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Abstract: This article deals with some cyclic families of functions for antianalytic Toeplitz
operators whose symbol is a finite Blaschke product in the spaces H? where 1 < p < co. We
give a description of the invariant subspaces for this type of operators generated by special
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which are valid in general.
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INTRODUCTION

The Hardy spaces HP, 1 < p < oo are the spaces of functions f with values
in C and which are analytic in the open unit disk D = {¢: ( € C, [{| < 1}
and such that

191 = s /T FrO)Pdm(C) < oo,

where m is the normalized Lebesgue measure on the unit circle T = {¢ :
|¢| = 1}. As usual, H* is the space of bounded analytic functions on D. For
1 < p < +00, the dual of HP will be identified by means of the standard
isomorphism with HY (1/p + 1/q = 1) under the usual integral paring

2
(1o = | F(e)g (e®)dm(6), (f, g) € H x H".

A function v € HP is an inner function if w € H* and if |u| = 1 a.e. on T. For
every inner function, the subspace uH? is a closed complemented subspace of
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HP?. A canonical supplementary subspace of uH? is Kl = {f —uP(uf); f €
HP} (see [18]) where Py is the Riesz projection of LP on HP (p > 1) and the
bar stands for the complex conjugate. In the case p = 2, this direct sum is an
orthogonal direct sum. Moreover, we have K, = HPN(uH}) when 1 < p < oo,
where H] is the subspace of functions in H? which vanish on 0. For this reason,
we define the subspace K2° of H* by setting K° = H>® N (uH°).

A function of the form

Tk )\k—z

H Ap» Where by, RS

k>1

and the A € D satisfy the Blaschke condition ), (1 —|A;|) < 00, is called a
Blaschke product. The set {\;} may be finite (b is a finite Blaschke product).
It is understood that by, (z) = z when A, = 0.

For u € L*°(T), the Toepliz operator T,, with symbol u is defined via the
multiplication operator u, followed by the Riesz projection, that is T, f =
P (uf) for f € HP. The Toeplitz operator is called anti-analytic (or co-
analytic) when the symbol is anti-analytic. In what follows, when the inner
function w is fixed, we write sometimes only T instead of T for shortness.

Given a function f € HP, we consider the smallest closed subspace invariant

under T, and containing f which is E? =l span(T;'f : n > 0). A function

f € HP is called cyclic for T if E? = HP.

A sequence of positive integers ny is said to be Hadamard-lacunary, or
simply lacunary, if there exists a constant d > 1 such that ng1q > dny for
all k. A power series Y ap2" is a lacunary power series if the sequence ny,
is lacunary. An interesting arithmetic property satisfied by these sequences,
which will be used later, is that if (ng)r>1 is a lacunary sequence, then we
have

sup card {(j, k) e N*: N =mn; —nk} < 00,

m>1
which means in others words that there is a number M such that no positive
integer N has more than M representations of type N = n; — ny, (see [8] p.
52-53). A lacunary decomposition in H? (1 < p < oo) associated with an
inner function u is a function f € HP which can be written in the form

f(z)= E fr(z)u"™*(2) such that [kl >d>1 forall £>1,
Nk
k>0

(where the series is norm convergent in H?, f; € K} and d is a constant
independent of k).
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Let u be an inner function, recall that ¢ is a u-p-inner function if ||¢||, =1

and
/027r ® <ei9> ‘pu (ew)k dm(0) =0

for any positive integer k (see [13]). Observe that, in case u(z) = z, u-p-inner
functions are classical inner functions. When b is a finite Blaschke product, we
have the following result describing the subspaces which are invariant under
the multiplication by b in H? ([13]).

THEOREM 1. (T.L. Lance and M. 1. Stessin) Ifb is a finite Blaschke prod-
uct of order n and p > 1 then any b invariant subspace M is of the form

k k
M = Zhijp(z)Hp ob= {Zhi,p(z)goob tp € Hp}
1=1 i=1

where the function h;, are b-p-inner, i =1,...,k and k < n.

The cyclicity of lacunary series was studied for the Backward Shift by many
authors, R. G. Douglas, H. S. Shapiro, A. L. Shields in their famous article on
the cyclicity of the Backward Shift, E. Abakumov in his paper on the cyclicity
of lacunary series on the spaces £, (see [1]) and A.B. Aleksandrov who gives
some very interesting results of cyclicity. For example series with frequency
spectrum in A(1) sets which are more general sets including lacunary or Sidon
sets (see [2], [3]).

One of the principal ideas of this work is to study the cyclicity of some anti-
analytic Toeplitz operator on Hardy spaces HP (p > 1) in regards with some
decompositions related with an inner function. We start by studying two kinds
of such decompositions of a function f in HP. Firstly, we decompose f with
respect to the powers of an inner function u with coefficients in K%, (in the case
p = 2, this decomposition can be obtained by using the Wold decomposition),
and secondly we decompose f with respect to some particular unconditional
basis of K2 with coefficients in H” o u. In both cases, the decomposition are
valid for every inner function u. These decompositions can be used in other
contexts and are of independent interest. This study comes out from the works
of G. Cassier (cf. [6]) and R. Choukrallah (see [7]). We will give in what follows
the construction in the spaces H? to obtain a class of cyclic functions for the
anti-analytic Toeplitz operators associated to a finite Blaschke product and
we will describe in a precise way some invariant subspaces for these operators.

In what follows, this article is structured in three parts. In the first one, we
study how to decompose a function in H? according to a given inner function
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and we introduce some useful results for our approach. The second part is
devoted to the study of cyclicity for some anti-analytic Toeplitz operators
of some special decompositions and of some lacunary decompositions in H?
spaces when 2 < p < co. The third part deals with an analogue study for
some lacunary decompositions in H? spaces when 1 < p < 2. The main results
in this paper are Theorems 4 and 6 in Subsection 2.2.

1. DECOMPOSITIONS OF FUNCTIONS IN HP SPACES ACCORDING
TO A GIVEN INNER FUNCTION

The next Lemma will be very useful in what follows. The proof is based
on the Riesz brothers Theorem (cf. [10]).

LEMMA 1. Let u an inner function. If f € K?, then the function f given
by f(e) = u(e?)e= f(ei) (where the bar stands for the complex conjugate)
still belongs to the space K}. Moreover, when p = 2 we have K2 = H>©uH?>.

If)\GDaHdZEN, we set
el = T —
z)z 1

For any function f € H?, we have (f | ex;) = f@()\). That is why the
function ey = ey ¢ is called the reproducing kernel of H 2,

LEMMA 2. Let b a Blaschke product and let (\;)r>1 be the sequence of
distinct zeros of b where each A\, has an order of multiplicity dy, then we have

K} = span(ey,;: k>1,0<1<dy—1)
for all p > 1.

Notice that if b is a finite Blaschke product, then this subspace is finite
dimensional and does not depend on p (Notation: Kf = K, for the proof see
for example [17]).

Remark 1. Let (Ag)rer (I C N) be the sequence of zeros of a Blaschke
product b with simple zeros, then (ey, )xer admits a biorthogonal sequence
given by

*x 2 —
B = g 1 PePens where buf) = ] b,
JeI, j#k
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It is obvious that e}, € Kj because for every h € H?,

% 1-— |>\k’2 )\k—Z
(€3, | bh) = 7<6Ak | h> —0.

b (k) 1— ez
Moreover, since we can apply Lemma 1, then we have
Ak

—i9) _

—_"rp —i6 ]

€x, = be_wé)\k (e

Therefore,
o =M ()
M Akl 1= A2
And so Cey, = (Cejk.
PROPOSITION 1. Let p > 1, u € HP be an inner function and
&y = span <kauk : the sums are finite and f), € KEO)

Then &, is dense in HP.

Proof. Let p > 1, q be the conjugate of p and ¢ € H? such that ¢ is
orthogonal to &,. Then for every o € D, we have

2 — u(a)u(e
/0 ety LU (o o,

1— e %

For p > 1, we can write that ¢ = ¢g + up; where ¢y € K and then,

2 u(e) — u(a
vo(a) +/0 @1(6“)M dm(t) = 0.

1—aqe @

But, fOQWgol(e“)% dm(t) = 0, then ¢o(a) = 0 for every a € D and
therefore ¢g = 0 and ¢ = wp,. By iterating the process, we prove that for
every n > 0, there exists ¢, € HY such that ¢ = u"¢,.
Let z € D be fixed, and notice that ¢, (z) = 5= OQWgon(e”)Tle,it dm(t) and
that ||¢|lq = |lenllq for every n > 0. Then,
p(2)] < llenllgllezllplul)™ < llellgllezllplulz)]"

And since limy,—,o0|u(2)|" = 0 then ¢ = 0. And so, &, = HP for every p > 1.

If p=1,let f € H> C H', there exists a sequence (g,)n>0 C &, such that
lim,,00||f — gnll2 = 0. By using the density of H? in H' and the fact that
If — gnlli < |If — gnll2, we can approximate functions in H'! by functions in

Eu- 1
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The following result shows that we can decompose any function f € HP
(1 < p < o) relatively to the subspaces KLu*. In addition, we give explicit
integral formulas for the component functions.

THEOREM 2. Let u be an inner function and let f be in HP (p > 1). Then
f can be uniquely decomposed with respect the powers of u under the form

+oo
fF=> fwd
k=0

where fi, € Kl and the series is norm convergent in HP. Moreover, for any
z € D we have

W) =) [ @ e T i) = A0 ()
and N —
i (2) = u(z)™* 0 / (el )_”ii)g dm(8). 2)
Remark 2.

1) In the case p = 2, observe that the decomposition relatively to the sub-
spaces K 2u” is related to the Wold decomposition of the Toeplitz operators
whose symbol is an inner function (see [16] for more precisions).

2) For f € H', we still denote by P, (f) the function given by the first integral
formula of Theorem 2.

Recall that T is defined in H? in the following way T'(f) = Py (uf) and T
has a right inverse R (TR = I) defined by Rf = uf. Observe that R is an
isometry. Let us denote by P, the operator RFT* — RF+1T 1 for any integer
k. Then we have the following useful lemma.

LEMMA 3. The operator Py is a projection whose range is the closed sub-
space KEuF. Moreover, we have P, o P, =0 if k # L.

Proof. Let (k,l) € N?. We have
Pk Of)l — RkaRlTl . Rk-l-lTk-l-lRlTl . RkaRl+1Tl+1 +Rk+1Tk+1Rl+1Tl+l.

We distinguish three different cases:
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-If k > [, since T'R’ = Id for any positive integer, we get
Pk o Pl — RkaflTl _ Rk+1Tk+1*lTl o RkaflflTH*l + Rk+1Tk7lTl+1 —-0.

- If k < I, a similar computation also gives P o P, = 0.
-If Kk =1, we have

Py o P, = RFTFRFTF — RF+Lk+1 ghk _ phipk ph+1pk+1
+ Rk+1Tk+1Rk+1Tk:+1
= R*T* — RM'TT" — RFRTH + RFITHH
=P

Let f € KiuF, we can write f = u"p where ¢ € Kf. From Lemma 1, we
know that ¢ = ue=“% where ¢ € KI. Therefore, we get

Py(f) = R*T* f — RFHITM f = PPy (@ f) — o Py (@ )

= uFp —uFT Py (Tp) = uFp —uF TP (7)) = uFp = f

and hence the subspace KLu”* is contained in the range R(Py) of P;,. Con-
versely, let f € R(Py), then we have

f — Pkf — ukP+ (ﬂkf) _ uk+1p+ (ﬂkJrlf),
which yields to
P () = Py (Pr(@f) = uPu (@' f)) = Py (@ f) — uPy (@1 ).
Thus, P, (@*T!f) = 0. On the one hand, we can write f = u*Tle™"g where
g € HP. On the other hand, we derive that f = w*P,(@"f) and hence
@ f = ue g € HP. Combining these two last facts, we see that g belongs

to the subspace KI. It implies that f € KLu*. This finishes the proof of
Lemma 3. 11

Now, we turn to the proof of Theorem 2 For any f € HP, we set fj
" Py(f). Let € > 0 and consider a fixed function f € HP. Using Proposition 1
we see that there exists a finite sum g = >_1° gpu¥ in &, such that || f — g <
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e/ ||P+||. For any n > m, we observe that

Hf =Y fuuF|| =
k=0

Hf ZRkaf REFITRHL f ‘
_ HRn+1Tn+1fH
< ||RMHTHL(f = g)|| + || R g
= [|B T (= )
< sup [T I =gl

S|Pl f =gl <e.

Thus the series Z;:é fru® is norm convergent to f in HP.
We now prove formula (1). Let & € N be fixed, we have

k‘
,_.

@ f | (1~ ulz)u)e:) = < @i | (L= u(z)uez) + (i | (1= u(z)ues)

i

+ 3 W (= u(Eue.).

i>k+1

I
o

We distinguish three different cases:

If 0 < i < k—1: it is sufficient to do it for ¢ = 0 and then using the
integral form of the inner product and applying Lemma 1 to the function fy,
we obtain

<ukf0 (1-— u ez> / i
2 1 . N T ———————
e /O u(ew)’“* e u(e) o) () dm(6) = 0

e~ u(e”) fo(e)ex () dm(0)

because the functions under the integrals are anti-analytic.
If i > k: set m =i —k € N*, then

(W™ fm | (1= u(zu)es) = 0™ (2) from(2) = u(2)u(2)™ fpm(z) = 0.

If ¢« = k: We develop the inner product and we apply Lemma 1 to the
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function fi, then we get

2w

(fi | (1 —u(z)u)ez) = filz) —u(z) [ fule”)u(e®)e.(e) dm(0)

027r ) —
= fil(2) — u(2) /0 () () u(@)ex () dm ()

Thus, formula (1) is proved.
To prove formula (2), since T f = f,,, + r,,, where

rm(2) = u(z)™ Y fr(z)u T (),

k=m+1

we obtain by using the integral representation of the fj given by (1),

rm(2) = u(z m“Z/zW

) ( )k m— 11 (Z)u(eze) dm(@)

1 — ze— 0
k=m+1
> —u(2)u(e?
=y [ e [ ()| D o)

j=0

Computing the sum between the hooks and after simplification, it comes that

_ om0 u(e?)
Pm(2) = u(z)™ ; = dm(0). .

Let us now give the second type of decomposition relatively to some par-
ticular unconditional basis of K2 with coefficients in HP o u.

THEOREM 3. Let u be a non constant inner function and (ey),c; (J € N)
be a normalized unconditional basis of the subspace K2 of H?. Then, any
function f € HP (p > 2) is uniquely represented as a sum

=Y fru(x)er(z) (2 €D)

keJ

2
>[5, < e
keJ

with
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Moreover, if the sequence of coefficient functionals (e}), . ; associated to (ex) ¢ s

is contained in H*, we have ﬂ € H? and

7], < el [ﬂ;gg;” 111,

Remark 3.

1) Observe that the series ), ; ﬁ.(u(z))ek(z) is necessarily unconditionally
convergent in H?2, but it is not the case in H? (1 < p # 2) as we can see
by taking u(z) = z and applying a well known result about Fourier series
(see for instance [21]).

2) The above result extends, in a different way, results from [13] and gives
estimates of the associated constants involving the basis (ej), . ; of K2 and
the inner function u.

Proof. Since (ey),c; is a normalized unconditional basis of K2, we know
from Bari’s Theorem (see for instance [21]) that there exists an orthonor-
mal basis (ex);c; of K2 and a positive invertible operator A € B(K2) such
that As, = ej. Let us denote by E the subspace of H? of the finite sums
> kesn{l,...my Pr(u(2))er(2) where the functions ¢y belong to H? and m is an
non negative integer. We define the operator B on E by setting

B( X au)a)) = 3 enluel:)

keJm kedm

where J,, = JN{l,...,m}. We have

(B( ¥ antue)a)) | S prluteants))

k€Jm k€Jm
= E E (proueg | proue)
k€Jm l€m

“+o00
SOk,n@l,n] (Aey | &)
0

= lenloden ey =) Z{

k€Jm l€Jm k€Jm l€Sm “n=
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2

+o0 T
=3 (A( T o) |  onnes) < IAIY | S o
n=0

k€Jm k€Jm n=0" keJm
+o00 2
2 2
=141 D lewal® =141 D llexl® =14l D ex(u(z))en(z)
n=0keJm, k€EJm k€Jm

In the same way, we also obtain

<B<kzjm er(u)el)) | ) Pruel))
2

>[4

> er(ul2))er(2)

k€Jm

Then, we use the following lemma whose proof is left to the reader.

LEMMA 4. Let E be a dense subspace of a Hilbert space H and T a linear
application from E into H such that for any x € E, we have

allzl* < (Tx | z) < be|)?

where a,b are two positive real numbers. Then, the operator T admits a
unique bounded extension to H which is a positive invertible operator.

Since F is dense in H?, using Lemma 4 we see that B admits an extension
to H? which is a positive invertible operator. Let f € H?, using the continuity
of B~ we easily see that for any z € D we have

BTHf)(2) = Frlul(2))er(2)

keJ

12 B 9 U2 e
and Sye, [l = 1B DI < 1B IAP < +o0.
From now on, we assume that the sequence of coefficient functionals (e,), . ;
associated to (eg),c s is contained in H*°. From Theorem 3.5 of [6], we have

Fle) = /0 LB pe)er @) dmo).

‘1 - zu(ew)’
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-2
To shorten formulas, we set ®(r,t,2) = (1 — 7?) ’1 —rett (z)‘ . Then, we

obtain
[ e ] am
<[] ewnentseano)]
[T ot famo) " amit)
<tilt [ @t el Pano)

o :
[ /0 @(r,t,eie)dm(e)} dm(t)
=il [ i T, ) Pamio)] | [ T, 0)dm(6)] " g

L [LE @] 27T 1 0N P (0
<l | =g L ’1_Teitu(em)’2|f<e )P (@)dm(t)

Q3

r U b 2m 2w —T‘2 ]
= |lexll% m /0 /O ! ‘Qdm(t) | £ () [Pdm,(0)

1 — reftu(e?)

SY]

e [ [u(0)]]
= |lexlI% T Ju(0)]] I£115 -

We get the result by letting r — 17. |

LEMMA 5. Ifb is a finite Blaschke product, P, : H' — Kl} is continuous
and supy>g || Pxll1 < oo.

Proof. Let b be a finite Blaschke product, it suffices to do the computations
for Py. Let f € H?, then

2m — b(2)b(eit)
N I L QLG

- t
0 1—ze ® m(t)

N COLCORT O
- /0 dmi(t).

b(e't) et — 2
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And if we take z = re?, then for a fixed r,

2T 27 eit it eit rei@
1(Po(F)). 1 = / / F(e7) ble”) = b )dm(t)‘dm(e)

b(ezt) ezt 7“610

2 271' 2t ‘ _ b 7"6 )
ezt 629

b(eZ ) — b(reZ )
it _ peif

dm(t)dm(0)

< sup
r,t,0

In case b is a finite Blaschke product, by taking z; = e and zp = re?’, we can

write b(z1) = SEZ1§ where P, () are polynomials with ) bounded from below

in the disc and so
1 <P(zl) B P(zﬂ)‘
21 — 22 Q(Zl) Q(Zl)

b(e) — b(re'?)
it _ 1eif
' (21)Q(22) — P(Z)Q(ﬂ'
(21 — 22)Q(21)Q(22)
We remark that it is possible to factorize P(z1)Q(22) — P(22)Q(21) by 21 — 22,
and then by writing P(21)Q(z2) — P(22)Q(21) = (21 — 22)L(21, 22) (where L
is a polynomial of two variables) then
‘b( et) — b(r

et — Teze

I

<1, 22

| -latatl

This quantity is bounded because b is a finite Blaschke product and finally
supy>o || Prll1 < oo. |

We use the previous lemma in order to prove the following result which is
of independent interest.

PRrROPOSITION 2. Let b be a finite Blaschke product, p > 2, and q is the
conjugate exponent of p and we define

o, HI — (P(K})
—k
f — (b P’f(f))kzo
Then ®, is continuous and there exists C' > 0 such that for every f € H4Y,

(erknp) <Clifl,

k>0
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Proof. We take
®: HY — (°(K})
-k
f — (b Pk(f))kZO'

Then @, is a linear continuous application because ||®1[| < supyql|Pxl[1 from
the integral form of Lemma 5. In the same way, we define

dy: H> — (K}
f — (kak(f))kzo

Let us now recall a fundamental notion in geometry of Banach spaces. Given
two compatible Banach spaces X and Y, an interpolation space W, X Y C
W C X +Y, is a Banach space with the following property: if L is a linear
operator from X + Y into itself, which is continuous from X into itself and
from Y into itself, then it is also continuous from W into itself. Furthermore,
W = [X, Y]y is said of exponent § (0 < 6 < 1) if there exists a constant C
such that || L||w,w < C’HLH;&HLH%;Y for such operators L (see [4] for more
informations).

Then, by using from one side, the interpolation result of Jones to [H', H?]y
(see [11]) and from the other side the interpolation Theorem for the vector-
valued ¢ spaces (cf. [4]) to [(>°(K}), (*(K})]s, we obtain that

O, : H'=[H', H?)g — [(*(K}), (2(K;)], = °(Ky)
is continuous and there exists M > 0 such that || ®,]| < M||®]|*~0||®2[/. N

PRrROPOSITION 3. Let b be an infinite interpolating Blaschke product, then
Ty, does not define a continuous operator from H Linto H'.

Proof. Let (Ag)r>1 be the zero sequence of b enumerated in such a way
that |Ag| < [Akt1|. We define the following,

e* (Z) o 1- |)‘/€|2 bk(z)
ML ) 1- gz
Let hi(2) = €3, (2)2 € H'. Then hy(z) = e, (Z)+(ef\k(z)2—e§\k(z)) =€}, (2)+

b(2)gr(z) with g € H' because ejk(z)2 — e, () € bH'. So, Py(hy) = €3,
On the one hand,

€ K}

(1 ) (1=l

hilli = lle3, 13 = 2 llea I3 =~
el = [lex, I12 s (M%) 2 llex 2 bk (\s)]2
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On the other hand,

1— [\

Bo(hi)llr = llex, lh = 55—
[Po (i)l = llex, [l bk (M)

llexi -
It follows from Carleson’s interpolation theorem [5], that the ratio % =

llex,ll110x(Ax)| > cllex,|l1 for some constant ¢ > 0 independent of k. The
computation of ey, [|1 by taking Ay = |A\x|e®* gives

lex | /27r dm(6) 1 /2” dm(6)
Aplll = — = .
* 0 [1=Xke®  21Jo (14 [ A2 — 2| \k| cos(d — ;)2

1 dt

B 77/0 (1 + | Ae|2 = 2| \g| cos £)2

We proceed by absurdum and suppose that Fy is bounded. Then, there exists

M > 0 such that M > % and for every €, 0 < ¢ < 7, we have

1 /(7 dt
M > / .
e (14 Al = 2|\g| cos )2

By studying the derivative of the function f(r) = (1+72—2rcost)™}, it is easy
to prove that there exists an integer ko such that k& > ko, f(Ag+1) < f(Ag)
for every t € [0, w]. We can then apply the classical Beppo Levi’s theorem on
monotone convergence (see for instance [15]) and obtain

Mz/ )
0 1—cost

This gives a contradiction with the fact that the convergence of the integral
foﬂ \/ﬁ is equivalent to the convergence of the integral foﬂ @ = +o0.
Then P is not continuous. Therefore the operator T' = T5 is not continuous

because otherwise Py = I — RT will be continuous. |

2. CYCLICITY IN HP SPACES WHERE 2 < p < 00

In this section, we will describe in H?, 1 < p < oo the Tj-invariant
subspaces generated by some lacunary decompositions of functions f which
will also lead to have an explicit criteria of cyclicity for these functions.
We will look at the smallest Tj-invariant subspace containing f which is
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span(T3'f : n = 0).
NOTATION: We define in HP, 1 < p < oo the following subspaces,
By = 5, (I f : n > 0).
K.(f) = () spang.(fi : k> n)
n>0

where the functions fj, are the component functions of f given by Theorem 2.
Afterward, when there is no ambiguity on the considered function f, we will
write K, for K,(f) instead of shortness. We also define the tensor product of
two linear subspaces of function F' and G, denoted by ' ® G, as the closure
in HP of the vector space generated by all the products fg where f € F and
g€ aqG.

2.1. PREPARATORY LEMMAS. Firstly, we recall the following well known
lemma.

LeMMA 6. ([12]) Let (by)n>1 be a sequence of nonnegative real numbers
such that anlbn < 00. Then for every real v > 1,

Zbik C
- = o
)
>k

The next Lemma will be useful in the sequel. Notice that Lemma 7 comes
from general properties of T-invariant subspaces and does not depend on the
”lacunarity” of the decomposition of the considered function.

LEMMA 7. Let b be a finite Blaschke product and f, g be any two functions
of HP with p > 1. Then,

(1) gEE?:giESpan(fj:jEO) Vi > 0.
(2) Let F C K} be such F @ [HP ob] C E}. Then, F C K.(f).

Proof. From Theorem 2, we can write

f= Zfz’bi, g= Zgz’bi-
=0 i=0
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(1) For any fixed integer 1o,
T"g = giy + Z gib' 0.
1>10
Since g € E? is stable by T then T%g € E? and there exists a sequence of
complex polynomials p, = Z;-n:”(] aj(n)z’ such that,

T = lim pu(T)f = gi + Y gib"".
1>10
Denote by Ai,..., g the zeros of b and by dj the order of multiplicity of A.
Then we have

d dy d dg
D D NTALWENESS ) R NG ILWEN
k=1 i=1 k=1i=1
mMn d dg
= nli}n;o ZO a;(n) kz ZZ fj(l) ()\k)eik,l
j= =11=1

d dg Mn

= Jim 33 (3 s | enus )

k=11=1 j=0
This implies that gi, = limn o0 7% a;(n) f;. Thus g, € span(f;: j > 0).
(2) Let g € F ® [HP o b]. If we consider T* f instead of f in (1), then

g € Epky = gi €span(fj: j>k) Vi>0.
And since this is true for any integer k£, we obtain the inclusion. |

Let us state the following useful lemma.

LEMMA 8. Let E be a closed subspace in HP, 1 < p < 400, and u be an
inner function. Then we have

E € Lat(Ty) N Lat(Ty,) < E = (KPNE)® [HP ou).

Proof. Assume that E € Lat(Ty) N Lat(T,) and let f =", fruf € E,
where fj, € K% for each k. Then Tu(f) = Y, fruF~'. Since T, o Tu(f) =
S isy fruF € E, we have fo = f — T, o Tu(f) € E. In a similar way, we can
prove that f; € E for any nonnegative integer k. The reverse inclusion and
the implication in the other direction are obvious. |
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2.2. MAIN RESULTS ABOUT CYCLICITY. Let h € HP (p > 2) and b be a
finite Blaschke product, we consider the decomposition h = Z hku given
by Theorem 2 and we set Ry(h) = >, [|ll,? € (R4 U {+oo}) We have
the following result which is concerned with a more general class of functions
than classical lacunary functions.

THEOREM 4. Let b be a finite Blaschke product and f =), frb™ € H?
(p > 2) which admits an infinite decomposition with respect to the powers of
the finite Blaschke product b (i.e. card{k > 0; fi, # 0} = +00). Assume that
we have limg s 00 (M1 — nk) = +00, 3 || fi |} < 400 and

Ri_1(f)
Ri(f)

Then, we have E? = KL(f) ® HP o b® EL, where ¢ is a function finitely rep-

resented with respect to the powers of b (E% is a finite dimensional subspace
of HP).

lim > 1.

Remark 4. For every p > 2, observe that we always have

Ri_1(f)
Ri(f) =1

Note also that when p = 2 we always have 3 || fi||5 < 4o0.

lim

Proof. By assumption, we know that there exist p > 1 and kg such that

Ri—1(f)
Ry (f) =7

for any k > k.

Let E be a maximal subspace in Lat(1;) N Lat(T}) (for the inclusion)
which is contained in EJZZ. By Lemma 8, we know that £ = F' ® H? o b where
F the subspace K! N E. Choose (eg)r=1,.m a basis of KI'(K} is a finite
dimensional subspace) such that (ey)g=1,..q is a basis of F. The associated
coefficient functionals (ej;), _ 1...m Delongs to K ! = K C H™ because b is a
finite Blaschke product. Applymg Theorem 3, we see that we can decompose
f under the form f = 3", fk ouey, where the functions fk are in HP. Using
the Littlewood Subordination Principle (see for instance [20]), we get that the
functions fk ou belong to HP and hence the functions g = Zi 1 fk o ue and

© = a1 fk o uey, are both in HP. We easily see that g € E', therefore we
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derive that ¢ € E]e. Using the unicity of the decomposition of f with respect
to the powers of b, we easily see that ¢ = ), -, ¢rb™. Assume that this
decomposition is infinite, that is card {k > 0; px # 0} = +oo. Firstly, we note
that for any [ € N, we have

“+o00 m q-‘rOO
Slleellf < | D ei@er|| DIl < o0 3)
k=l i=d+1 k=l

(where u ® v is the rank one operator: f — (f | v)u) and R;(¢) > 0 for any
Il € N. Let N and j be two fixed nonnegative integers, there exists kg such
that ng > N + j for each k > ky. Then we have

1 .
Tnk_N_JTN(p _ +
ol Z

o]

nl Nk

H%H

for each ¢, # 0, and in this case we set r, = > ;- ”‘pk”b”l k. We consider
neighborhoods, for the weak topology, of the following form

V={peH"p|h) <1,1<i<n},

where each function h; belongs to H? (% + % = 1). Using Proposition 2 and
Holder inequality, we obtain

1
| — || | Z«Ol | hi7nl_nk> ‘

|(re | hi)| < 7’
el 2%

< anu —

l>k
1 1
q p
< Sol@llE] D him—ng
Hso M= =

Suppose that none of the r, belongs to V, then for every k > kg, we have

1< HllaX |{r5 | hi)|P Hp [ZH‘PlHq] Zznhznz nk”

>k i=1 >k

Therefore, we get

Ri—1(p) — R, (¢) - '
Ri(¢) ]SZ 2

=1 l>nk+1 —Ng

Qs
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From Proposition 2, we know that the series ) ;< || ki HZ are convergent. Since
lim (ng4+1 — ng) = +o0, we derive that

lim Lk_l ()

= 1.
k—+oo  Ri(p)

Thus, there exists a positive integer ki such that for any k > k;

Ri—1(p) < 1+p
Ri(p) — 2

Set aj, = Ri(¢)/Ri(f) and notice that oy, € |0,
From the previous inequalities, we deduce that

Yilar e @ef||] (see (3)).

pak—l < Q1 Rp1(f) _ Rr-1(p) < 1+p
o, ar  Ri(f) Ry (¢) 2

which implies that (o) is a increasing sequence. Thus (ay) converges to a
strictly positive number a. Hence, we obtain

lim Ri1(f) _ i 2 Ri1(p) _ 1

Ry (f) ap-1 Ri(e)

which gives a contradiction. Consequently, we see that 0 is in the weak
closure of {ry;k € {l; o, # 0}}. Since the sequence ¢/ [¢xll, is contained
in the finite dimensional subspace K?, we derive that there exists a sub-
sequence ¢, / ||, ||, Which is convergent to a nonzero function ¢. Ob-
serve that the sequence (ry) does not depend on N nor on j. It implies that
PR HP o b C ngf for any N. By construction, each functions ¢,,, belongs
to G = span{eqi1, ... em}, s0 1 is in G. It implies that E G E+4y @ HPob €
Lat(T3;) N Lat(T}), but this fact contradicts the maximality of E. Conse-
quently, the function ¢ is finitely represented with respect to the powers of
b and we can write ¢ = Y ), ©b* where ¢, € K {)’ for some positive integer
n. On the one hand, it follows that T*f = T*g for any k > m, hence we
necessarily have K¥(f) = K¥(g) € F. On the other hand, from Lemma 7,
we know that the converse inclusion is also true. Finally, we get E? C El+
EY C E+ EY = KE(f) ® HP o b+ Eb C E? (p € EJIZ) Observe that we have
(KX(f) ® HP o b) N E; = {0} by construction of g and ¢. Therefore EY is the
direct vectorial sum of K¥(f) ® HP ob and of the finite dimensional subspace
EZ. 1
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COROLLARY 1. Let f and b be as in Theorem 4. In addition, assume that
KL(f) = K}. Then f is cyclic for T in H?.

Remark 5. Let p > 2, o > 1 and (ag)r>0 be a sequence of complex num-
bers such that >/ °%|ax|? < +00 (¢ is the conjugate exponent of p). Assume
that the sequence (5]«)1«20 defined by setting £ = > ;. |a|? satisfies the con-
dition limfy_1/Bk > 1. Recall that the Rademacher functions (rg(t))r>0 are
given by ri(t) = sgn(sin(2¥nt)) for any ¢ € [0,1], where sgn(z) = 1 when
x > 0, sgn(0) = 0 and sgn(zr) = —1 when = < 0. Let b be the Blaschke
product given by b(z) = zby,(z)---by,, (z) where A1,..., A\, are m distinct
points contained in D\ {0}. We set ug(z) = 1 and u;(2) = by, (2) - by, (2)
for any j € {1,...,m}. Let s € {1,...,m}, for every ¢t € [0,1] we consider
the infinite linear combination f; of Blaschke products given by the series
fi(2) = 22020 arre () i) (2)b(2)*°] (2 € D) where (k) is the rest of rest of
the euclidean division of k by s+ 1 and [z] is the integer part of the real num-
ber z. Let us observe that [k“] is not a lacunary sequence. Using Khinchin’s
inequality (see for instance [14] ), Fubini’s theorem and Theorem 4, we see
that there exists a Borelian subset F € [0, 1] of Lebesgue measure 1 such that
for all p > 2 we have f; € HP and E% = KY,® HPob for any t € E. In
particular, when s = m we see that for almost every choice of signs {e}, the
series > 720 Ekuﬁy(k)(z)b(z)[ka} is a T3 cyclic vector in all H? for p > 2.

PROPOSITION 4. Let f(2) = ", <, fr(2)b*(2) € H?, be the decomposition
of f with respect to the sequence of the powers of a Blaschke product b and
where none of the functions fj, are zero. If we suppose that the sequence in
Ky, of the fy, is orthogonal, then f is not cyclic for T in H?.

Proof. Indeed, suppose that f is cyclic and let p,(z) = Z?goai(n)zi be a
sequence of complex polynomials such that

fO = nlggopn (T)f

Then, ¢ = || foll* = limp— 4 o0 (fo | pu(T) f) = lim s 1 oopn(0) = limy, 4 oo (n).
And in a similar way, we can prove that lim,,i~a;(n) = 0 for any i =

1,...d,. Consider,

PalT)f = D ()T =3 ifm) fﬁb(Za, f,+1>+ZbJ<ZaZ fW)



52 G. CASSIER, R. CHOUKRALLAH

We take ¥y ,, = Z?goai(n)fprl. Then, |91 ,]? < |lpo(T)f||> < M for some
constant M > 0. Therefore there exists a subsequence ¥y ,, which converges
weakly to a function ¥. Or, from one hand, we have

A (po, (T)f [ bf1) = (fo [ bf1) = 0.
And from the other hand this same sequence converges to a non null limit
because

(i (T)f | 0f1) = (C1ny, | 1) = ao(ni) | 1]l PR cll f1]* # 0.

Then we have a contradiction. And f is not cyclic. 1

The following result will be useful later and is of independent interest. In
the scalar case, observe that the criterion of pseudo-continuation of Douglas-
Shapiro-Shields (cf. [8] ) gives this property in a different way.

THEOREM 5. Let b be a finite Blaschke product and let f € HP, p > 2.
Then f is cyclic for T' =Ty in H? if and only if f is cyclic for T' in H?.

Proof. Let us denote E"(f) = spang-{T"f;n > 0}. Assume that f is
not cyclic in HP (p > 2), that is EP(f) # HP. Then EP(f)t € Lat(R)
in H? where ¢ is the conjugate exponent of p (1/p + 1/q = 1). Applying
Theorem 1, we see that there exist b-g-inner functions hq, ..., h,, such that
EP(f)* = hiH%b+---+h,,Hi0b. Since EP(f)* # {0}, we may suppose that
each h; is non zero. As b is a finite Blaschke product, we deduce easily from
Corollary 2 of [13] that any h; is in H>, hence in H2. Thus E?(f)* # {0} and
f is not cyclic in H2. The converse implication follows from the inequality
Ihl, < Ikl (h e HP). W

We have this following Theorem concerning the cyclicity of lacunary de-
composition of functions.

THEOREM 6. Let b be a finite Blaschke product of degree d and f in
HP which admits a lacunary decomposition with respect to the powers of b
(f=> k>0 fxb"™ ). Then the following statements are equivalent.

(1) f is cyclic for T in HP.

(2> K*(f) = Kp.
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(3) Let A1,..., A\p be the zeros of b and dy, . .., dy respectively the orders of
multiplicity of these zeros, then for every m > 0, there exists integers

m;, m; > m, i =1,...,d such that
fml()\l) fm2()‘1) fmd()\l)
SR OVD N Al OV NP N %)
: : : : : # 0.
fm1(Ak) fmg()‘k) fmd(Ak)
WD) A0 e D)

Proof. We first prove that (1) = (2). Suppose that E? = HP. Then,
for every g € HP and for every N > 1, there exists a sequence of com-
plex polynomials (p,)n>1 such that limg, e |pn(T)f — 8Vgll, = 0. Then
limy, 0P (T)TN f = TNlimy, soopn(T) = TN0Ng = g. Therefore, Epny =
HP. From Lemma 7 applied to T"* f instead of f for every k > 1, we obtain
Ky C span(fj: j > k), so Ky C K, (f), and K, = K. (f).

We turn now to the assertion (2) = (1). Let f € HP be such K. (f) = Kj.
Using Theorem 5, it is enough to prove that f is cyclic in H2. Suppose the
contrary, assume that f is not cyclic in H? and consider a maximal subspace
E € Lat(Ty) N Lat(Ty) which is contained in E% # H?. From Lemma 7, we
know that £ = F @ H? ob where F = EN K;. We easily see that g =
Y reo Pr(fi)b™ (resp. ¢ =Y 1oy Ppi(fi)b") is the orthogonal projection of
the function f onto E (resp. E1). Assume that ¢ is not finitely represented,
it implies that there exists an infinite subsequence (my) of (ny) such that
© =Y p0prb™ where each ¢y is nonzero. Observe that (my) is necessarily
a lacunary sequence. For any fixed integer N, j > 0, there exists an integer
ko such that for every k > ko, my — mg_1 > 7+ N (which is possible because
¢ is a lacunary decomposition). We consider

1 my—N— ] N
ol H@ ||

bml mg

>k

We take ry, = Y ;o1 (¢1/|lorl|) 0™~ ™. To prove that 0 is in the weak adherence
of the sequence (ry), it suffices to prove that every neighborhood of 0 for the
weak topology contains one of the ri. We consider neighborhoods of the
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following form
V={heH?: |(h|h) <1 1<i<n}

The functions h; i = 1,...n are some given functions of H?. We obtain that

1
hi)| = —— hi o —
|<rk’ Z>| ”kaHQ bzk<90l‘ i,y mk>
< [ I
wug o
1 1
2 2
< o (S elg) " (Sl
HSOkH = ~

Suppose none of the r; belongs to V. Then for every k > kg

>k i=11>k

1< max|<rk|h>

Since the sequence (n;);>0 is a lacunary sequence, it is well-known (see [8]) that
there exists an integer number M > 0 such that for every non null integer IV,
there is no more than M distinct representations N = n, —ng where r, s € N.
Therefore, summing over k gives

Slalf)  15En k=

>k

I LR Ve oS
k>ko ( >

It comes that

lx13
Z( ) <MY CPllha gl
kE>ko Z le1ll2 1<i<n

>k

On the one hand, the left side is a divergent sum by Lemma 6, on the other
hand the right side is a convergent sum, this gives a contradiction. Then, by
considering an adequate subsequence, as in the proof of Theorem 4, we derive
that there exists a function 1 such that E is strictly contained in the subspace
(F +v)® (H?ob) of E]% which is a contradiction. Thus, the function ¢ is
finitely represented. Similar analysis to that in the proof of Theorem 4 shows
that K.(f) = K.(g) = F. Since K,(f) = K? by assumption, we immediately
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deduce that F = K g ® H? o b = H?, therefore the subspace E]% is whole H?
and f is cyclic. So we obtain (1).

We have (2) < (3) because Kj, is of finite dimension and from Theorem 2,
we know that a base is given by the functions (6/\k,l tk>1,0<1<d — 1).
Since we have (f | ex;) = fU()\), we see that the statement (3) gives the
existence of S_% | dj independent functions f,,, in K,(f) C Kj therefore the
two statements are equivalent. |

3. CycLiCcIiTY IN HP SPACES WHERE 1 < p < 2
In this part, we will study the cyclicity of lacunary decompositions of

functions in the spaces H? where 1 < p < 2. For that, we make the following
observation,

LEMMA 9. Letu be an inner function and f,g € K. Then fg € K2 ® uK?2.
Proof. Let f, g € 5(3 The functions f and g can be respectively written

in the form f = ue ™ f and g = ue= g with f and § in H*. The products fg
and fg belong to H? and for every h € H?, we have

2m . S —
(W | fg) = /0 u(e)2h(e®)F (g () dm(6)

2w . . . n =, o~ . eyl

- / u(e®2(e?) [u(e?)e=? ()] [u(ei?)e 195 (c) | dm(6)
0
2w

= /0 e%eh(ew)f(ew)g(ew)dm () =0.

An immediate consequence of Theorem 2 is that H? = K2 © uK?2 ® u?H?,
consequently we necessarily have fg € K2 @ uk?2. |1

We give here an extended version of a result which exists in the scalar case
(see [19], p. 115). If A is a set of integers, we call by &, o the vectorial space
formed by the sums with finite support of type >, Ak<p fxb* where f;, € K.
We denote by Ej o the closure in L'(dm) of the vectorial subspace EpA-

THEOREM 7. Let M € N* and A be an infinite set in Z such that no
integer has more than M representations as the sum of two elements of A.
Then the space Ej, » is a closed subset of L*(dm).
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Proof. Let f =3 fib* € & A, we have

2
2
1A =120 = 1 D fefdT+ > ffipt
(k,)en? (k,1)eA? 2
k+1e2Z k+1e2Z+1
2 2
<22 >0 g 48| >0 bt
keA (k,1)EA? 2 (k,)EA? 2
k+1e2Z, k<l k+1€2Z+1, k<l

Considering the fact that an integer has not more than M representations as
the sum of two elements of A and according to Lemma 9, we see that the terms
occurring in the sums above can be rewritten as the sum of orthogonal blocks
with at most M terms. For each of these functions we take the square of the
norm in L?*(dm) and we use the inequality ||o1 + -+ 4+ oum||3 < M[[le1]3 +
-+ leall3]. We obtain,

4 2 2
Wik <2 Sl 4 3 ]
L keA (k,DeA?
k<l
4 2 2
<oM| YISl 4 Yo Il I
[ ke (,1)eA2 |
k<l
- 2 12
<anr| Sl et | | —anvet 1t
L keA keA d
where ¢ is the constant coming from the equivalence of the norms. |||, and

||.|l, on the finite dimensional space Kj. Then we have ||f|l4 < Q%MichHg.
Using Hélder inequality with the conjugate exponents 3 and %, it comes that,

9 41002 e E o2k A enE e
£l = TIfld\fl«*dmﬁ 1A NI <23 M3es| fll3 (£

And finally, ||f|ls < 2V Mc?||f||1. The desired result is now a direct conse-
quence of this inequality. |

THEOREM 8. Let b be a finite Blaschke product and T' = T} be the asso-
ciated antianalytic Toeplitz operator. We consider in H?, where 1 <p < 2, a
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function f which admits a lacunary decomposition with respect to the powers
of b (f = Y72, fxb™ ). Then f is cyclic if and only if one of the two last
statements of Theorem 6 is satisfied.

Proof. Let f be the lacunary decomposition of the statement. Since f €
HP 1 < p < 2, and according to Theorem 2, the partial sums of the series
Soo2y fe(2)b™(z) converge to f in HP, and also converge to f in H' and
therefore f € Epan (A = {ng}). Applying Theorem 7 we see that f € HZ.
According to Theorem 6 under the same hypothesis which are here fulfilled
by f, f is cyclic and there exists a sequence of complex polynomials such
that for every h € H?, lim, o0 ||h — pp(T) fll2 = 0. Since ||h — po(T)f|lp <
|h — pn(T') fll2, we have

H? C spaan{T"f tn > 0}.
As H? is dense in HP for 1 < p < 2, we have HP = E?. 1
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