Comparing Eq. (7.22) with Eq. (7.45), one finds S(t)|coalescence ∼

2S(t)|annihilation. This relation no longer holds when the expansion is over-Brownian

because of the freeze-out of the Brownian conformal time.

One of the main results of Ref. [46], and by extension of this thesis, is the compu-

tation of the IPDF for encounter-controlled annihilation at any arbitrary time t. To

the best of our knowledge, the literature dealing with diffusion-limited coalescence in

static domains is limited to the computation of the long-time behavior of the IPDF.

However, the details of spatial ordering at short or intermediate times are extremely

relevant in the case of fast uniformly expanding domains. Finding the full distribution

p(x, t) would allow one to describe the spatial arrangement at any time t.

According to Ref. [172], the IPDF p(x, t) is related to F (x, t) via the equation

p(s, t) =
1−H (s, t)

1 + H (s, t)
(7.46)

where p(s, t) is the Laplace transform of the IPDF with respect to the spatial variable,
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and H (s, t) is the Laplace-transformed auxiliary function

H (s, t) =
s

c(t)
[1− sF (s, t)] . (7.47)

After computing the Laplace transform of F (x, t), one obtains

H (s, t) =
s

s2 − 4c2
0

s− 2c0e
(s2−4c20)2DT2(t) erfc

(
s
√

2DT2(t)
)

erfc
(

2c0s
√

2DT2(t)
)

 . (7.48)

The insertion of this equation into Eq. (7.46) provides an exact expression for the IPDF

at any time, albeit in the Laplace space. Nevertheless, this function can be inverted

numerically. We note than in the limit T2(t)→∞, Eq. (7.48) reduces to the asymptotic

expression obtained by Alemany and ben-Avraham [172]

H (s, t) =
1− s

√
2πDT2(t) exp

(
s22DT2(t)

)
erfc

(
s
√

2Dt
)

1 + s
√

2πDt exp (s22DT2(t)) erfc
(
s
√

2DT2(t)
) . (7.49)

In Fig. 7.10 we make use of the above expressions to plot the IPDF functions for

the encounter-limited annihilation reaction (note that when the expansion or contrac-

tion becomes relevant, it is no longer correct to speak of “diffusion-limited reaction”).

We also include simulation results for an over-Brownian power-law expansion and for

an exponential contraction. As expected, the IPDF for the over-Brownian expansion

freezes before reaching the asymptotic behavior described by the long-time expression

for the static case. We do note, however, that the approximation based on the long-time

behavior of the static case works fairly well when the survival probability gets close to

or falls below the value 0.05.

Finally, we note that the shape of the IPDF for the annihilation reaction is clearly

different from that for coalescence. This point was addressed by Alemany and ben-

Avraham in Ref. [172]. They reported that the IPDF for annihilation exhibits a purely

exponential tail for large x, whereas the IPDF for coalescence behaves as p(x, t) ∝

exp
(
−πc(t)2x2/4

)
in this limit.
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Figure 7.10: Scaled IPDF vs c(t)x for the annihilation reaction. We take a random initial
distribution with c0 = 1/100. Solid lines represent numerically exact solutions obtained
from the Laplace inversion of Eq. (7.46). We represent the corresponding IPDFs at times
when the survival probabilities are S(t) = 0.90, 0.697 (this is precisely the value for S∞ for
a power law expansion with t0 = 103 and γ = 2), and S(t) = 0.05. Symbols are simulation
results obtained with 105 particles of diffusivity D = 1/2 on a power-law growing domain
with t0 = 103 and γ = 2, and on an exponentially contracting one with H = −10−4.
The dashed line shows the approximate IPDF for low concentrations. This dashed line is
computed by a numerical Laplace inversion of Eq. (7.46) with H (s, t) given by Eq. (7.49).
This figure is similar to Fig. 10 in Ref. [46].

7.4 Summary and outlook

In this chapter, we dealt with the reaction kinetics of the A+ A→ A and A+ A→ ∅

reactions on a one-dimensional growing domain, where A denotes a diffusing reactant

species. The IPDF method (also called interval method) provides an exact solution

for the concentration and the most relevant spatial correlation functions characterizing

these systems.

In uniformly growing domains, the key to apply the IPDF method is a double

transformation in time and space. On the one hand, the introduction of comoving

coordinates reduces the implementation of the domain expansion to a time-dependence

in the particles diffusivity D/a2(t). To get rid of this time dependence, one introduces

the so-called Brownian conformal time T2(t) =
∫ t

0 a
−2(t), which reflects the slowing

down of the reaction kinetics. The exact expressions for archetypical quantities in the

case of a static domain remain valid for an expanding domain after making the double

substitution (y, t)→ (x, T2).
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Sufficiently fast expansions (which we called “over-Brownian expansions”) yield a

finite value of the Brownian conformal time in the limit when t → ∞, which causes a

halt in the reaction. In other words, a finite fraction of the particles will never react.

The medium expansion increases the distance between two nearest neighbor particles

so fast, that this can be hardly counterbalanced by the diffusive spreading of both

particles. In the case of a random initial condition, this also stops prematurely the

self-ordering process induced by the reaction.

For the coalescence reaction, we provided a careful analysis of the spatial organi-

zation induced by the reactions for two extremely different initial conditions, i.e., a

fully disordered one, and a periodic particle distribution. In the first case, early-time

reactions are able to effectively counterbalance the initial trend to form particle clusters

and thereby induce a certain degree of spatial order. In contrast, for a periodic initial

condition, the combination of diffusion and reactions breaks the perfect arrangement

of the initial state. When T2(∞) diverges, the memory of the initial condition fades

away in the long-time limit, as it happens in an infinite static medium. In this case, the

IPDF tends to an asymptotic profile which does not depend on the initial condition. In

the opposite situation of a fast expansion, the IPDF attains a profile almost indistin-

guishable from the final one p(x,∞) after a finite time, and this profile is characterized

by a detailed memory of the initial condition.

We also paid special attention to the spatial correlations. Exacts expressions for

the multi-point correlation functions and the PCF were computed for the coalescence

reaction when the initial distribution is Poissonian. In the case of over-Brownian ex-

pansions, one observes again a premature freeze-out of the PCF.

For the annihilation reaction, we found that this freeze out breaks the well-known

low-concentration relation S(t)|coalescence ∼ 2S(t)|annihilation typical of static media. In

addition, we represented the IPDF for a random initial particle distribution and noticed

that it exhibits a longer tail than in the case of the coalescence reaction.

A possible extension of the present work concerns the kinetics of encounter-controlled

reactions in higher dimensions. In Ref. [45], a mean-field approach based on classical

rate equations (with an additional dilution term accounting for the medium expansion)

was found to correctly predict the freeze-out of the survival probability for sufficiently

fast expansions. Scaling approaches are expected to provide the correct time depen-

dence of the concentration in low dimensional systems.
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Another interesting problem concerns the kinetics of the diffusive two-species an-

nihilation reaction A + B → ∅ in a growing domain. In this system, the self-ordering

mechanism induced by the reactions gives rise to the formation of monocomponent clus-

ters [174]. The medium growth tends to counterbalance this dynamical self-ordering.

The A + B problem can be considered as a preparatory step for the study of pattern

formation in biological systems.

Finally, we note that in principle our formalism is also able to incorporate spon-

taneous birth and death processes, and also deal with the case of reversible reactions.

However, these new terms lead to additional time scales that complicate the system’s

description when the medium expands.



Chapter 8

First-encounter time of two

diffusing particles in static and

growing domains. Role of

confinement

In Chap. 7 we studied the kinetics of encounter-controlled reactions in a system of

many identical particles. However, the majority of chemical systems involve a mixture

of two or more components. Smoluchowski’s seminal work on the kinetics of the binary

reaction A + B → C goes back to 1917 [175]. In the case where one of the reactant

species is in vast excess, Smoluchowski was able to reduce this many-particle problem

to an equivalent two-particle problem. In the diffusion-limited regime, the reaction

rate is determined by the first-encounter time between the A and B particles. Smolu-

chowski chose a frame of reference in which one of the two particles, (the target, say)

remains at rest, whereas the other one moves with diffusivity equal to the sum of the

diffusivities of the two particles. Since one is not interested in the precise nature of the

reaction product, one may assume that both particles annihilate upon encounter. With

Smoluchowski’s method, the survival probability and the corresponding first-encounter

time density (FETD) can be straightforwardly computed.

The procedure employed by Smoluchowski is feasible when the spatial domain can be

regarded as “infinite”, i.e., the chemicals remain very far from the domain walls during

Most of the contents of this chapter are published in Ref. [176].
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the whole experiment. When this condition is not fulfilled, the target does not only

interact with other diffusing particles, but also with the reflecting domain boundary.

These confinement effects complicate the computation of the survival probability and of

the associated FETD extraordinarily. In this chapter, we will study the first-encounter

time in confined one-dimensional settings, as done in Ref. [176]. We will see that the

presence of a confining boundary not only favours the particle encounter with respect to

the no boundary case, but also induces a specific dependence of the survival probability

and of the FETD on the particles’ initial locations and diffusivities.

The term “vicious walkers” was coined by Fisher in 1984 [177] for Brownian particles

that move independently, but vanish upon encounter. From then on, the computation of

the reunion probability of N vicious walkers with different boundary conditions became

the object of several works in the field of Statistical Physics -see e.g. Refs. [178–181]-.

To date, the interest in the properties of such walkers is far from declining. Tejedor

et al. considered the case of two identical diffusing particles on a one-dimensional

interval with either absorbing or reflecting boundary conditions. In the latter case, the

encounter of two walkers evolving in largely separated regions can be used to model the

transmission of diseases [182]. Amitai et al. computed the Mean First-Encounter Time

(MFET) between the ends of a polymer chain [183]. Tzou et al. solved numerically the

diffusion equations for the MFET on an interval and derived some asymptotic relations

for settings in which the particles have diffusion coefficients with different orders of

magnitude [184]. They discovered that, under certain conditions, a target survives a

longer period of time by diffusing slowly rather than by staying at rest. This two-

particle problem was also studied in fractal media and comblike structures [185–187].

Finally, Lawley and Miles evaluated the MFET of particles with fluctuating diffusivity

in two and three dimensional settings [188].

In this chapter we provide a quantitative analysis of the first-encounter time of two

Brownian walkers under one-dimensional confinement. As a novelty, we also consider

confined systems where the medium grows uniformly, in line with the main topic of

this thesis. In growing media, first-encounter processes are much less studied than in

static media. Recently, Simpson et al. computed the survival probability of a particle

diffusing on a line surrounded by a static target and a reflecting boundary [189, 190].

This chapter is organized as follows. In Sec. 8.1 we formulate the first-encounter

problem in static media and obtain the solution for free boundary conditions. In Sec. 8.2

196



8. First-encounter time of two diffusing particles in static and growing domains. Role
of confinement 197

we derive the survival probability, the FETD, and its moments for the case of the

positive half-line with reflecting endpoint at 0. In Sec. 8.3 we discuss the behavior

of the same quantities, but for an interval of fixed length with reflecting endpoints.

In Sec. 8.4 we revisit the three one-dimensional settings considered in the previous

sections, and calculate the survival probability and the FETD for uniformly growing

domains. We also study how fast the medium expansion (or contraction) should be

for the moments of the FETD to exist. The usual summary of results and possible

extensions thereof is given in Sec. 8.5.

8.1 General results for static domains. Free-boundary

case.

The study of encounter-controlled reaction-diffusion systems in one-dimensional set-

tings differs from the higher-dimensional case in two ways. On the one hand, the

particles can effectively be considered point-like even if in reality they are not. The

reason is the following. If the particles were segments of a given length, the first-

encounter statistics would only depend on the separation between each of them and on

the separation between the outermost segments and the boundaries. Thus, any system

of one-dimensional particles with finite diameter can be reduced to an equivalent sys-

tem of point-like particles, even if the diameters of the particles are different. On the

other hand, one particle cannot overpass each other to avoid an encounter, implying

that the initial order is preserved.

Let T be the first-encounter time for two random walkers that diffuse in a one-

dimensional domain Ω ⊂ R and are reflected at its boundaries. The particles are set at

the initial positions x1 and x2. Further, we assume x1 ≥ x2 without loss of generality.

The particles’ diffusivities are respectively denoted by D1 and D2.

The first-encounter time T is, of course, a random variable that is drawn from

a specific probability density function, for which we will hereafter use the acronym

FETD (First Encounter Time Distribution). The FETD is defined as the function

F (t) ≡ F (t|x1, x2) such that the integral
∫ t

0 F (u)du is the probability P{T < t} for the

encounter time to take a value smaller than t.
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To obtain the FETD, we must first compute the probability S(t) ≡ P{T > t}, or

equivalently,

S(t|x1, x2) ≡ S(t) =

∫ ∞
t

F (u)du = 1−
∫ t

0
F (u)du. (8.1)

Using the terminology already employed for reaction-diffusion systems -see Chap. 7-,

we will term this quantity the survival probability S(t|x1, x2). Physically, the survival

probability evaluates the fraction of experiences (with the same initial conditions) where

the two particles have not encountered at a given time t in the limit where the number

of experiences N gets very large.

In static domains, the survival probability is given by the well-known backward

diffusion equation [52]

∂S

∂t
=

(
D1

∂2

∂x2
1

+D2
∂2

∂x2
2

)
S, (x1, x2) ∈ Ω× Ω, (8.2)

the initial condition S(0|x1, x2) = 1, and the Dirichlet condition S(t|x1, x1) = 0. The

latter condition reflects that fact that the particles annihilate instantaneously upon

encounter.

The survival probability should also satisfy some boundary conditions. In this thesis

we will assume that they are either free, S(t|∞, x2) = S(t|x1,−∞) = 1, or reflecting,

∂nS = 0. Here, ∂n denotes the normal derivative evaluated over the domain boundary

∂Ω. We should note that when the solution of Eq. (8.2), S(t), is subjected to absorbing

boundary conditions -i.e., S(t|xa, x2) = 0 or S(t|x1, xa) = 0 for xa ∈ R-, S(t) measures

the probability that a given particle has not vanished by time t, either by annihilation,

or by reaction with the absorbing boundary placed at xa. This case is not considered

in this thesis.

Once the survival probability is obtained, the FETD can be computed via the

relation

F (t) = −∂S
∂t
, (8.3)

according to Eq. (8.1). Therefore, the mth moment of the FETD is equal to

〈T m〉 =

∫ ∞
0

dt tmF (t) = m

∫ ∞
0

dt tm−1S(t). (8.4)
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Note that, depending on the problem at hand, it is possible that the latter integral

does not converge. In this case, the moments are said to be “infinite” or “ill-defined”.

An alternative way to compute the moments is based on cross-multiplication of

Eq. (8.2) by tm, and subsequent integration over the time variable. For m = 1, one

gets a partial differential equation for the MFET 〈T 〉,

−1 =

(
D1

∂2

∂x2
1

+D2
∂2

∂x2
2

)
〈T 〉 (x1, x2) ∈ Ω× Ω. (8.5)

The MFET fulfills the Dirichlet condition 〈T 〉(x1, x1) = 0 and the Neumann bound-

ary condition ∂n〈T 〉 = 0. Analogously, it is possible to find a hierarchy of recursive

equations for higher order moments. This procedure is very similar to the one we used

previously to compute moments of positional PDFs.

A natural assumption is that the domain Ω is connected (otherwise, the particles

would be restricted to move inside one of the connected components of Ω). Thus, for

one-dimensional systems, Ω should be one of these three domains: (i) Ω = R, (ii) Ω is a

half-line, or (iii) Ω is an interval. In the remainder of this section, we provide the exact

solution for the survival probability and FETD in the free boundary case (i). The cases

(ii) and (iii) will be respectively discussed in Secs. 8.2 and 8.3.

The first-encounter problem for two Brownian particles in free space was solved by

Smoluchowski in his seminal work [175]. In one dimension, this setting can be reduced

to the motion of a single particle with diffusivity D1 + D2 on a half-line with a fixed

absorbing point at 0. This is done by selecting a frame of reference where the second

particle remains immobile (x2 = 0). The survival probability is found to be

Sfree(t|x1, x2) = erf

(
x1 − x2√

4(D1 +D2)

)
= erf

(
δx√

4(D1 +D2)

)
, (8.6)

where δx = x1 − x2. Full details about the computation of Sfree are given in Sec. 8.4.1

for a more general situation where the medium expands according to the scale factor

a(t).

The aforementioned equivalence between the so-called one-dimensional target prob-

lem and the free diffusion of two independent particles implies that the survival proba-

bility only depends on the sum D1 +D2 as well as on the initial interparticle distance.

This also holds for higher-dimensional systems [191]. However, the dependence of S(t)
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with respect to the particles’ diffusivities, and with respect to the initial positions, be-

comes more complex in confined domains with reflecting boundary, as we will show in

Secs. 8.2 and 8.3.

The long-time behavior of the survival probability is given by the first-order term

in the Taylor expansion of the error function,

erf(z) ∼ 2z√
π
, for z → 0, (8.7)

in Eq. (8.6). One gets

Sfree(t|x1, x2) ∼ δx√
π(D1 +D2)t

, t� (δx)2

D1 +D2
. (8.8)

Finally, the FETD is computed from Eqs. (8.3) and (8.6), giving rise to

Ffree(t|x1, x2) =
exp

[
− (δx)2

4(D1+D2)t

]
√

4π(D1 +D2)t3
δx. (8.9)

In the long-time limit, the FETD behaves as

Ffree(t|x1, x2) ∼ δx√
4π(D1 +D2)

t−3/2, t� (δx)2

D1 +D2
, (8.10)

which implies that the MFET, as well as higher-order moments, are infinite. Physically,

this means that the particles may follow very long trajectories before their encounter,

even though this occurs with certainty in the limit t→∞. These results for the infinite

system will be taken as a reference for the study of the first-encounter time in confined

settings.

8.2 First-encounter time on a half-line with reflecting

endpoint

Let us now study the problem of the first-encounter time for two Brownian particles

on the positive half-line with reflecting boundary at x = 0. The particles are initially

located at the points x1 and x2, and their diffusivities are respectively D1 and D2.

Without loss of generality, we assume x1 > x2.
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Let us represent the point X = (x1, x2) in the Cartesian plane. The set of all

the possible points X define a wedge of angle π/4, ΩX = {(x1, x2) : x1 > x2 ≥ 0}.

Let us also represent the positions of the two particles at any later time t before the

encounter, x1(t) and x2(t), by the point Xt = (x1(t), x2(t)). It is clear that the possible

values of Xt are in the wedge ΩX . Therefore, our main problem is equivalent to the

problem of the two-dimensional diffusion of a pointlike particle in a wedge of angle π/4

with reflecting horizontal axis and absorbing diagonal. However, in this representation

diffusion is not isotropic when D1 6= D2.

As noticed by Gabel et al., the diffusion of the equivalent particle in two-dimensions

is isotropic in a coordinate system where the position of the second (real) particle

is rescaled by a factor
√
D1/D2, i.e., z1 = x1 and z2 = x2

√
D1/D2 [192]. In this

coordinate system, the problem studied in this section reduces to the problem of a

Brownian particle of diffusivity D1 in a wedge Ω0 = {0 < r <∞, 0 < θ < Θ} with the

reflecting ray at θ = 0 and absorbing ray at θ = Θ, where

Θ = atan

(√
D1

D2

)
, (8.11)

and r and θ denote the polar coordintes of the equivalent particle. At the initial time,

these are

r0 =
√
z2

1 + z2
2 =

√
x2

1 + x2
2D1/D2 (8.12a)

and

θ0 = atan

(
z2

z1

)
= atan

(
x2

√
D1

x1

√
D2

)
. (8.12b)

In Fig. 8.1 we draw the region of the (z1, z2) plane where the particles diffuse. In

this figure, we represent the case of an acute wedge with Θ < π/4, resulting from the

condition D1 < D2 -see Eq. (8.11) -. When D1 > D2, the wedge angle Θ > π/4.

The survival probability S(t) ≡ S(t|r0, θ0) follows the backward diffusion equation,

∂S

∂t
= D1∇2S, (8.13)
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Figure 8.1: Schematic representation of the mapping of two diffusing particles on a half-
line to diffusion in a two-dimensional wedge. The coloured pattern represents the region
in which both particles diffuse. In this figure, Θ = π/6, i.e., D2 = 3D1. The dashed line
delimits the half-quadrant corresponding to the case of identical particles (Θ = π/4).

where ∇2(·) is the Laplacian operator, defined as

∇2f =
∂2f

∂z2
1

+
∂2f

∂z2
2

=
1

r0

∂

∂r0

(
1

r0

∂f

∂r0

)
+

1

r2
0

∂2f

∂θ2
0

. (8.14)

In polar coordinates, S(t|r0,±θ0) fulfills the boundary conditions:

∂S

∂θ0

∣∣∣∣
θ0=0

= 0, S(t|r0,±Θ) = 0. (8.15)

By symmetry, one can replace Ω0 by a twice larger wedge Ω = {0 < r <∞, −Θ < θ <

Θ}, with absorbing boundary S(t|r0,Θ) = 0.

The radial Green’s function W (r, θ, t|r0, θ0) for the wedge Ω is computed on p. 379

of Ref. [193],

W (r, θ, t|r0, θ0) =
1

D1t

∞∑
n=1

exp

(
−r

2 + r2
0

4D1t

)
Iνn

(
rr0

2D1t

)
× 1

2Θ
sin(νn(θ + Θ)) sin(νn(θ0 + Θ)),

(8.16)

where

νn =
πn

2Θ
(8.17)
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and Iν(·) stands for the modified Bessel function of the first kind. Integration of Green’s

function (8.16) yields the survival probability:

S(t|r0, θ0) =

Θ∫
−Θ

dθ

∞∫
0

dr rW (r, θ, t|r0, θ0)

= 4
∞∑
n=1

1− (−1)n

πn
sin(νn(θ0 + Θ))Rνn

(
r0/
√
D1t

)
,

(8.18)

where

Rν(z) = e−z
2/4

∞∫
0

dxx e−x
2
Iν(xz) =

√
π

8
ze−z

2/8

[
I ν−1

2

(
z2

8

)
+ I ν+1

2

(
z2

8

)]
. (8.19)

This function approaches 1/2 in the limit z → ∞, and behaves as Rν(z) ∝ zν when

z → 0.

Taking the time derivative of the survival probability and multiplying by −1, one

finds the FETD:

F (t) ≡ F (t|r0, θ0) =
2r0√
D1 t3/2

∞∑
n=1

1− (−1)n

πn
sin(νn(θ0 + Θ))R′νn

(
r0√
D1t

)
, (8.20)

where

R′ν(z) =

√
π ν

8
e−z

2/8

[
I ν−1

2

(
z2

8

)
− I ν+1

2

(
z2

8

)]
. (8.21)

As discussed in Ref. [194], the survival probability decays at long times as

S(t) ∼ (r0/
√
D1t)

π/(2Θ) ∝ t−π/(4Θ) (t→∞), (8.22)

implying that the FETD decays as F (t) ∝ t−π/(4Θ)−1. As expected, the long-time decay

of both S(t) and F (t) is faster than in the free boundary case, where S(t) ∝ t−1/2 and

F (t) ∝ t−3/2 at long times, given that Θ < π/2 by definition -see Eq. (8.11)-.

The short-time behavior of these quantities has been much less studied in literature

than the long-time behavior. This is probably because at short times, the influence of

the reflecting boundary condition on the survival probability represents a weak pertur-

bation of the free solution. However, characterizing the onset of this perturbation in

detail is a matter of interest. A peculiarity of this problem is that the computation of
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the short-time behavior cannot be simply carried out by replacing the modified Bessel

functions Iν(z) with limiting for as z → 0,

Iν(z) ∼ zν

2Γ(1 + ν)
, (8.23)

in Eq. (8.18), since proceeding in such a way leads to a divergent series.

In a recent work addressing the diffusion of a random walker in a two-dimensional

wedge with absorbing boundaries [195], Chupeau et al. suggested to replace the series

representation (8.18) by another one in terms of complementary error functions. In this

new representation, the coefficients of the spectral decomposition are defined in terms

of an integral remainder. Fortunately, this integral is known for certain specific values

of D2/D1 [196]. In particular, for the case of identical diffusivities, one finds

S(t|r0, θ0,Θ = π/4) = erf
(√

2z sinϕ0

)
erf
(√

2z cosϕ0

)
, (8.24)

where ϕ0 = θ0 + Θ and z = r2
0/(8D1t). Equivalently, in terms of the initial positions,

S(t|x1, x2, D2 = D1) = erf

(
x1 − x2√

8D1t

)
erf

(
x1 + x2√

8D1t

)
= Sfree(t|x1, x2, D2 = D1)

[
1− erfc

(
x1 + x2√

8D1t

)]
.

(8.25)

One also finds a closed expression for S(t) in terms of error functions for the case

D2 = 3D1, i.e., Θ = π/6,

S(t|x1, x2, D2 = 3D1) = erf

(
x1 − x2√

16D1t

)
+ erf

(
x1 + x2√

16D1t

)
− erf

(
x1√
4D1t

)
= Sfree(t|x1, x2, D2 = 3D1) + erf

(
x1 + x2√

16D1t

)
− erf

(
x1√
4D1t

)
.

(8.26)

8.2.1 Comparison with the free case

In this subsection we discuss how the survival probability and the FETD deviate from

their counterparts in the no boundary case. To do so, we pay special attention to the

short-time behavior of S(t) and F (t).

The quantity δS(t) ≡ Sfree(t|x1, x2) − S(t|x1, x2) is ≥ 0 at any time t, as the

boundary favors the particle encounter. The equality δS(t) = 0 holds when t = 0 and
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when t → ∞. There exists a time t? where δS reaches a maximum, i.e., the function

δS increases in time up to a time t?, and decreases from then on. This time t? is the

solution of the equation F (t?|x1, x2) = Ffree(t?|x1, x2). In general, this quantity must

be computed numerically.

A special case where one obtains an analytical expression for t? is the case of equal

diffusivities with x2 = 0. In this case, the survival probability reads

S(t|x1 = δx, x2 = 0, D2 = D1) =

[
erf

(
δx√
8D1t

)]2

= S2
free(t|x1 = δx, x2 = 0, D2 = D1),

(8.27)

where δx = x1 − x2. Thus, the time tζ for which the survival probability is just a

fraction 0 < ζ < 1 of the free solution is simply

tζ =
(δx)2

8D1 [erf−1(ζ)]2
. (8.28)

Deriving Eq. (8.27) with respect to time, one finds t? = t1/2.

Next, we discuss the behavior of the FETD. In the free case, this function reaches

a maximum at tfree = (δx)2/[6(D1 +D2)]. On the half-line, F (t) also has a maximum

at some time tHL. Both curves cross at t?.

In many situations, especially when the particles are sufficiently far from the bound-

ary, one finds tHL > tfree. However, when the second particle is close to the reflecting

point, it is possible to find tHL < tfree. In this situation, the difference tfree− tHL can be

nonnegligible when D1 and D2 are comparable. For example, for the case x2 = 0 and

D2 = D1, we can prove that tHL < tfree, regardless of the initial separation δx and of the

diffusion constant D1. According to Eq. 8.27, the FETD is equal to F (t) = 2SfreeFfree.

Therefore,
dFfree

dt

∣∣∣∣
t=tHL

=
F 2

free(tHL)

Sfree(tHL)
> 0 . (8.29)

This equation implies that Ffree(t) should be an increasing function at time tHL. In

other words, the maximum of Ffree is then found at some time, tfree, later than tHL.

The FETD is plotted for four different situations in Fig. 8.2. In all of them, we

use the same values of D1 + D2 = 11 and δx = 500. In three of the four cases, the

particles start sufficiently far from the boundary to get tHL > tfree. Within these three

cases, one finds that the smaller D1 is, the larger tHL gets. The FETD gets closer
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Figure 8.2: FETD for two diffusing particles on a half-line, whose initial separation is
δx = 500. We plot four different cases for which D1+D2 = 11. The solid curve that reaches
a higher maximum corresponds to the case where the particles have the same diffusivity
(D1 = D2 = 11/2), and one of them is placed just at the boundary at t = 0. In the three
other cases, x1 = 650 and x2 = 150. The diffusivities are (D1, D2) = (1, 10), (11/2, 11/2),
and (10, 1). The solid lines are analytical solutions given by Eq. (8.18). The symbols
represent simulation results with 106 runs. The dashed line shows the solution in the no
boundary case, Eq. (8.6).

to Ffree as D2 becomes small. Intuitively, this can be explained by the fact that, in

most statistical realizations, the first-encounter takes place before particle 1 hits the

reflecting boundary. Additionally, we also plot in Fig. 8.2 the FETD for the case with

x2 = 0 and D1 = D2 = 11/2. As expected, one observes that tHL < tfree. A comparison

with simulation results is also provided. The agreement is excellent.

We close this subsection with a brief description of how the boundary modifies the

early-time behavior of the survival probability with respect to Sfree. In the case of an

obtuse wedge Θ > π/4 (i.e., D1 > D2), the free solution is a good approximation up

to relatively long times (see Fig. 8.3). In contrast, for an acute wedge Θ < π/4 (i.e.,

D1 < D2), the time window where the free solution is an acceptable approximation is

significantly shorter. The accuracy of the free approximation progressively deteriorates

as Θ decreases. If D2 is not too large, say π/10 < Θ ≤ π/6, the survival probability

can be approximated by [176]

S(t|x1, x2, D2, D1) ≈ Sfree(t)− erfc

(
x1 + x2

2
√

(D1 +D2)t

)
(8.30)

at short times. In Fig. 8.3 we find a time range where this approximation is better
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Figure 8.3: Survival probability for two diffusing particles on a half-line. The particles’
initial positions are x1 = 250 and x2 = 100. We plot two solid curves for which D1 = 5
and D2 = 1, and D1 = 1 and D2 = 5. The respective values of the wedge angle for
these two curves are Θ = atan(

√
5) ' 1.15 and Θ = atan(1/

√
5) ' 0.42. The exact

solutions are given by Eq. (8.18). The dashed line represents the survival probability
for the no boundary case -see Eq. (8.6)-. The dotted line corresponds to the early-time
approximation for π/10 < Θ < π/6, given by Eq. (8.30). The symbols represent simulation
results obtained with 106 runs.

than the free approximation, for Θ = atan(1/
√

5) ' 0.42. However, we should note

that Eq. (8.30) becomes unphysical (negative) at sufficiently long times.

8.2.2 Moments of the FETD

In this subsection we compute the moments of the FETD by means of the exact expres-

sion for the survival probability (8.18) and Eq. (8.4). We will see that the behavior of

the moments is determined by the value of Θ. In particular, when Θ ≥ π/4 or, equiv-

alently, D1 ≥ D2, the MFET is still infinite, as it can be inferred from the long-time

behavior of S(t) given by Eq. (8.22). In contrast, when D1 < D2, the MFET becomes

finite. This leads to an interesting physical interpretation. If the second particle dif-

fuses faster than the first one, the first particle cannot efficiently “escape” from the

second one, leading to a finite MFET. Otherwise, i.e., when D1 ≥ D2, the first particle

can perform very long excursions and an encounter may never take place.

When D1 < D2, or equivalently, Θ < π/4, the MFET is

〈T 〉 = 4

∞∑
n=1

1− (−1)n

πn
sin(νn(θ0 + Θ))

∞∫
0

dtRνn

(
r0√
D1t

.

)
(8.31)
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Note that the remaining integral only converges when νn ≥ 2, what is compatible with

the fact that 0 < Θ < π/4 and n = 1, 2, 3 . . . -see Eq. (8.17)-. In this case,

∞∫
0

dtRνn

(
r0√
D1t

.

)
=

√
2π

32

r2
0

D1

∞∫
0

dz

z3/2
e−z

[
I νn−1

2
(z) + I νn+1

2
(z)
]

=
r2

0

2D1(ν2
n − 4)

.

(8.32)

Thus, the MFET is expressed as

〈T 〉 =
2r2

0

D1

∞∑
n=1

1− (−1)n

πn(ν2
n − 4)

sin(νn(θ0 + Θ)) (8.33)

when Θ < π/4.

The above series representation can be simplified by applying the property [176]

∞∑
n=1

(1− (−1)n) sin(πnx)

πn(z2 − π2n2)
=

sin(z)− sin(zx)− sin(z(1− x))

2z2 sin(z)
, (8.34)

which yields

〈T 〉 =
r2

0

4D1

(
cos(2θ0)

cos(2Θ)
− 1

)
. (8.35)

By means of the trigonometric relation

cos(2θ) =
1− tan2(θ)

1 + tan2(θ)
(8.36)

and Eqs. (8.11) and (8.12), one obtains the simple formula

〈T 〉 =
x2

1 − x2
2

2(D2 −D1)
=

(δx)(2x1 − δx)

2(D2 −D1)
. (8.37)

An important point is that Eq. (8.37) also provides the expected value of the lifetime

T of a diffusing particle with diffusivity D2 −D1 and initial position x2, which reacts

with a static target at x1, and finds a reflecting boundary at 0 [194]. However, this

problem is not equivalent at all to the first-encounter problem of two diffusing particles

on a half-line with D2 > D1, since neither the survival probability nor the FETD

are equal [176]. This discrepancy comes from the fact that, in the problem with two

diffusing particles, the position of the second one (starting at x2 ∈ (0, x1)) is restricted

to the values x2(t) ∈ (0, x1(t)), but the motion of the first particle is only restricted
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by the second particle, and so x1(t) can become arbitrarily large. However, in the

problem with the static target, the first particle does not move, and the second particle

is always confined to the same initial interval, i.e., x2(t) ∈ (0, x1). In what follows,

we compute the higher-order moments of the FETD for the half-line, and discuss the

differences with respect to the aforementioned problem of a fixed target, at the level of

the variance of the FET.

The long-time decay of the survival probability given by Eq. (8.22), together with

the definition of the mth-order moment in Eq. (8.4), imply that the mth-order moment

exists when Θ < π/(4m). Hence, the smaller the ratio D1/D2, the larger the number

of finite moments, which reflects the fact that particle 1 “catches” particle 2 more

efficiently when the diffusivity of the latter decreases.

When the mth-order moment exists, it can be obtained by integration:

〈T m〉 = 4m

∞∑
n=1

1− (−1)n

πn
sin(νn(θ0 + Θ))

∞∫
0

dt tm−1Rνn

(
r0√
D1t

)
=

= 2m

(
r2

0

D1

)m ∞∑
n=1

1− (−1)n

πn
sin(νn(θ0 + Θ)) %m(νn),

(8.38)

where

%m(ν) =

√
2π

23m+1

∞∫
0

dz

zm+1/2
e−z

[
I ν+1

2
(z) + I ν−1

2
(z)
]
. (8.39)

When m is an integer number, one can use the Laplace transform [114]

L [tµ Iν(at)] (s) =
aνΓ(µ+ ν + 1)

2νsµ+ν+1Γ(ν + 1)
2F 1

(
µ+ ν + 1

2
,
µ+ ν + 2

2
; ν + 1;

a2

s2

)
(8.40)

to compute the integral defining Eq. (8.39)

%m(ν) = (m− 1)!

m∏
j=1

1

ν2 − (2j)2
. (8.41)

Hence,

〈T m〉 = 2(m!)

(
r2

0

D1

)m ∞∑
n=1

1− (−1)n

πn
sin(νn(θ0 + Θ))

m∏
j=1

1

ν2
n − (2j)2

. (8.42)

Next, we provide an exact expression for the second-order moment. Taking m = 2
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in Eq. (8.42), and using once again the identity (8.34), one obtains

〈T 2〉 = − r2
0

6D1
〈T 〉+

3

8

(
r2

0

6D1

)2 [
cos(4θ0)

cos(4Θ)
− 1

]
. (8.43)

In terms of the initial positions, the second moment reads

〈T 2〉 =
(x2

1 − x2
2)(5x2

1D2 + 5x2
2D1 − x2

1D1 − x2
2D2)

12(D2 −D1)(D2
1 +D2

2 − 6D1D2)
. (8.44)

The variance then is

Σ2
T = 〈T 2〉 − 〈T 〉2 =

x4
1 − x4

2

6(D2 −D1)2

6(x2
1 − x2

2)D1D2 + (x2
1 + x2

2)(D2
2 −D2

1)

(x2
1 + x2

2)(D2
1 +D2

2 − 6D1D2)
. (8.45)

Recall that the variance is well-defined for Θ < π/8, which implies that the ratio

D1/D2 < 3 − 2
√

2 ≈ 0.1716. This value is precisely one of the roots of the quadratic

polynomial in the denominator of Eq. (8.45), and so the variance diverges when D1/D2

approaches this value. However, the MFET remains finite, since D1 < D2.

As anticipated, the variance obtained in Eq. (8.45) deviates from that of the case

of a Brownian particle with effective diffusivity D2 −D1 that diffuses towards a fixed

target at x2 with a starting position x1, in the presence of a reflecting boundary at

x = 0,

Σ2
T ,eff =

x4
1 − x4

2

6(D2 −D1)2
. (8.46)

Comparing Eq. (8.45) with Eq. (8.46), one sees that the variance Σ2
T can be written as

Σ2
T = Σ2

T ,eff Σ2
T ,corr

(
x2

x1
,
D2

D1

)
, (8.47)

where the correction factor, Σ2
T ,corr, reads

Σ2
T ,corr (x,η) = 1− 2

[
1− 6η+ x2

(1 + x2)(1− 6η+ η2)

]
(8.48)

for 0 ≤ x ≤ 1 and η > η0 = 1/(3 − 2
√

2) ≈ 5.8284. The correction factor is Σ2
T ,corr =

1 when η → ∞, implying that the two considered first-encounter problems become

increasingly similar when D2 � D1, i.e., the first particle is practically “at rest” in

comparison with the motion of the second particle. In addition, Σ2
T ,corr (x,η) is a

decreasing function for any η > η0, which implies that Σ2
T is always greater than
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Σ2
T ,eff. This result is quite expected, since both particles may travel over very long

distances before encounter. We also note that the dependence of the correction factor

on the initial positions is rather weak.

8.3 First-encounter time on an interval with reflecting

boundaries

In this section we study the first-encounter time for the case of two particles diffusing

on an interval of length L, Ω = (0, L). As in the previous sections, the particles are

located at the points x1 and x2, with x2 ≥ x1. The survival probability of this problem,

S(t|x1, x2), is the same as for a pointlike particle diffusing on the square (0, L)×(0, L)

with reflecting edges and absorbing diagonal, or identically, an isosceles right triangle

with reflecting sides and absorbing hypothenuse.

As Ω is bounded, the eigenfunctions of the linear operator D1∂
2/∂x2

1
+ D2∂

2/∂x2
2

form a complete basis in the space of square-integrable functions on Ω×Ω. According

to Eq. (8.2), this implies that the survival probability admits a spectral decomposition,

i.e., it can be expanded in an infinite sum of exponential functions in time (with negative

exponent). Thus,

S(t|x1, x2) ∝ exp(−t/T) (t→∞), (8.49)

where the decay time T is, in general, a function of D1 and D2.

In what follows, we will discuss separately the cases with D1 = D2 and D1 6= D2. In

Sec. 8.3.1 we will provide the exact solution for the survival probability when D1 = D2,

and then obtain the FETD and its moments. The case of different diffusivities will be

dealt with in Sec. 8.3.2. We will evaluate the asymptotic behavior of the MFET when

D1 � D2, and estimate the decay time T.

8.3.1 Equal diffusivities

The eigenfunctions of the Laplace operator D1

[
∂2/∂x2

1
+ ∂2/∂x2

2

]
for the isosceles right

triangle can be obtained by antisymmetrizing the eigenfunctions for the square,

un1,n2(x1, x2) = cn1,n2

[
cos
(πn1x1

L

)
cos
(πn2x2

L

)
− cos

(πn2x1

L

)
cos
(πn1x2

L

)]
,

(8.50)
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with 0 6= n1 6= n2, and

cn1n2 =
2

L

1√
(1 + δn10)(1 + δn20)

. (8.51)

As this set of eigenfunctions is complete [197–199], the survival probability admits the

spectral expansion

S(t|x1, x2) =
∞∑

n1=0

∞∑
n2>n1

bn1,n2 un1,n2(x1, x2) e−D1tλn1,n2 , (8.52)

where the eigenvalues of the Laplace operator are

λn1,n2 =
(n2

1 + n2
2)π2

L2
, (8.53)

and the coefficients

bn1,n2 =

∫
Ω

dx1 dx2 un1,n2(x1, x2) =
2L2cn1,n2 [1− (−1)n1+n2 ]

π2(n2
2 − n2

1)
. (8.54)

At long times, the survival probability decays as

S(t|x1, x2) ∼ 8

π2

[
cos
(πx2

L

)
− cos

(πx1

L

)]
e−t/T . (8.55)

The decay time is

T ≡ T(D1, D1) =
1

D1λ0,1
=

L2

π2D1
. (8.56)

This long-time behavior is just a particular case of a more general result obtained by

Bray and Winkler in Ref. [180] for the survival probability of N vicious walkers on an

interval with reflecting boundaries. In our case, one sets N = 2.

In Fig. 8.4 we represent the survival probability of two diffusing particles of diffu-

sivity D1 = 1/2 on an interval of length L = 200 for three different initial conditions,

x1 = 125, 175, and 199, and δx = x1 − x2 = 50. We compare these three curves with

the corresponding solution for the no boundary case, Sfree(t). We see that, in the case

where the “center of mass” of the two particles is initially located at L/2 (x1 = 125

and x2 = 75), the time window during which Sfree(t) is an excellent short-time approx-

imation is relatively large. The exact solutions of S(t), given by Eq. (8.52), are also

compared with simulation results. The agreement is excellent.
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Figure 8.4: Survival probability for two Brownian particles of equal diffusivities D1 =
D2 = 1/2 on an interval of length L = 200. We consider three cases where the particles
start diffusing at {x1, x2} = {125, 75}, {175, 125}, and {199, 149}. The solid lines represent
the exact solutions given by Eq. (8.52). Symbols represent simulation results obtained
with 106 runs. The dashed line represents the solution for the no boundary case, Eq. (8.6),
where D1 +D2 = 1 and x2 − x1 = 50.

The FETD is computed from Eqs. (8.3) and (8.52). One obtains

F (t|x1, x2) = D1

∞∑
n1=0

∞∑
n2>n1

bn1,n2 λn1,n2 un1,n2(x1, x2) e−D1tλn1,n2 . (8.57)

This expression is validated by the simulation results displayed in Fig. 8.5. In this

figure, we represent the same three cases as in Fig. 8.4, that is, x1 = 125, 175, and

199, and δx = x1 − x2 = 50. For a given value of δx, one see that the encounter

probability at relatively short times (say, at times much earlier than the typical time

when S(t) starts to closely follow the asymptotic behavior described by Eq. (8.55)) is

comparatively large when one of the two particles starts very close to one of the interval

endpoints (see the curve with x1 = 199 in Fig. 8.5). In this case, the FETD experiences

a faster decay at long times. Indeed, the long-time decay of the FETD is given by

F (t|x1, x2 = x1 − δx) ∼ 8D1

L2

[
cos

(
π(x1 − δx)

L

)
− cos

(πx1

L

)]
e−t/T

≡ Casym(x1) e−t/T .

(8.58)

The function Casym(x1), defined for x1 ∈ (δx, L), takes a minimum value when x1 = L

or x1 = δx. The value of Casym(x1) increases as the “center of mass” of the particles (at
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Figure 8.5: FETD for two Brownian particles of equal diffusivities D1 = D2 = 1/2 on
an interval of length L = 200. We represent three cases where the initial particle positions
are {x1, x2} = {125, 75}, {175, 125}, and {199, 149}. The solid lines represent the exact
solutions given by Eq. (8.57). The symbols correspond to simulation results obtained with
106 runs.

t = 0), (x1 + x2)/2, gets closer to L/2. The maximum value of Casym(x1) is obtained

for x1 = (L+ δx)/2. This is the case for which x1 = 125 and x2 = 75 in Fig. 8.5.

The moments of the FETD can be computed from Eq. (8.78),

〈T m〉 = m!

∞∑
n1=0

∞∑
n2>n1

bn1,n2

(D1λn1,n2)m
un1,n2(x1, x2). (8.59)

For the MFET (m = 1), a simplification of the double sum is given in Refs. [176, 200].

This yields

〈T 〉 =
(x1 − x2)[L− (x1 − x2)/2]

2D1

− L2

D1

∞∑
k=0

sin
(π(k+1/2)(x1−x2)

L

)
π3(k + 1/2)3

sinh
(π(k+1/2)(x1+x2)

L

)
+ sinh

(π(k+1/2)(2L−x1−x2)
L

)
sinh(π(2k + 1))

.

(8.60)

However, as is typical for first-passage problems, fluctuations in the values of T
may be enormous [201]. From Eqs. (8.59) and (8.60) one can compute numerically the

standard deviation in the first-encounter time ΣT =
√
〈T 2〉 − 〈T 〉2, and then compare

with the MFET. In Fig. (8.6) we represent the “dimensionless” MFET, D1〈T 〉/L2, and

the “dimensionless” standard deviation, D1ΣT /L
2, for different sets of initial positions,
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Figure 8.6: Normalized MFET, D1〈T 〉/L2, (solid lines) and standard deviation,
D1ΣT /L

2, (dashed lines) versus the initial position of the left particle for several ini-
tial positions of the right particle. The symbols represent simulation results obtained by
performing 106 runs with L = 1000 and D1 = D2 = 1/2. Black symbols represent the nor-
malized MFET, whereas unfilled symbols correspond to the normalized standard deviation.
This figure is very similar to Fig. 3 in Ref. [176].

x1 and x2. We see that both quantities are of the same order. The standard deviation

is larger than the mean when both particles start in the same half of the interval. The

dependence of the ratio ΣT /〈T 〉 on the initial positions is shown in more detail in

Fig. (8.7).

8.3.2 Unequal diffusivities

The original first-encounter problem of two particles with diffusivities D1 and D2 on an

interval of length L can be mapped to a single-particle random walk on a isosceles right

triangle with reflecting edges and absorbing hypothenuse. However, when D1 6= D2, the

random motion on this domain is not isotropic. As done for the half-line in Sec. 8.2, here

we can also apply a suitable coordinate transformation to find a new two-dimensional

domain in which diffusion gets isotropic. In terms of the new variables, z1 = x1 and

z2 = x2

√
D1/D2, our domain Ω is a scalene right triangle with base L1 = L and height

L2 = L
√
D1/D2. The random walker is reflected on the two edges of length L1 and

L2, whereas the hypothenuse is absorbing.

Unfortunately, the eigenvalues and eigenfunctions of the Laplace operator
[
∂2/∂z2

1
+

∂2/∂z2
2

]
are not known for arbitrary right triangles. Thus, in the present case D1 6= D2
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Figure 8.7: Contour plot of ΣT /〈T 〉 on plane x1–x2 of initial positions. Each contour
line corresponds to a fixed value of ΣT /〈T 〉 given as a label. This figure is similar to Fig. 4
in Ref. [176].

it is not possible to find an exact expression for the survival probability as we did for

the case of equal diffusivities (cf. Eq. (8.52)). However, approximate results for the

MFET and for the decay time T can be obtained when ε2 = D2/D1 � 1, as we will

show in the next subsections.

Mean First-Encounter Time

In Ref. [184], Tzou et al. estimated the MFET for the present case of two particles

diffusing on an interval. When the second particle diffuses very slowly, ε2 � 1, they

observed that the MFET is greater than in case where the second particle remains at

rest (D2 = 0). However, this is no longer true when D2 becomes sufficiently large. In

the limit ε2 � 1, they also obtained an asymptotic solution of Eq. (8.5), namely,

D1〈T 〉
L2

= uo(x̄1, x̄2, ε) + εV1(x̄1, x̄2/ε) + ε2V2(x̄1, x̄2/ε), (8.61)

where

uo(x̄1, x̄2, ε) =
(
1 + ε2

)(
x̄1 − x̄2 −

x̄2
1

2
+
x̄2

2

2

)
(8.62)
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is the outer solution, and we have introduced the quantities

V1(x, ζ) = −
∞∑
n=0

2

α2
n

e−αnζ sin(αnx), (8.63a)

V2(x, ζ) =

∫ ∞
0

dω
C[f ](ω)

cosh(2πω)
cosh [2πω(x− 1)] cos(2πωζ), (8.63b)

In the above expressions, we have used the notation αn = (n+ 1/2)π, x̄ = x/L, and

f(ζ) = 2ζ
∞∑
n=0

e−αnζ

α2
n

. (8.64)

The operator C[f ](ω) is the Fourier cosine transform of the function f(ζ) defined in

Eq. (8.64),

C[f ](ω) = 4

∫ ∞
0

dζ f(ω) cos(2πωζ). (8.65)

It is worth noting that in the limit D2 → 0 (or, equivalently, ε→ 0), Eq. (8.61) can

be written as

〈T 〉 =
2L(x1 − x2)− x2

1 + x2
2

2D1
, (8.66)

which is precisely the MFET for a Brownian particle with diffusivity D1 and starting

position x1 inside an interval with an absorbing endpoint at x2 and a reflecting one at

L. Note that this is the diffusive system that we already addressed in the discussion

following Eq. (8.37), but from the point of view of the first particle.

Finally, let us discuss the accuracy of Eq. (8.61), an aspect which was not addressed

in Ref. [184]. Specifically, in Fig. 8.8 we show a numerical evaluation of the asymptotic

expression (8.61), and a comparison with simulation results. One sees that the agree-

ment is excellent for extremely small values of ε2. We also see that Eq. (8.61) is also

a really good approximation for the MFET in a certain range where both diffusivities

are comparable. The range of validity of Eq. (8.61) is larger when both particles start

close to the endpoint at L.

Decay time

In this section, we compute the decay time T(D1, D2) in the limiting case of one slowly

diffusing particle, D2 � D1. This decay time is determined by the smallest eigenvalue
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Figure 8.8: Scaled MFET, D1〈T 〉/L2, vs ε2 = D2/D1 (with D1 = 0.5) for {x1/L =
0.75, x2/L = 0.25} (triangles, L = 500), {x1/L = 0.75, x2/L = 0.5} (circles, L = 500)
and {x1/L = 0.9, x2/L = 0.7} (squares, L = 1000). The symbols represent simulation
results from 106 runs. The dotted line is the outer solution (8.62), the dashed line is the
asymptotic solution (8.61) when only one term is retained in the infinite series, whereas
the solid line is this same solution with the first ten terms retained. This figure is very
similar to Fig. 5 in Ref. [176].

of the Laplace operator for the corresponding right triangle to which we map the first-

encounter problem. We denote this eigenvalue by λmin. One has

T(D1, D2) =
1

D1λmin(D1, D2)
. (8.67)

As anticipated, the diffusion of two vicious walkers on an interval of length L is

equivalent to a single random walk on a right triangle. When the particles have dif-

ferent diffusion coefficients, the right triangle has two legs of length L1 = L and L2 =

L
√
D1/D2, and its hypothenuse has the length ` =

√
L2

1 + L2
2 = L

√
(1 +D1/D2). We

will also call Θ = atan(L2/L1) = atan(
√
D1/D2) the angle formed by the two legs, and

the complementary angle will be denoted by Θ0 = (π/2)−Θ.

In the case of strongly elongated right triangles, L1 � L2, one can obtain an

asymptotic expression for the smallest eigenvalue of the Laplace operator [202], namely,

λmin '
4π2

`2Θ2
0

(
1− 42/3a′1

π2/3
Θ

2/3
0 +O(Θ

4/3
0 )

)
(8.68)

where a′1 ' −1.0188 is the first zero of the derivative of the Airy function. Eq. (8.68)
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can be written in terms of the interval length and the particle diffusivities as follows

λmin '
π2

4L2(1 +D2/D1)

D2/D1

atan2(
√
D2/D1)

[
1− 24/3a′1

π2/3
atan2/3(

√
D2/D1) + . . .

]
.

(8.69)

According to Eq. (8.67), the decay time reads

T(D1, D2) ' 4L2

π2D1

(D1 +D2) atan2(
√
D2/D1)

D2

[
1 +

24/3a′1
π2/3

atan2/3(
√
D2/D1) + . . .

]
.

(8.70)

In the limit D2 → 0, the decay time approaches a constant,

T(D1, 0
+) =

4L2

π2D1
. (8.71)

Interestingly, this limit differs from the result T(D1, 0) = 4(L − x2)2/(π2D1) obtained

in the case where the second particle remains fixed at x2. In other words, the limit

D2 → 0 is singular, i.e.,

lim
D2→0

T(D1, D2) = T(D1, 0
+) 6= T(D1, 0). (8.72)

This result reflects the fact that when D2 is very small but finite, the range of possible

positions for the first particle extends over the whole interval, since the second particle

can get arbitrarily close to the endpoint at x = 0; in contrast, in the case D2 = 0 the

difffusive motion of particle 1 is restricted to an interval of length L−x2. Besides, when

D2 6= 0, the memory of the initial position x2 of the slow particle is lost in the long-time

limit, implying that x2 does not influence the timescale of the slowest decaying mode.

This is the reason why the decay time T(D1, D2) is considerably different from the

MFET which, as shown in Fig. 8.8, depends on the initial positions of both particles,

x1 and x2, .

8.4 First-encounter time in a one-dimensional growing

domain

In this section we first derive the diffusion equation for the survival probability of two

vicious walkers on a uniformly growing domain. The resulting equation will be applied
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to obtain the first-encounter time in this domain. The FETD and its moments then

follow from the survival probability, as shown in Eq. (8.3), Sec. 8.1. As a result of the

domain growth, we will see that the moments of the FETD can become infinite.

The position of a random walker on the (one-dimensional) growing domain can be

expressed in comoving coordinates. The comoving PDF W (x, t|x0) gives the probability

of finding a particle with starting position x0 in the vicinity of the comoving coordinate

x at time t. In Sec. 1.3 we showed that the easiest way to compute W (x, t|x0), is

to first obtain the PDF for the same problem in a static domain, and then perform

the replacement t → T2(t) in the resulting expression, where T2(t) is the Brownian

conformal time defined in Eq. (1.23).

The phenomenology of the first-encounter process considered here follows from the

behavior of the (comoving) joint PDF WJ(x′1, x
′
2, t|x1, x2). The product WJdx

′
1dx
′
2 is

the probability of finding the first particle inside the interval [x′1, x
′
1 + dx′1], and the

second one inside the interval [x′2+dx′2] at time t, given the respective starting positions

x1 and x2. Because of the statistical independence of the individual particle motions,

the joint PDF factorizes:

WJ(x′1, x
′
2, t) ≡WJ(x′1, x

′
2, t|x1, x2) = W (x′1, t|x1)×W (x′2, t|x2). (8.73)

Let Ω be the expanding domain in which both particles diffuse. This domain can

be either finite or infinite. Let Ω0 be the domain Ω at the initial time. Thus, Ω0 is

the domain in comoving space in which both particles diffuse. The survival probability

S(t) ≡ S(t|x1, x2) associated with the reaction triggered by encounter is

S(t) =

∫
Ω0

dx′1 dx
′
2 WJ(x′1, x

′
2, t) = Sstatic(T2(t)), (8.74)

where Sstatic stands for the survival probability in a static domain Ω0.

Equation (8.74) implies that the survival probability can be obtained by solving the

diffusion equation
∂S

∂T2
= D1

∂2S

∂x2
1

+D2
∂2S

∂x2
2

, (8.75)

or equivalently,
∂S

∂t
=

1

a2(t)

[
D1

∂2S

∂x2
1

+D2
∂2S

∂x2
2

]
. (8.76)



8. First-encounter time of two diffusing particles in static and growing domains. Role
of confinement 221

Following the notation of previous sections, D1 and D2 denote once again the particle

diffusivities.

The FETD follows from Eq. (8.74) as

F (t) = −∂S
∂t

= a−2(t)Fstatic(T2(t)). (8.77)

This function is continuous at any time t < +∞.

An important implication of Eqs. (8.74) and (8.77) is that, in general, the expansion

of the domain changes the decay exponents of the survival probability and the FETD.

As a result of this, the convergence of the moments of the FETD is also affected by the

expansion. According to Eq. (8.77), the integral expressions for the moments of the

FETD are

〈T m〉 =

∫ ∞
0

dt tm a−2(t)Fstatic(T2(t)). (8.78)

Alternatively, the MFET can also be obtained via the formula

〈T 〉 =

∫ ∞
0

dt S(t) =

∫ ∞
0

dt Sstatic(T2(t)) (8.79)

In general, the above integrals must be computed numerically when they converge.

In what follows, we will check Eq. (8.74) with numerical simulations and analyze

the convergence of the moments of the FETD in different one-dimensional settings. In

Sec. 8.4.1 we compute the survival probability of a single particle that reacts with a

static target. This problem is identical with the first-encounter problem for two particles

with free boundary conditions. Sec. 8.4.2 deals with the first-encounter problem on a

half-line with reflecting boundary. Finally, Sec. 8.4.3 addresses the case of particles

with equal diffusivities inside an interval.

8.4.1 The target problem in a uniformly expanding domain

We consider a Brownian particle with diffusivity D and starting position x1. This

particle diffuses on the positive half-line in the presence of an immobile target at x = 0.

The moving particle is assumed to vanish when it hits the target, and we aim to compute

its survival probability. The solution of this problem is simply the solution of Eq. (8.76)

with D1 = D, D2 = 0 and the boundary condition S(t) = 0 at x1 = 0. However, we
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present here a more instructive way to solve this problem. This alternative method

relies on the computation of the PDF W (x, t|x1) for the Brownian particle.

The presence of a static target at the origin implies that W (x, t|x1) must satisfy the

absorbing boundary condition W (0, t|x1) = 0. This PDF can be constructed from the

comoving propagator (solution for the no boundary case) by means of the well-known

method of images. A diffusive pulse starting at x1 is counterbalanced by another

one located at −x1. The second pulse, which takes negative values, compensates the

positive value of the first one, and helps to fulfil the boundary condition for W (x, t|x1)

at the origin. The solution given by the superposition of both pulses is

W (x, t|x1) =
1√

4πDT2(t)

[
exp

(
−(x− x1)2

4DT2(t)

)
− exp

(
−(x+ x1)2

4DT2(t)

)]
. (8.80)

The absorbing boundary implies that W (x, t|x1) is not normalized. The integral

S(t) =

∫ ∞
0

dxW (x, t|x1) = erf

(
x1√

4DT2(t)

)
(8.81)

gives the probability that the Brownian particle has not hit the target up to time t.

As expected, the resulting expression is the same as in a static domain, save for the

replacement t→ T2(t).

Let us consider a sufficiently slow expansion such that T2(t) diverges when t→∞.

In the long-time limit, the survival probability behaves as

S(t) ∼ x1√
πDT2(t)

. (8.82)

According to Eq. (8.79), the MFET can be approxinated by

〈T 〉 ' cons. +

∫ ∞
tasym

dt
x1 t√
πDT2(t)

, (8.83)

where tasym is a time long enough for the asymptotic approximation of the survival

probability to hold. In the static case, the MFET is clearly infinite, since
∫ t

0 du S(u)

increases as
√
t at long times. However, in evolving domains the convergence of the

aforementioned integral in the limit t→∞ depends on the long-time behavior of T2(t).

It is quite obvious that the MFET also diverges in the case of an expanding domain,
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since T2(t) grows more slowly than t. However, we will see shortly that the MFET may

become finite in a contracting domain.

Let us consider the case of a power-law contraction, a(t) = (1 + t/t0)γ with γ < 0.

In this case, the Brownian conformal time T2(t) is proportional to t1−2γ . Using this

asymptotic behavior in Eq. (8.83), one sees that the MFET converges when γ < −1/2.

It is worth noting that it is possible to find a power-law contraction which yields a

finite MFET, but infinite higher-order moments. Indeed, from Eq. (8.78), one has

〈T m〉 ' cons. +
x1√
4πD

∫ ∞
tasym

dt tma−2(t) exp

(
− x2

1

4DT2(t)

)
[T2(t)]−3/2. (8.84)

Replacing T2(t) with its asymptotic form, one finds that the mth-order moment is finite

when γ < 1/2−m.

Next, we consider the case of an exponential contraction, a(t) = exp(Ht) with

H < 0. In contrast with power-law contractions, this type of domain contraction

provides such a fast decay of the FETD, that all their moments become finite. Indeed,

the integral on the r.h.s of Eq. (8.84) is roughly equal to
∫∞
tasym

dt tm exp(Ht)/(2|H|)
for a sufficiently large tasym.

As discussed in Secs. 1.3.1 and 6.2.2, an exponential contraction acts on diffusing

particles in a similar way as a harmonic potential. Ehrhardt et al. studied the Ornstein-

Uhlenbeck process in a semiinfinite domain with absorbing boundary at 0 [203]. They

applied the backward formulation of the FPE described in Ref. [52] to obtain a partial

differential equation for the survival probability [203]

∂S

∂t
= D

∂2S

∂x2
1

− κ

ξ
x1
∂S

∂x1
. (8.85)

The solution is

S(t|x1) = erf

(
x1 exp(−κt/ξ)√

2D [1− exp(−2κt/ξ)] ξ/κ

)
. (8.86)

The formula for the survival probability reduces to Eq. (8.74) if one chooses H = −κ/ξ
and T2(t) = [1 − exp(−2Ht)]/(2H). However, in the derivation of the backward FPE

(8.85) it is assumed that the drift velocity caused by the force field does not depend

explicitly on time. Thus, the method of Ref. [203] is in general not valid for expanding

domains, as it only holds for exponential expansions, where v(y) = Hy.
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Figure 8.9: Survival probability for a Brownian particle (D1 = D = 10) that reacts with
a static target (D2 = 0) in an exponentially contracting domain with H = −10−3. The
Brownian particle is initially located at x1 = 100 at t = 0. The solid line represents the
analytical solution given by Eq. (8.81) (or, alternatively, by Eq. (8.86)) with H ≡ −κ/ξ.
Squares represent simulation results obtained with 106 runs. We also include simulation
results for the survival probability of two identical particles with D1 = D2 = 5 in the no
boundary case (crosses). For this parameter choice, the MFET is 〈T 〉 ' 901.9. In the
simulations, the relative error in this quantity does not exceed 3%.

The expressions for the survival probability, (8.81) or (8.86) are confirmed by the

simulation results shown in Fig. 8.9. In this figure we also plot some simulation data

corresponding to the survival probability for two diffusing particles that annihilate

upon encounter in the case of free boundary conditions. The latter dataset overlaps

with the solution for a static target, as the sum of the particle diffusivities is taken to

be D. In uniformly expanding domains, the two-particle encounter in free space is also

reduced to the encounter of a single particle with an immobile target, as it follows from

Eq. (8.76).

Finally, let us briefly give some results for higher spatial dimensions. The d-

dimensional target problem in a uniformly growing hyperspherical domain was solved

in Ref. [157] for the case where the target radius grows at the same rate as the spatial

domain. More precisely, this problem consists in computing the survival probability of

a pointlike diffusive particle placed at a distance R′0 from the origin, which is chosen

to be the center of the sphere. A hyperspherical impenetrable target of initial radius

R0 < R′0 is centered at the origin. The target radius evolves in time as R(t) = a(t)R0,

where a(t) is precisely the scale factor characterizing the growth of the hypersphere.

Only in this specific situation where R(t) = a(t)R0, the survival probability can be
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computed from the backward Fokker-Planck equation,

∂S

∂T2
(T2|R0, R

′
0) = D

[
1

R′0

∂

∂R′0

(
1

R′0

∂S

∂R′0

)]
. (8.87)

To do so, one must use the initial condition

S(0|R0, R
′
0) = 1, (8.88a)

and the boundary conditions

S(T2|R0, R0) = 0, (8.88b)

and

lim
R′0→∞

S(T2|R0, R
′
0) = 1. (8.88c)

Equations (8.87) and (8.88) are the same as in the corresponding static domains with

the usual replacement T2 → t. Therefore, the relation S(t) = Sstatic(T2(t)) also holds

in higher dimensions.

The survival probability is known in the Laplace space for any dimension d [204].

In one and three-dimensions, the inverse transforms are explicitly known, and one finds

S(t|R0, R
′
0) = 1−

(
R0

R′0

)β
erfc

(
R′0 −R0

2
√
DT2(t)

)
(8.89)

with β = 0 for d = 1 and β = 1 for d = 3.

8.4.2 The expanding half-line

In the static case, the MFET of two random walkers moving on the semipositive half-line

with reflecting endpoint exists when the rightmost particle has the smallest diffusion

constant. When the half-line expands, the particles are drifted away from each other

as they diffuse, and the latter condition is insufficient. Indeed, for sufficiently fast

expansions, an encounter may never happen. Here, we provide a brief discussion about

the existence of the moments of the FETD for different scale factors.

The survival probability in the expanding half-line,

S(t) =

∞∑
n=1

1− (−1)n

πn
sin(νn(θ0 + Θ))Rνn

(
r0√

D1T2(t)

)
, (8.90)
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decays as [T2(t)]−π/(4Θ) at long times. Thus, the FETD can be exactly computed from

Eqs. (8.20) and (8.77). One gets

F (t|r0, θ0) =
2r0a

−2(t)√
D1 [T2(t)]3/2

∞∑
n=1

1− (−1)n

πn
sin(νn(θ0 + Θ))R′νn

(
r0/
√
D1T2(t)

)
.

(8.91)

This function exhibits the asymptotic behavior

F (t) ∼ [T2(t)]−
π

4Θ
−1a−2(t), (8.92)

as t→∞. This decay determines the convergence of the integrals in Eq. (8.78), which

define the moments of the FETD.

We now proceed to characterize in detail the moments of the FETD for different

scale factors, a(t). We start with the case of a power-law expansion, for which a(t) =

(1 + t/t0)γ . In this case, we recall that the Brownian conformal time T2(t) exhibits

different asymptotic behaviors depending on the value of γ. Thus, when γ > 1/2, T2(t)

approaches a constant in the long-limit, which implies that the survival probability

takes a finite final value S(∞) > 0. This value S(∞) depends on the initial condition

and on the particle diffusivities. The moments of the FETD are thus ill-defined. In

contrast, when γ ≤ 1/2, the survival probability vanishes in the limit t→∞. However,

as it already happened in the static case, this is not a sufficient condition to ensure the

finiteness of the moments. A comparison of analytical results for survival probability

with simulation results is found in Fig. 8.10. The agreement is excellent.

The case γ < 1/2 includes slow power-law expansions (γ > 0), the static case

(γ = 0), and power-law contractions (γ < 0). Formally, these subcases can be discussed

in the same manner. Since T2(t) ∼ t1−2γ in all cases, the FETD behaves as F (t) ∼
t−π/(4θ)t−2γ . The mth-order moment can be approximated as

〈T m〉 ≈
∫ ttasym

0
dt tmF (t) + cons.

∫ ∞
ttasym

dt tm−
π

4Θ
(1−2γ)−1 (8.93)

for a sufficiently large value of ttasym. The above integral converges when

Θ <
π

4m
(1− 2γ). (8.94)

Taking γ = 0 in Eq. (8.94), one recovers the condition obtained in the static case,
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Figure 8.10: Survival probability for two Brownian particles on an expanding half-line
with scale factor a(t) = (1 + t/t0)γ . The particles are initially located at x1 = 200 and
x2 = 100. Their diffusivities are D1 = D2 = 1. Solid lines represent the exact solutions as
given by Eq. (8.90) for t0 = 103 and γ = 3/4, 1/2, 1/3, 0, and − 1. Symbols represent
simulation results obtained with 106 runs.

namely, Θ < π/(4m).

Let us discuss the physical implications of the inequality (8.94). We remind the

reader that the wedge angle Θ expresses the ratio between the particle diffusivities, as

D1 = D2[tan(Θ)]2. For m = 1, the MFET is well-defined in the case of a static half-line

when the diffusion constant of the particle closer to the reflecting point, D2, is greater

than D1. The relation (8.94) implies that, on the expanding half-line, particle 2 should

have an extra diffusivity to keep the MFET finite. This additional diffusivity is then

able to counterbalance the increase in the interparticle distance due to the expansion of

the spatial domain. In contrast, for a contracting halfline the MFET can still be finite

for certain values of D2 < D1 (γ < 0). A similar behavior is found for higher-order

moments.

An important point is that the relation (8.94) is restricted to γ < 1/2. When

γ = 1/2, the Brownian conformal time shows a logarithmic behavior. In this case, if one

follows the procedure described above, one finds that the mth-order moment diverges

for any positive integer m. This reflects the weight of long particle trajectories, which

is enhanced by the particle separation induced by growing domain. However, it is still

sure that both particles will sooner or later meet, since here one also has S(∞) = 0.

Having said this, the Brownian expansion (γ = 1/2) is not the slowest expansion

that yields an indeterminate MFET. All the moments of order m > 0 are still infinite for
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slightly slower expansions. For example, when a(t) ∼
√
t/ ln t, the Brownian conformal

time behaves as T2(t) ∼ (ln t)2, which leads to the aforementioned divergence of the

moments.

Finally, let us consider the case of an exponential contraction, a(t) = exp(Ht) with

H < 0. Since T2(t) grows exponentially when H < 0, the moments of the FETD are

finite regardless of the values of D1 and D2. This behavior comes as no surprise, since

it was already observed in the case of free boundary conditions -see Sec. (8.4.1)-.

8.4.3 The expanding interval with reflecting boundaries

In this subsection we will study the first-encounter time of two particles moving with

equal diffusivities inside a growing interval with two reflecting boundaries. Recall that,

in the case of a non-growing interval, both the survival probability and the FETD

exhibit an exponential long-time decay; consequently, the moments of the FETD are

finite. Here we compute the moments of the FETD for a growing interval, and we find

that they may diverge for sufficiently fast expansions. We only consider the case where

the both particles have the same diffusivity D1. The results are compared with those

obtained in Sec. 8.4.2 for the expanding half-line.

When D1 = D2, one finds an exact expression for the survival probability by making

the replacement t→ T2(t) in Eq. (8.52). The survival probability then has the spectral

decomposition

S(t) =
∞∑

n1=0

∞∑
n2>n1

bn1,n2 un1,n2(x1, x2) e−λn1,n2D1T2(t) (8.95)

Using Eq. (8.77), one obtains the exact solution for the FETD:

F (t) = a−2(t)D1

∞∑
n1=0

∞∑
n2>n1

bn1,n2 un1,n2(x1, x2) λn1,n2 e
−λn1,n2D1T2(t). (8.96)

As done in Sec. 8.4.2 for the expanding half-line, we will now analyze the convergence

of the moments using the long-time behavior of F (t) ∼ a−2(t) exp(−T2(t)/T). In the

case of a power-law expansion, a(t) = (1 + t/t0)γ with γ < 1/2, one finds that

F (t) ∼ t−2γ exp

(
− t2γ0

(1− 2γ)T
t1−2γ

)
(8.97)
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for t→∞. This implies that all the moments are finite and can be computed from the

formula

〈T m〉 =

∞∑
n1=0

∞∑
n2>n1

bn1,n2 un1,n2(x1, x2)

×
∫ ∞

0
dt tm

(
1 +

t

t0

)−2γ

exp

(
−λn1,n2D1t0

1− 2γ

[(
1 +

t

t0

)1−2γ

− 1

)]
.

(8.98)

The above integrals can be computed numerically.

The above result reveals an important difference with respect to the case of the

expanding half-line, where the mth-order moment only exists for γ < (1−m)/2 when

D1 = D2 -see the inequality (8.94)-. Moreover, for a slightly underBrownian expansion

characterized by the scale factor a(t) ∼
√
t/(ln t) and the diffusive conformal time

T2(t) ∼ (ln t)2, the moments still remain finite in the present case of an expanding

interval. However, for a half line subject to the same expansion, they are all infinite!

The slowest expansion from which some moments of the FETD can still be infinite

is found to be given by γ = 1/2. For this scale factor, the moments are expressed as

follows:

〈T m〉 =
∞∑

n1=0

∞∑
n2>n1

bn1,n2 un1,n2(x1, x2)

∫ ∞
0

dt tm
(

1 +
t

t0

)−1( t

t0

)−λn1,n2D1t0

.

(8.99)

This implies that the mth-order moment exists when m < t0/T. Recall that t0 sets a

time scale for the expansion to become relevant, whereas T characterizes the long-time

decay S(t) ∼ exp(−t/T)) of the survival probabilty in the corresponding static interval.

When the interval grows at a rate sufficiently faster than
√
t, the moments of the

FETD do not exist, even if the survival probability tends zero in the long-time limit.

In the remainder of this subsection, we discuss the case of very fast expansions leading

to T2(∞) < ∞ and S(∞) > 0. In these situations, the typical comoving distance

traveled by the diffusing particles does not exceed the Brownian horizon, and significant

diffusive particle mixing is not always possible. The final value S(∞) > 0 of the survival

probability is found to explicitly depend on the particles’ initial positions. This memory

effect was already observed in the multiparticle reaction-diffusion systems studied in

Chap. 7.
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Figure 8.11: Survival probability for two Brownian particles with equal diffusivities D1 =
D2 = 1/2 on an expanding interval with initial length L = 200. The expansion rate is
dictated by the scale factor a(t) = exp(Ht) with H = 10−4. The initial positions of the
particles are {x1, x2} = {125, 75}, {175, 125}, and {199, 149}. The solid lines represent
the analytical solutions for these cases -see Eq. (8.95)-. The symbols represent simulation
results obtained with 106 runs. The dashed curves represent the corresponding survival
probabilities in the case of a static interval (a(t) = 1).

In Fig. 8.11 we represent the survival probability for three different initial conditions

in an exponentially growing interval (with exponent H = 10−4). In all three cases, the

initial inter-particle distance is the same. As in the case of a static interval, the survival

probability decreases when both particles get closer to one of the reflecting boundaries.

The survival probability saturates at a time of the order of tH = 1/H = 104. These

results are confirmed by the simulation results shown in the figure.

8.5 Summary and outlook

In this chapter we investigated the effect of confinement on the first-encounter time of

two diffusing particles. In spite of the practical importance of this problem in chemical

physics and related disciplines, a thorough description of the FETD is still lacking.

Here, we considered two one-dimensional settings with reflecting boundaries: the half-

line and the interval. In both cases, we observed that the dependence of both the

survival probability and the FETD on the particles’ diffusivities, D1 and D2 (as well

as on their initial positions, x1 and x2) is significantly more complex than in the no

boundary case. In the latter case, the problem reduces to the FET of a single particle

of diffusion constant D1 +D2 with a static target. Thus, the survival probability and
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the FETD depends only on the sum D1 + D2 and on the initial particle separation

x1 − x2.

For the half-line, we obtained the spectral decomposition of the survival probability

and of the FETD. At long times, the dependence of these quantities on the particles’

diffusivities enters through the wedge angle Θ = tan(
√
D1/D2), where the subscript 2

(1) refers to the closest (farthest) particle to the reflecting point. The survival proba-

bility decays as t−π/(4Θ), which implies that the MFET is only finite when D2 < D1.

Exact expressions for the moments of the FETD are also provided when they exist.

Besides, we discussed the short time behavior of the survival probability, which has

received little attention in literature. The deviations with respect to the no boundary

case were properly quantified for certain values of Θ.

In the case of an interval, we distinguished between the cases of particles with equal

and with different diffusivities. In the first case, the survival probability and FETD

were computed exactly. We also compared the standard deviation of the first-encounter

time with its mean value. We observed that, in general, the ratio ΣT /〈T 〉 depends on

x1 and x2. This quantity may become very large when the particles start very close to

one another.

For unequal diffusivities, we checked against simulation results the asymptotic rela-

tion for the MFET shown in Ref. [184] forD2 � D1, and we provided a novel asymptotic

approximation for the decay time T. We found that T is indeed a function D1 and D2,

and not only of their sum. In the limit D2 → 0, the known value of the decay time for

the case of a static target T(D1, 0) is not recovered, as this limit is singular.

Finally, we studied the above FET problem on one-dimensional growing domains.

As done for static media, we considered the no boundary case, the half-line with reflect-

ing endpoint, and the interval with reflecting boundaries. We proved that the survival

probability is given by the same expression as in the static case, save for the replace-

ment t → T2(t). We then computed the FETD and analyzed the strong implications

of the domain expansion for its moments. In the no boundary case, we found that all

the moments are finite for an exponential domain contraction. For the half-line, the

mth-order moment remains finite for power-law expansions with exponent γ < 1/2,

provided that Θ < (1− 2γ)π/(4m). For an expanding interval, the moments are finite

even for a scale factor of the form a(t) =
√

1 + t/t0, provided that t0 > T. Here, T

stands for the corresponding decay time in the static case.
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A possible extension of our work is the study of the first-encounter time of two

subdiffusive CTRWs under confinement. However, this problem may be very compli-

cated due to the following reason. Our approach for Brownian particles is based on

the fact that, in one-dimension, their motion is equivalent to that of a single Brownian

particle in a properly defined two-dimensional domain. This property no longer holds

for subdiffusive random walks. Finally, another interesting generalization is the study

of the FETD of two particles in d-dimensional settings with d > 1.



Conclusions

In this thesis, we provided a careful analysis of Brownian and anomalous diffusion in

expanding media, including first-encounter processes and diffusion-controlled reactions

between Brownian particles. Let us now summarize our main findings and conclusions,

and also outline possible extensions of our work.

One of the main goals of this thesis was quantifying the influence of the medium

expansion on stochastic processes modeled by decoupled CTRWs. In the case of uni-

formly growing domains, we derived a bifractional FPE for the case where the waiting

time and the jump length PDFs of the random walk exhibit long-tailed behavior. Our

formalism also covers the case of Brownian particles and Lévy flights, for which the

FPE was solved numerically. In the case of time-fractional random walks, i.e., walks

with a heavy-tailed waiting time PDF, the exact analytical form of the propagator was

not accesible, but the behavior was characterized by the expressions for the statistical

moments.

A convenient way of describing diffusion in uniformly expanding media is to choose

a comoving coordinate system. In this coordinate system, the diffusive motion can be

described by a random walk with a time-dependent diffusion constant. In the case

of Lévy flights (including the particular case of Brownian diffusion, where the Lévy

exponent is µ = 2), one can define a new time variable Tµ(t) which allows one to write

the propagator in comoving coordinates in the same form as in the case of a static

medium. This is done by simply replacing the physical time t with Tµ(t).

For sufficiently fast expansions, the new time variable Tµ(t) tends to a finite value in

the long time limit, and this implies a drastic change of the random walk properties with

respect to the case of a static medium. In such fast growing domains, the stochastic

motion is negligible with respect to the deterministic particle drift induced by the

medium expansion. In this case, the comoving propagator W (x, t) reaches a stationary

233
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profile in the limit t → ∞. In the opposite case of sufficiently slow expansions, Tµ(t)

diverges in the long-time limit, as a result of which the propagator W (x, t) spreads over

the full real line, but at a different speed as in a static medium.

In time-fractional random walks, the transport statistics is substantially more af-

fected by a uniform medium expansion than in the case of normal diffusion or Lévy

flights. The domain expansion modifies the functional form of the propagator, and

the behavior of the second moment in particular. For example, in the case of an ex-

ponentially contracting domain, the propagator in physical coordinates approaches a

Dirac delta function at long times. We also observed that for uniformly expanding

(contracting) media, the kurtosis of the propagator decreases (increases) in time. In

static media, this quantity is stationary.

We also obtained some results for the case of nonuniform expansions. In the case

of Brownian diffusion, we developed an iterative method to evaluate the statistical

moments in the short-times regime. Additionally, we obtained the propagator by means

of a numerical method, and concluded that it is no longer a Gaussian function. These

results were then extended to the case of time-fractional random walks.

Next, we studied diffusive processes in uniformly expanding media when an external

force is at play. In the case of Brownian particles, the force field introduces an additional

advective term in the Langevin equation describing the evolution in physical space. In

the case of a constant force, the comoving propagator in the zero-force case is simply

shifted by a factor vT1(t), where v is the velocity field induced by the drag force and

T1(t) is the conformal time. More intriguing is the case of a Hookean force, whose

action on the diffusing particles is similar to that of an exponential contraction. As a

result of this, for a proper parameter choice. the effect of the restoring force can be

exactly counterbalanced by an exponential growth of the spatial domain.

As we saw, the effect of external forces on time-fractional random walks depends

strongly on the specific modeling of the interaction. Forces that act continuously in

time induce a velocity field, v, whereas forces that are only at play at the time of a

jump induce a left-right bias of the random walk. In the first case, the results are qual-

itatively similar to the case of normal diffusion, but the derivation of the corresponding

FDAE is far from trivial. The form of the FDAE cannot be easily guessed and involves

so-called fractional material derivatives. In contrast, when the external force induces

a left-right bias at the level of the jump length PDF, the nonsymmetric propagator
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increasingly deviates from a Gaussian form as a result of the medium expansion. An-

other consequence of the latter is the violation of the Einstein relation. Finally, we

also considered the particular case where the biasing force is Hookean. In this particu-

lar implementation of the fractional Ornstein-Uhlenbeck process in a growing domain,

the aging of the subdiffusive walkers entails that the domain growth may become the

dominant transport mechanism in the long time regime.

The results we have summarized so far concern individual particles. However, they

already anticipate that the mixing properties of two or more diffusing particles will

also be strongly affected by the expansion of the embedding medium. This is already

evident from the fact that the increasing separation between two physical points induced

by the medium expansion clearly hinders the diffusive mixing of a pair of walkers.

Furthermore, for a sufficiently fast medium expansion, there is a finite probability that

the overlap of two diffusing pulses will remain negligible after an arbitrarily long time.

Clearly, this must have important consequences for the kinetics of encounter-controlled

binary reactions.

In this thesis, we quantified these consequences for the case where the reacting

particles are Brownian and evolve in a uniformly growing medium. For the particular

case of a coalescence reaction A + A → A on an infinite line, the well-known interval

method was applied to compute the survival probability and the corresponding IPDF.

The survival probability S(t) can be computed via the relation S(t) = Sstatic(T2(t)) from

the corresponding result Sstatic(t) for a static domain. Thus, the long-time behavior

of the Brownian conformal time T2(t) reflects the effect of the medium expansion.

When the medium expansion is sufficiently fast, one has T2(∞) <∞, implying that a

residual survival probability S(∞) > 0 exists which depends both on the initial global

concentration and on the details of the initial particle distribution. In other words,

after a time t for which T2(t) is already very close to the asymptotic value T2(∞), the

medium expansion essentially impedes further progress of the reaction. Given that the

reactions are also a mechanism of spatial self-ordering, at t→∞ the IPDF in comoving

coordinates adopts an asymptotic profile which is different from its counterpart for the

case of a static medium. We also studied the encounter-controlled annihilation reaction

A+A→ 0 on the expanding real line and obtained results qualitatively similar to those

for the coalescence reaction. For the annihilation reaction, we were able to obtain the
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IPDF in the case of a Poissonian initial distribution. This function exhibits a longer

tail than the IPDF for the coalescence reaction.

Finally, we studied the influence of the boundary conditions on the survival prob-

ability and on the FETD of two vicious walkers, i.e., walkers that kill each other

when their trajectories intersect. We considered both the case of a half-line and of

a one-dimensional finite interval. We found that the survival probability and the

FETD depend explicitly on the particles’ diffusivities D1 and D2, and not only on

the sum of them, as it happens in an unbounded 1d domain. For a uniformly expand-

ing half-line or interval, we again found that the survival probability obeys the relation

S(t) = Sstatic(T2(t)). As a consequence, the moments of the FETD may converge or

diverge depending on how fast the domain expands.

The problems considered in this thesis can be extended in several directions. In

what follows, we discuss a few possible extensions of the present work.

As is well known, the modeling of superdiffusive transport by Lévy flights has some

drawbacks. E.g., Lévy flights may cover arbitrarily long distances in short time inter-

vals, which can lead to unphysically large velocities. For this reason, they are frequently

replaced with a different type of superdiffusive motion with kinematic coupling, namely,

the Lévy walk. Studying Lévy walks in expanding media or, more generally, coupled

CTRWs, could be an interesting topic for future work.

As far as first-passage problems are concerned, an interesting open task is the

computation of the survival probability of diffusing particles in an expanding 1d cage

with absorbing boundaries, which could then be compared with the analogous result

for a cage with boundaries that move outwards [194]. In this latter case, the domain

growth has no influence on the particle’s motion. However, in the first case the 1d

volume element in which a given particle dwells at a given time drags the particle

towards the boundary as it expands; one therefore expects that the number of particles

that will be absorbed at the system boundaries after a given time is larger here.

Finally, the study of first-encounter problems and encounter-controlled reactions

(such as those leading to pattern formation) in higher-dimensional expanding media

could be useful in a biological context. The solution of biologically motivated problems

will in some cases require the use of suitable boundary conditions, as opposed to the free

solutions that we mostly considered throughout this thesis. Nevertheless, the solution

techniques presented here are expected to pave the way for this task.
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As a general conclusion, one can say that diffusion and reaction-diffusion processes

in expanding or contracting domains exhibit similar properties as in static domains in

the limit of a very slow domain evolution, but drastic effects emerge as soon as this is

not the case. Among such effects we mention an enhanced memory of the initial condi-

tion, strong localization or dilution effects, the onset of stationary states and residual

particle concentrations, strong deviations from Gaussian behavior (such as the onset of

a time-dependent kurtosis observed in time-fractional random walks), the violation of

Einstein’s relation, enhanced transport due to the aging effects of subdiffusive walks (in

the case of expanding domains), and drastic changes in the reaction kinetics owing to

enhanced or weakened reactant mixing. With regard to this latter aspect, we have seen

that concentration decays can be slowed down or accelerated by tuning the parameters

governing the domain evolution, similarly to what happens when the dimensionality of

a given reactive system is changed, when its constituents are subjected to an external

force (like in the Ornstein-Uhlenbeck process), or when reflecting boundary conditions

are imposed or removed.





Appendix A

Simulation procedure

Numerical simulations have been quite relevant in this thesis to validate our theoretical

results, or even to make new physics emerge in situations where the theory is absent

or the numerical solutions are inefficient or unfeasible. By way of example, simulations

make it possible to obtain the propagator for subdiffusive random walks at times so

long that the computational cost of the numerical algorithm devised to solve the FPE

becomes prohibitive -see Fig. 3.6b-. Here, we describe the procedure that we used

to simulate the separable CTRW model in expanding domains [58]. For the sake of

simplicity, we only present here the case of uniformly expanding domains, but the

extension to the case of nonuniform expansions is straightforward. Similarly, we restrict

ourselves to the one-dimensional case, but the generalization to higher dimensions is

also straightforward.

Let us first consider a single diffusing particle (also termed “walker” hereafter)

placed at the position y0 at the initial time t(0). At this time, the position in the

comoving frame of reference is x0 = y0. As the domain expands, the particle’s physical

position evolves in time, while the comoving position remains unchanged as long as

the particle does not jump. The comoving position changes when the particle performs

its first jump. More generally, the comoving coordinate is constant during the time

elapsed between two successive jumps. In what follows, the time when the random

walker takes the nth jump is denoted by t(n). We also term x(n) its corresponding

comoving coordinate immediately after the jump. Note that x(0) = x0.

The particle’s waiting time ∆t > 0 between consecutive jumps is a random variable.

This time can be drawn from the waiting time PDF ϕ(∆t) by applying the standard

239
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Monte Carlo technique. The method consists in generating a random number uniformly

distributed in the interval (0, 1], u, and then obtaining ∆t by means of the identity

u =

∫ ∆t

0
dt ϕ(t). (A.1)

In this way, one can compute the jump times

t(n+1) = t(n) + ∆t, n = 0, 1, . . . (A.2)

where ∆t is generated anew in each step.

The waiting time PDF is characterized by the anomalous diffusion exponent α.

When α = 1, ϕ(∆t) has a finite mean. In this thesis, we have chosen the exponential

PDF,

ϕ(∆t) =
1

τ
exp

(
− t
τ

)
, (A.3)

with mean value τ . In contrast, for 0 < α < 1, this PDF is fat-tailed -see Eq. (2.2)-,

which means that the Laplace transform of ϕ behaves as ϕ(s) ∼ 1 − ταsα for small

values of s. For example, we used the Pareto-like PDF [75]

ϕ(∆t) =
α

ωα[1 + ∆t/ωα]1+α
, (A.4)

where the typical power-law decay time τ is computed from the equation

τ = ωα [Γ(1− α)]1/α . (A.5)

In both cases, the typical time τ determines the (microscopic) unit of time in our

physical system. We thus choose τ = 1 for simplicity. Note that when α = 1/2, this

value is obtained by setting ωα = 1/π.

Next, let us characterize the physical single-jump displacement ∆y. To do so, we

first assume that the particle is not subjected to any external force. We distinguish

between two cases: 1) ∆y is drawn from a jump length distribution λ(∆y) with finite

variance and 2) it is drawn from a Lévy stable distribution of index µ < 2. In the

first case, ∆y-values can be generated from a Gaussian distribution via the Box-Müller

algorithm [205], which was subsequently improved by Marsaglia and Bray [206]. In the

second case, the generation of random numbers following a symmetric Lévy distribution
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can be implemented with the Chambers-Mallows-Stuck method [207]. This is exactly

the procedure applied in Ref. [208] when contriving CTRW simulations for Lévy flights.

Both methods will be discussed at the end of this appendix.

The diffusion constant is determined by the scale factor of the jump length distri-

bution σ, as Kα,µ = σµ/τα [cf. Eq. (2.6)]. We remind the reader that the case µ = 2

corresponds to the Gaussian distribution

λ(∆y) =
1√

4πσ2
exp

(
−x2

4σ2

)
, (A.6)

that is, a Gaussian function with standard deviation
√

2σ.

When the particle is subjected to a biasing force, our routine should keep the jump

length |∆y| obtained as if there were no force, and determine the jump direction. Let us

assume the walker performed n jumps. At this point, we know the walker position in the

comoving frame of reference, x(n), and also the time t(n+1) when the next jump will be

taken. With this input, we then compute the probability A
(
x(n), t(n+1)

)
that the walker

moves to the right. This probability is determined by the force field F
(
x(n), t(n+1)

)
and the (generalized) drag coefficient ξα. In the case where µ = 2, it is computed from

the equation

A
(
x(n), t(n+1)

)
=

1

2

[
1 +

F
(
x(n), t(n+1)

)
τα

2εσξα

]
, (A.7)

where ε = 1/
√
π for a Gaussian PDF -see Chap. 5-. To obtain the jump direction, we

generate an additional uniformly distributed random number u′ ∈ (0, 1]. When u′ is

smaller than A
(
x(n), t(n+1)

)
, the particle then jumps to the right; otherwise, it moves

to the left. In other words, the physical walker’s displacement in the n+ 1th jump is

∆y = sgn(∆y)|∆y| (A.8a)

where

sgn(∆y) =

{
+1 if u′ < A

(
x(n), t(n+1)

)
,

−1 if u′ > A
(
x(n), t(n+1)

)
.

(A.8b)

Correspondingly, the physical position just after taking the n+ 1th jump is

y(n+1) = a(t(n+1))x(n) + ∆y =
a
(
t(n+1)

)
a
(
t(n)
) y(n) + ∆y, (A.9)
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where y(n) is the position after the nth jump. In comoving coordinates, the evolution

rule takes the form

x(n+1) = x(n) +
∆y

a
(
t(n+1)

) . (A.10)

The output of our program for a given particle is the sequence of its positions at

predetermined times. Let t ∈ [t(n), t(n+1)) denote one of these times. One has

x(t) = x(n) (A.11a)

and

y(t) = x(n)a(t). (A.11b)

The propagator and ensemble properties at time t can be computed by repeating the

above routine for N walkers with the same initial condition W ∗(y, 0). For the purposes

of this thesis, it is usually enough to perform N = 106 realizations.

A.1 Polar algorithm to generate Gaussian-distributed

random numbers

In 1958, Box and Müller constructed a method to generate two independent random

numbers, Y1 and Y2 distributed according to the standard normal PDF N(0, 1) [205].

The computation is reduced to the generation of two random numbers, u1 and u2, fol-

lowing a uniform distribution U([0, 1]) and the subsequent application of the formulae

Y1 =
√
−2 ln(u1) cos(2πu2) (A.12a)

and

Y2 =
√
−2 ln(u1) sin(2πu2). (A.12b)

The above routine requires the computation of a sine and a cosine in each random

number generation, which has a considerable computational cost. In 1964, Marsaglia

and Bray published a new method based on the Box-Müller algorithm, that reduces

the time of computation [206], i.e., the so-called polar algorithm.

The algorithm runs as follows. Let us define two independent random numbers ū1

and ū2 drawn from a U([−1, 1]) distribution. They can be obtained by means of the
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equation

ūk = 2uk − 1, k = 1, 2, (A.13)

where uk follows a U([0, 1]) distribution. Now, let us imagine these two random

variables are the Cartesian coordinates of a certain vector in the plane. One can switch

to polar coordinates by defining

r̄ =
√
ū2

1 + ū2
2 (A.14a)

and

θ̄ = tan−1

(
ū2

ū1

)
. (A.14b)

The basic idea of the method is to repeat the generation of ū1 and ū2 as often as

necessary until 0 < r̄ < 1. Once this requirement is satisfied, one has a new pair of

independent and U([0, 1]) distributed random numbers: r̄ and θ̄/(2π).

Finally, replacing u1 → r̄ and u2 → θ̄/(2π) in Eqs. (A.12) and applying the prop-

erties

cos
[
tan−1(z)

]
=

1√
1 + z2

, (A.15a)

sin
[
tan−1(z)

]
=

z√
1 + z2

, (A.15b)

one gets two new independent and normal-distributed random numbers

Ȳk =

√
−2 ln(r̄)

r̄
ūk, k = 1, 2. (A.16)

Note also that, since the Gaussian distribution has the property

N(〈y〉,Σ2) = 〈y〉+ Σ N(0, 1), (A.17)

the random number generation for a generic Gaussian form N(〈y〉,Σ) is obtained by

multiplying the outcome of Eq. (A.16) by Σ and subsequently adding 〈y〉 to the result.

In Eq. (A.17), Σ > 0 denotes the standard deviation of the Gaussian bell.
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A.2 Chambers-Mallows-Stuck method for symmetric

Lévy stable distributions

Here, we present a procedure to generate random numbers Yµ,1 according to a sym-

metric Lévy distribution Lµ(y, 1). This algorithm was devised by Chambers, Mallows

and Stuck in Ref. [207], where a simple extension of the method for skewed Lévy dis-

tributions is also found.

The computation of Yµ,1 is carried out by first generating two different random

numbers, denoted by Z1 and Z2. Z1 is drawn from a uniform PDF in the interval

(−π/2, π/2). Z2 is an exponential random variable. Both Z1 and Z2 are generated

via the standard Monte Carlo technique. Finally, Yµ,1 is obtained from the equation

[74, 207, 208]

Yµ,1 =
sin (µZ1)

[cos(Z1)]1/µ

{
cos [(1− µ)Z1]

Z2

}
. (A.18)

It is worth noting that independent random numbers following a Lévy distribution with

scale factor σ, Lµ(y, σµ), are computed by means of the equation Yµ,σ = σYµ,1.



Appendix B

A finite difference method to

solve the fractional

Fokker-Planck equation

In this thesis we have encountered difficulties when attempting to solve analytically

the FPE for a subdiffusive random walk in an expanding domain. Here we present an

alternative numerical procedure to obtain the solution W (x, t) of the FPE

∂W (x, t)

∂t
=

Kα

a2(t)
0D

1−α
t

∂2W (x, t)

∂x2
− 1

a(t)

∂

∂x

[
vα(x, t) 0D

1−α
t W (x, t)

]
≡ G(x, t).

(B.1)

The algorithm that we develop here is an adaptation of the fractional finite difference

scheme given in Ref. [209] to solve the FPE for the case of a static domain. Of course, it

can also be applied to solve other fractional diffusion equations with a similar structure,

such as the FPE describing the evolution of a subdiffusive walker in a domain subject

to nonuniform growth (3.57) [44].

The first step consists in discretizing the comoving space in a grid of equidistant

points with separation ∆x. The value of ∆x is a choice of the programmer, but it

is recommended to be small, since the accuracy of the algorithm is of order (∆x)2.

Another limitation is that the grid should be finite. For simplicity, we define a lattice

of 2J + 1 points and locate the origin at the middle point. Then, the meshpoints can

be denoted by xj = j∆x, where j is an integer number between −J and J .

To compute the propagator in an infinite medium, we consider the solution of the

245
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FPE in a finite cage with absorbing endpoints. This cage must be large enough to make

the probability to find a particle near the endpoints negligible at the time tM for which

we wish to calculate W (x, tM ) (or at any earlier time). For this reason, it is advisable

to compute the mean value and the deviation at this time before running the algorithm,

as it can help to properly choose the box size. In contrast, the choice of a large value

of J is strongly discouraged, since the time of computation is O(J2), resulting in a

disproportionate memory use. Fortunately, this restriction becomes less compelling in

the case of an expanding domain, since the comoving propagator broadens at a lower

rate than in a static domain. In contrast, special care should be taken in contracting

domains, since the opposite happens.

The time variable is also discretized in time steps of size ∆t. Our iterative method

solves the FPE for a set of intermediate times tm = m∆t up to a final time tM = M∆t.

In other words, it yields a M × (2J + 1) matrix whose elements W
(m)
j are the output

values of W (xj , tm). In each time step, the program fills a new row in the output

matrix. The value of M accounts for the total number of iterations. The numerical

approach is expected to converge to the real solution for large values of M .

The initial condition should be replaced by its discretized version. For a sharp initial

condition W (x, 0) = δ(x), one possibility is to take the approximation W
(0)
j = δj0. One

of the problems of the algorithm is that this rough approximation for such an initial

condition spreads very slowly when α < 1. Thus, the effect of this approximation only

becomes negligible for long times, and only then does the corresponding numerical

solution turn out to be a good estimate of the exact solution. Unfortunately, long

times imply large values of M and a high computational cost. In the figures presented

in the main body of this thesis, we often deal with this difficulty by replacing the

outcome for W
(M)
0 with a linear interpolation between nearby points.

The obtention of the time evolution of the propagator requires the discretization of

the FPE (B.1). To do so, let us first consider a generic differentiable function u(x, t)

and explain how the discretization of the differential operators is implemented. The

spatial derivatives of u(x, t) can be approximed by the schemes

∂

∂x
u(x, t)

∣∣∣∣
xj , tm

=
u

(m)
j+1 − u

(m)
j−1

2(∆x)
+O(∆x), (B.2a)
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and

∂2

∂x2
u(x, t)

∣∣∣∣
xj , tm

=
u

(m)
j+1 − 2u

(m)
j + u

(m)
j−1

(∆x)2
+O((∆x)2). (B.2b)

Note that in Eq. (B.2a) we compute ∂xu at site j from the value of u at the nearest-

neighbor points. In contrast, we prefer to use a “forward” discretization approach for

u(x, t)

∂

∂t
u(x, t)

∣∣∣∣
xj , tm+1/2

=
u

(m+1)
j − u(m)

j

∆t
+O(∆t), (B.3)

where tm+1/2 = (m+1/2)∆t is the middle point of the interval defined by two successive

update times. Finally, the time discretization of the Grünwald-Letnikov derivative can

be carried out as shown in Ref. [209],

0D
1−α
t u(x, t)

∣∣
xj , tm

≈ RL
0D

1−α
t u(x, t)

∣∣∣
xj , tm

≈ (∆t)α−1
m∑
k=0

ω
(1−α)
k u

(m−k)
j , (B.4a)

where the weights ω
(1−α)
k can be obtained from the recurrence relation

ω
(1−α)
k =

(
1− 2− α

k

)
ω

(1−α)
k−1 , k = 1, 2, . . . (B.4b)

with ω
(1−α)
0 = 1. Note that the above equations lead to Eq. (B.3) when α = 1. For

α = 0, the Grünwald-Letnikov derivative becomes the identity operator.

Eqs. (B.4) clearly show that the numerical computation of the fractional deriva-

tive of any time-dependent function is determined by all the previous values of the

given function, except for α = 0 or α = 1. Therefore, when implementing the above

discretization in a routine to solve the FPE for the time tM , one must have kept the

solutions W (xj , tm) for all the previous times tm < tM . This implies that the program

spends a lot of memory and the computational time does not grow linearly with M .

In contrast, when α = 1 (Brownian diffusion case), it is enough to save the solution

obtained in the previous time step.

In a weighted average finite difference method, Eq. (B.1) is replaced with [209]

W
(m+1)
j −W (m)

j

∆t
= ζG(xj , tm) + (1− ζ)G(xj , tm+1) ≡ ζG(m)

j + (1− ζ)G
(m+1)
j , (B.5)

where Gmj is obtained by replacing the differential operators by the corresponding finite
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differences in Eq. (B.1),

G
(m)
j =

Kα

a2(tm)

(∆t)α−1

(∆x)2

m∑
k=0

ω
(1−α)
k

[
W

(m−k)
j−1 − 2W

(m−k)
j +W

(m−k)
j+1

]
+

1

a(tm)

(∆t)α−1

2∆x

m∑
k=0

ω
(1−α)
k

[
vα(xj−1, tm)W

(m−k)
j−1 − vα(xj+1, tm)W

(m−k)
j+1

]
.

(B.6)

In Eq. (B.5), ζ ∈ [0, 1] is a weight factor that determines how fast the algorithm

converges. The choice ζ = 1/2 that we used throughout this thesis provides stable

solutions [209], and matches the well-known Crank-Nicolson method in the case of

normal diffusion.

After insertion of Eq. (B.6) into Eq. (B.5) and a subsequent straighforward manip-

ulation, one can compute the values of W
(m+1)
j for any site j (in terms of the previous

results) by solving an inhomogeneous linear system of equations. Furthermore, when

the system is written in a matrix form, one finds that the matrix of coefficients is

tridiagonal. The solution of this kind of systems is readily obtained by means of the

Thomas algorithm [210]. More concretely, one has

c
(m+1)
j−1 W

(m+1)
j−1 + c

(m+1)
j W

(m+1)
j + c

(m+1)
j+1 W

(m+1)
j+1 = R

(m)
j (B.7a)

where

c
(m+1)
j = 1 + (1− ζ)

2Kα

a2(tm+1)

(∆t)α

(∆x)2
, (B.7b)

c
(m+1)
j±1 = (1− ζ)

[
− Kα

a2(tm+1)

(∆t)α

(∆x)2
± vα(xj±1, tm+1)

a(tm+1)

(∆t)α

2(∆x)

]
, (B.7c)

and

R
(m)
j =W

(m)
j +

Kα
(∆t)α

(∆x)2

m∑
k=0

[
ζω

(1−α)
k+1

a2(tm)
+

(1− ζ)ω
(1−α)
k

a2(tm+1)

] [
W

(m−k)
j−1 − 2W

(m−k)
j +W

(m−k)
j+1

]
+

(∆t)α

2(∆x)

m∑
k=0

{
ζω

(1−α)
k

a(tm)

[
vα(xj−1, tm)W

(m−k)
j−1 − vα(xj+1, tm)W

(m−k)
j+1

]
+

(1− ζ)ω
(1−α)
k+1

a(tm+1)

[
vα(xj−1, tm)W

(m−k)
j−1 − vα(xj+1, tm)W

(m−k)
j+1

]}
.

(B.7d)
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In the above equations, the terms with index j ± 1 should be left out when j = ±J .

At these sites the solution satisfies the boundary condition W
(m)
J = W

(m)
−J = 0 at any

time tm.

We close by noting that the counterpart of the propagator in physical space follows

from the relation

W
∗ (M)
j =

W
(M)
j

a(tM )
, (B.8)

where W
∗ (M)
j denotes the value of the physical probability density at the point yj =

a(tM )xj .
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17:21–86, 1900.

[147] H. Black and M. Scholes. The pricing of options and corporate liabilities. J.

Political Econ., 81:637–654, 1973.

[148] R. Merton. Rational theory of option pricing. Bell J. Econ. Manag. Sci., 4:

141–183, 1973.

[149] O. Vasicek. An equilibrium characterization of the term structure. J. Financ.

Econ., 5:177–188, 1977.

[150] S. Larsson, C. Lindberg, and M. Warfheimer. Optimal closing of a pair trade

with a model containing jumps. Appl. Math.-Czech., 58:249–268, 2013.

[151] R. Granek and J. Klafter. Anomalous motion of membranes under a localized

external potential. Europhys. Lett., 56:15–21, 2001.

[152] M. Magdziarz. Black-Scholes formula in subdiffusive regime. J. Stat. Phys., 136:

553–564, 2009.

[153] H. Risken. The Fokker-Planck equation. Methods of solution and applications.

Springer-Verlag, Berlin, 1996.

[154] A. G. Cherstvy, S. Thapa, Y. Mardoukhi, A. V. Chechkin, and R. Metzler. Time

averages and their statistical variation for the Ornstein-Uhlenbeck process: Role

of initial particle distributions and relaxation to stationarity. Phys. Rev. E, 98:

022134, 2018.

[155] F. Mainardi and R. Gorenflo. On Mittag-Leffler-type functions in fractional evo-

lution processes. J. Comput. Appl. Math., 118:283–299, 2000.

[156] C. R. Doering and D. ben-Avraham. Interparticle distribution functions and rate

equations for diffusion-limited reactions. Phys. Rev. A, 38:3035–3042, 1988.

[157] E. Abad, C. Escudero, F. Le Vot, and S. B. Yuste. First–passage processes and

encounter–controlled reactions in growing domains. In K. Lindenberg, R. Metzler,

and G. Oshanin, editors, Chemical kinetics beyond the textbook, chapter 16, pages

409–433. World Scientific, London, 2019.



References 267

[158] L. Peliti. Renormalisation of fluctuation effects in the A+A to A reaction. J.

Phys. A: Math. Gen., 19:L365–L367, 1986.

[159] D. ben-Avraham, M. A. Burschka, and C. R. Doering. Statics and dynamics of a

diffusion-limited reaction: Anomalous kinetics, nonequilibrium self-ordering, and

a dynamic transition. J. Stat. Phys., 60:695–728, 1990.

[160] R. Kroon, H. Fleurent, and R. Sprik. Diffusion-limited exciton fusion-reaction in

one-dimensional tetramethylammonium manganese trichloride (TMMC). Phys.

Rev. E, 47:2462–2472, 1993.

[161] D. ben-Avraham and S. Havlin. Diffusion and reactions in fractals and disordered

systems. Cambridge University Press, Cambridge (UK), 2005.

[162] D. ben-Avraham. The method of Inter-Particle Distribution Functions for

diffusion-reaction systems in one dimension. Mod. Phys. Lett. B, 9:895–919, 1995.

[163] T. O. Masser and D. ben-Avraham. Method of intervals for the study of diffusion-

limited annihilation, A+A→ 0. Phys. Rev. E, 63:066108, 2001.

[164] C. Mandache and D. ben-Avraham. Diffusion-limited coalescence and annihila-

tion in random media. J. Chem. Phys., 112:7735, 2000.

[165] C. R. Doering, M. A. Burschka, and W. Horsthemke. Fluctuations and correla-

tions in a diffusion-reaction system: Exact hydrodynamics. J. Stat. Phys., 65:

953–970, 1991.

[166] X. Durang, M. Henkel, and H. Park. The statistical mechanics of the coagulation-

diffusion process with a stochastic reset. J. Phys. A: Math. Theor., 47:045002,

2014.

[167] M. D. Donsker and S. R. S. Varadhan. Asymptotics for the Wiener sausage.

Commun. Pur. Appl. Math., 28:525–565, 1975.

[168] J. Silk and S. D. White. The development of structure in the expanding universe.

Astrophys. J., 223:L59–L62, 1978.



268 References

[169] P. A. Alemany. Novel decay laws for the one-dimensional reaction-diffusion model

A+A→ (2−ε)A as consequence of initial distributions. J. Phys. A: Math. Gen.,

30:3299–3311, 1997.

[170] D. ben-Avraham. Complete exact solution for diffusion-limited coalescence, A+

A→ A. Phys. Rev. Lett., 81:4756–4759, 1998.

[171] T. O. Masser and D. ben-Avraham. Correlation functions for diffusion-limited

annihilation, A+A→ 0. Phys. Rev. E, 64:062101, 2001.

[172] P. A. Alemany and D. ben-Avraham. Inter-particle distribution functions for

one-species diffusion-limited annihilation A + A → 0. Phys. Lett. A, 206:18–25,

1995.

[173] T. O. Masser and D. ben-Avraham. Kinetics of coalescence, annihilation, and

the q-state potts model in one dimension. Phys. Lett. A, 275:382–385, 2000.

[174] F. Leyvraz and S. Redner. Spatial organization in the two-species annihilation

reaction A+B → 0. Phys. Rev. Lett., 66:2168–2171, 1991.

[175] M. v. Smoluchowski. Versuch einer mathematischen theorie der koagulationski-

netic kolloider lösungen. Z. Phys. Chem., 92U:129–168, 1917.

[176] F. Le Vot, S. B. Yuste, E. Abad, and D. S. Grebenkov. First-encounter time of

two diffusing particles in confinement. Phys. Rev. E, 102:032118, 2020.

[177] M. E. Fisher. Walks, walls, wetting, and melting. J. Stat. Phys., 34:667–729,

1984.

[178] P. J. Forrester. Probability of survival for vicious walkers near a cliff. J. Phys.

A: Math. Gen., 22:L609–L613, 1989.

[179] P. J. Forrester. Exact solution of the lock step model of vicious walkers. J. Phys.

A: Math. Gen., 23:1259–1273, 1990.

[180] A. J. Bray and K. Winkler. Vicious walkers in a potential. J. Phys. A: Math.

Gen., 37:5493–5501, 2004.



References 269

[181] K. Liechty. Nonintersecting Brownian motions on the half-line and discrete Gaus-

sian orthogonal polynomials. J. Stat. Phys., 147:582–622, 2012.
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