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Abstract: We construct canonically a general connection AF(F, V)on Fp: FY — FM from
a general connection I' on a fibred manifold p : Y — M by means of a projectable classical
linear connection V on Y, where F' : Mf — VB is a vector bundle functor. In the case
of a not necessarily vector bundle functor F' : Mf — FM we find some simple equivalent
condition on the existence of a general connection A(I',V) on Fp : FY — FM from a
general connection I' on Y — M by means of a projectable classical linear connection
V on Y. We present a construction of a classical linear connection A*(V) on FY from
a projectable classical linear connection V on Y for any fiber product preserving bundle
functor F' : FM,, — FM. We characterize bundle functors F' : FM,, , — FM which
admit a construction of a classical linear connection A(V) on F'Y from a projectable classical
linear connection V on Y. We characterize gauge bundle functors F' : VB,,,, — FM which
admit a construction of a classical linear connection A(D,V) on FE from a linear general
connection D on F — M by means of a classical linear connection V on M.
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0. INTRODUCTION

From now on, let M f be the category of all manifolds and all maps, M f,
be the category of m-dimensional manifolds and their embeddings, FM be
the category of all fibred manifolds (i.e. surjective submersions between mani-
folds) and their fibred maps, FM,, be the category of all fibred manifolds with
m-dimensional bases and their fibred maps covering embeddings, F M., ,, be
the category of fibred manifolds with m-dimensional bases and n-dimensional
fibres and their fiber embeddings, VB be the category of all vector bundles
and their vector bundle maps, and VB,,,, be the category of vector bundles
with m-dimensional bases and n-dimensional fibres and their vector bundle
embeddings.
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A general connection on a fibred manifold p: Y — M isa section': Y —
JYY of the first jet prolongation J'Y — Y of p : Y — M. Equivalently, T
can be treated as the corresponding lifting map

T:TM xyY — TY,

see [10]. If E — M is a vector bundle, then a general connection I' : E — J'E
is called linear if it is a vector bundle map. In particular if £ = T M is the
tangent bundle of M, a linear connection I : TM — J'TM is a classical linear
connection on M (it can be equivalently defined by its covariant derivative
VxY on vector fields, or equivalently defined as the corresponding section
of the affine bundle of connections QM = 7~ (idry) C T*M @ J'TM ).
Given a fibered manifold p : Y — M, a classical linear connection V on Y is
called projectable if there exists a (unique) p-related with V classical linear
connection V on M

The theory of canonical constructions on connections has its origin in the
works of C. Ehresmann, [3], [4]. Some canonical constructions on connections
have motivations in quantum mechanics, higher order dynamics, field theories
and gauge theories of mathematical physics, [6], [19], [21]. That is why, canon-
ical constructions on connections have been studied in many papers, [1], [2],
[5], [7]-[10], [12]-][20], [22]. Roughly speaking, a canonical construction on con-
nections is a rule A transforming given connections I'y,...,I'x on a manifold
Y or fibred manifold Y — M into a connection A(T'1,...,Tx) on a functor
bundle FY of Y, which is well defined (i.e., the definition of A(I'1,...,T'x)
is independent of the choice of local coordinates on Y). Such constructions
have reflection in the corresponding natural operators in the sense of Kolai-
Michor-Slovak [10]. The theory and precise definitions of bundle functors and
natural operators (canonical constructions) can be found in the fundamental
monograph [10].

In the first part of the paper, we study the following two problems.

PrROBLEM 1. Let F': Mf — VB be a vector bundle functor. To construct
a general connection AY(T', V) on Fp: FY — FM from a general connection
T'onp:Y — M by means of a projectable classical linear connection V on Y.

PROBLEM 2. To characterize (not necessarily vector) bundle functors
F : Mf — FM such that there exists a general connection A(T", V) on
Fp : FY — FM induced from a general connection I' on p : ¥ — M by
means of a projectable classical linear connection V on Y.
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We remark that in [14], we studied the problem whether for a given general
connection I' : Y — J'Y on a fibred manifold p : Y — M one can construct
canonically a general connection A(T') : FY — JY{(FY — FM)on Fp: FY —
FM, where F : Mf — VB is a vector bundle functor with the point property
F({point}) = {0}. We proved that a construction A(I") in question exists if
and only if F'is product preserving.

In the second part of the paper we study the following three problems.

PROBLEM 3. Let F': FM,, — FM be a fiber product preserving bundle
functor. To construct a classical linear connection A" (V) on FY from a
projectable classical linear connection V on Y — M.

PROBLEM 4. To characterize bundle functors F' : F.M,, , — FM, which
admits a canonical construction of a classical linear connection A(V) on FY
from a projectable classical linear connection V on Y — M.

PROBLEM 5. To give an example of a bundle functor F' : FM,, , — FM
which does not admit any construction of a classical linear connection A(V)
on FY from a projectable classical linear connection V on Y — M.

We inform that the most important example of a fiber product preserving
bundle functor is the r-jet prolongation functor J" : FM,, — FM. All fiber
product preserving bundle functors F' : FM,, — FM have been classified in
[11].

Fiber product preserving bundle functors on FM,, play a similar role
as product preserving bundle functors (Weil bundles) on manifolds. On the
Weil bundle T4M we have the classical linear connection V4 from a given
classical linear connection V on M, the complete lift of V in the sense of
A. Morimoto [17]. To construct V4 from V, A. Morimoto defined a lot of
canonical lifts of functions, vector fields and forms. Unfortunately, in the
case of J" : FM,, — FM any natural operator lifting projectable vector
fields X on Y — M to J"Y is the constant multiple of the flow operator,
[10]. Also (one can show) that any natural lifting of functions f : Y — R to
7 o J'Y — Y is the vertical lift f¥ = fonrj : JY — R composed with a
function R — R. In other words, J” is a very rigid functor. Thus it is very
unexpected the positive answer to Problem 3 for F' = J". It must use quite
different method than the one by A. Morimoto [17].

In the special case m = 0, we have F My, = M f,, under the identification
Y — {point} with Y. Any classical linear connection on Y is projectable on
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Y — {point}. Thus the solution of Problem 4 gives a characterization of bun-
dle functors (natural bundles) F' : M f,, — FM which admits a construction
of a classical linear connection A(V) on N from a classical linear connection V
on N. This (in particular) shows the reason why a prolongation of connections
V on N to TAN exists.

In the third part we solve the following problems.

PROBLEM 6. To characterize all gauge bundle functors F' : VB, , — FM,
which admit a canonical construction of a classical linear connection A(D, V)
on F'E from a linear general connection D on an VB, ,-object £ — M by
means of a classical linear connection V on M.

ProBLEM 7. To give an example of a gauge bundle functor F': VB,, , —
FM which does not admit any canonical construction of a classical linear
connection A(D, V) on FE from a linear general connection D on an VB, ,,-
object F — M by means of a classical linear connection V on M.

We inform that in [15], we proved that there is no canonical construction
of a classical linear connection A(D) on FE from a linear general connection
D on a VB, ,-object . — M. So, the using of an auxiliary classical linear
connection V on M is unavoidable in Problem 6.

All manifolds and maps are assumed to be of class C*.

PART I. SOME CONSTRUCTIONS ON GENERAL CONNECTIONS

1. SOME DEFINITIONS

Let B : FM — Mf be the base functor, B(Y — M) = M, B(f,f) = f.

DEFINITION 1. A bundle functor over manifolds is a covariant functor
F: Mf — FM satisfying B o F' = id and the localization condition: for
every inclusion of an open subset iy : U — M, FU is the restriction pXj(U )
of ppy : FM — M over U and Fiy : FU — FM is the inclusion py; (U) —
FM, [10]. If a bundle functor F' has values in the category VI3, we say that
F: Mf — VB is a vector bundle functor.

A simple example of a vector bundle functor is the tangent functor T :
Mf — VB sending a manifold M into its tangent bundle TM over M and
any map f : M — M into the tangent map T'f : TM — TM; over f. An
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example of a bundle functor F' which is not vector is the tangent functor
7 : Mf — FM for r > 2 sending any manifold M into the r-tangent bundle
T"M = J§(R,M) and any map f : M — M, into the induced fibred map
T"f : T"M — T"My covering f, T" f(j5v) = jo(f o), joy € T"M. More
examples of bundle functors over manifolds can be found in [10].

Let F: Mf — FM be a bundle functor.

DEFINITION 2. An FM,, ,-natural operator (a canonical construction)
transforming connections I' on FM,, ,-objects ¥ — M and a projectable
classical linear connection V on Y — M into general connections A(T, V)
on fibred manifold Fp : FY — FM is a family of FM,, ,-invariant regular
operators (functions)

A:Con(p:Y — M)xConproj—cias—tin(p : Y — M) — Con(Fp : FY — FM)

for any FM,, n-object p : Y — M, where Con(p : Y — M) is the set of
all general connections on p : Y — M and Conproj—cias—tin(p : Y — M)
is the set of all projectable classical linear connections on p : Y — M. The
invariance means that for any general connections I and I'y on F M,,, ,,-objects
p:Y — M and p; : Y1 — M (respectively) and projectable classical linear
connections Vand Vionp:Y — M and p; : Y7 — M (respectively), if I and
I'y are f-related and V and V; are f-related for some FM,, ,-map f : Y — Y3
covering f : M — My, then A(I', V) and A(I'1, V1) are (F'f, F f)-related. The
regularity means that A transforms smoothly parametrized families of pairs
of connections into smoothly parametrized families of connections.

2. SOLUTION OF PROBLEM 1
Let F: Mf — VB be a vector bundle functor. We have
FoR™=F (imm4n) (Fo(R™)) C Fio0(R™ x R"),
where i m4n : R™ — R™ x R", x — (,0). Define
Cr (R X TFyR™) x gyrm F(o0)(R™xR") — (R"xR")xTF0(R™xR")

by
CF ((a g (Fol0)+ 7)) ) = (@), - (F 7).
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a € R™, u € RR™ C Fog(R™ x R"), f € Fpo(R™ x R"). From the
translation identification FR™ = R™ x FyR™ we have the identification
TFR™ =TR™ x TFyR™ . Thus

R™ x TFyR™ = (TFR™),.
Similarly,
(R" x R") x TFop(R™ x R") = (TFR™ x R"))0,0) -
Thus
Ct  (TFR™)y X p,rm FooR™ xR") = (TFR™ x R"))0,0) -
One can easily observe that

LEMMA 1. (a) The mapping C* is fiber linear in the first factor.

(b) We have the lifting property
TFp(C" (w, f)) = w

for any (w, f) € (TFR™)o X pyrm Fo,0(R™ x R™).

(c) We have the invariant condition
CH(TFp(w), F(p x ¥)(f)) = TF(p x )(C" (w, f))

for any (w, f) € (TFR™)o X pyrm Fo,0)(R™ x R") and any linear iso-
morphisms ¢ : R™ — R™ and ¢ : R® — R"™.

Let I' be a general connection on a fibered manifold p : ¥ — M with
dim(M) = m and dim(Y) = m 4+ n. Let V be a projectable classical linear
connection on Y with the underlying classical linear connection V on M. Let
y €Y, p(y) = x. The following lemma is almost clear.

LEMMA 2. (a) There is a normal fiber coordinate system V¥ : (U,y) —
(R™ xR",(0,0)) onY of V with center y covering a normal coordinate
system ¥ : (U,x) — (R™,0) on M of V with center x and sending T'(y)
into j$(0), where 6 is the zero section of R™ x R™ — R™.

(b) IfV is another such system then there are linear isomorphisms ¢ : R™ —
R™ and v : R™ — R"™ such that ¥ = (o x 1) o ¥ near y.
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ExXAMPLE 1. Let F': Mf — VB be a vector bundle functor. Let I" be a
general connection on a fibred manifold p : Y — M and V be a projectable
classical linear connection on Y — M, dim(Y) = m + n, dim(M) = m. We
are going to construct a general connection A(I', V) on Fp : FY — FM.
Let z € F,Y, y € Y. Define A"(I',V)(2) € (J}., .,FY). as follows. Choose a

system U as in Lemma 2(a) and put
AF(P’ V)(Z) = J Py (j%'p (F\I/(z))(o'glll(z))) )

where jfl,p(f)(af) € (J}l,p(f)(F(Rm X R")))f is the unique element such that
CF(u, f) = de(f)U?(u), fE€FpnR"xR"), ue erp(f)FRm (the existence
of such j}pp( f (UjlcJ ) follows from Lemma 1(a)(b)). If W is another such system,

p(2)

then by Lemma 2(b) and the invariant condition from Lemma 1(c) we obtain
the same value A" (T, V)(z). Thus the definition of A(T",V)(z) is correct.
The resulting map A" (I, V) : FY — JY{(FY — FM) is a general connection
on Fp: FY — FM.

Because of the canonical character of the construction A"(I', V) we imme-
diately have

PROPOSITION 1. (1) Given non-negative integers m and n with n > 1,
the family of operators AT : (T, V) — AY(I',V) (described in Exam-
ple 1) is an F M, n-natural operator.

(2) Let a = {an} : Fi — Fy be an M f-natural isomorphism of vector
bundle functors (i.e. ap : F1M — F»M is a base preserving vector
bundle isomorphism for any manifold M such that ayr,oF1 f = Fhfoapy,
for any map f : My — My). Then for any F M., n-object p : Y — M
any projectable classical linear connection V onY — M and any general
connection I on Y — M, general connections A" (I, V) and A™(T", V)
are (ay,apr)-related.

3. SOLUTION OF PROBLEM 2

Let F': Mf — FM be a (not necessarily vector) bundle functor. Suppose
that there exists a F.M,, ,-canonical construction of a general connection
A(,V)on Fp : FY — FM from a general connection " on p : ¥ — M
by means of a projectable classical linear connection V on Y. Then by the
composition of the restrictions of

A%, VY : TFR™ xprm F(R™ x R") — TF(R™ x R"),



304 W.M. MIKULSKI

where I'Y is the trivial general connection on p : R x R"® — R™ and V" is the
projectable classical linear connection on R x R™ with vanishing Christoffel
symbols, with the projection

(TFR™xR"))(0,0=(R™xR") xT(Fg,0)(R" xR")) = T(Fg,0)(R"xR")),
we have the general connection
Ire: T(F()Rm) X FyR™ F(O,O) (Rm X Rn) — T(F(O,O) (Rm X Rn))

on Fonp : Foo(R™ x R") — FyR™. This connection is Gl(m) x Gl(n)-
invariant because of the GI(m) x GI(n)-invariance of A", I'" and V°.

Conversely suppose that there exists a Gl(m) x Gl(n)-invariant general
connection

Ire: T(FORm) X FpR™ F(O,O) (Rm X Rn) — T(F(O,O) (Rm X Rn))
on Fo0p : Foo(R™x R") — FyR™. Then we have the map
C?: (TFR™)o Xprm Flo,0(R™ x R") — (TF(R™ x R"))0,0)

given by
C°((a,u), f) = ((a,0),I(u, f)),

(a,u) € (TFR™)o=R™ xTFR™, f € F o (R™xR"), Fp(f) = 7(u), where
7 TFR™ — FR™ is the tangent projection, (R™ x R"™) x T'F)(R™ x
R")=(TF(R™xR"))(0,0)- This map C? has the properties as C*" in Lemma 1.
Then similarly as in the Example 1 we can construct a general connection
AT, V) on Fp: FY — FM. Thus we have proved

THEOREM 1. Let F' : Mf — FM be a bundle functor. The following
conditions are equivalent:

(i) There exists a canonical construction (an F M, ,-natural operator) of
a general connection A(I',V) on Fp : FY — FM from a general con-
nection I' on a fibred manifold p : Y — M with dim(Y') = m + n and
dim(M) = m by means of a projectable classical linear connection V on
Y.

(ii) There exists an GI(m)xGl(n)-invariant general connection I'* on Fg oyp :
F(070)(Rm X Rn) — F()Rm.
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Remark 1. (i) Let F' : Mf — FM be a bundle functor. Assume that:
(a) Flo,0(R™ x R™) and FyR™ are vector spaces; (b) the map Fo(imm+n)
FoR™ — Fo0)(R™ x R") is linear; (c) the map Fio)p : Fo0)(R™ x R") —
FoR™ is linear (then linear epimorphism); (d) the actions of GI(m) x Gi(n) on
Flo,0)(R™ x R") and of Gl(m) on FyR™ are by linear isomorphism. Then we
have a Gl(m) x Gl(n)-invariant general connection I'” on Fig g)p : F{g,0)(R™ X
R") — F,R™ by FO(%w(u + Tw), f) = %lo(f + TF (immin) (W), w,w €
FoR™, f € Flo0(R™ xR"), Fp(f) = u.

(ii) An example of a (not necessarily vector) bundle functor F satisfying
conditions (a)—(d) is a Weil functor T4 corresponding to a Weil algebra A. So,
we can construct a general connection A(T', V) on T4p : FY — FM from a
general connection I' on p : Y — M by means of a projectable classical linear
connection on Y. In [19], J. Slovdk gave an example of a general connection
A(T) on T4p : FY — FM from a general connection I' on p : Y — M without
using a projectable classical linear connection V on Y.

OPEN PROBLEM. If exist a GI(m) x Gl(n)-invariant general connection on
Foop : Foo(R™xR") — FyR™ for any bundle functor F': Mf — FM?

PART II. SOME CONSTRUCTIONS ON PROJECTABLE LINEAR CONNECTIONS

4. SOME DEFINITIONS

Let B : FM — MFf be the base functor and 7 : FM,, — Mf be the
total space functor, 7(Y — M) =Y, 7(f, f) = f.

DEFINITION 3. A bundle functor on FM,, is a covariant functor F' :
FM;, — FM such that BoF = 7 satisfying the the localization condition: for
any inclusion of an open subset iy : U — Y, FU is the restriction py!,,(U) of
py—n : FY — Y and Fiy is the inclusion py,!,,(U) — FY. A bundle functor
F : FM,, — FM is fiber-product preserving if F'(Y1 x s Y2) = FY7 X FYa
(modulo a fibred diffeomorphism) for any FM,,-objects Y1 — M and Yo, — M
over the same base.

A more important example of a fiber product preserving bundle functor
on FM,, is the r-jet prolongation functor J" : FM,, — FM sending any
FMp-object Y — M into its r-jet prolongation bundle J"Y = {j70 |0 : M —
Y is a section of Y — M,z € M} over Y, and any FM,,-map f:Y — Y]
covering (embedding) f : M — M, into its induced map J"f : JY —
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JY1, J'(jio) = j;;(m)(f oo oi_l), jro € J'Y. Fiber product preserving
bundle functors F : FM,, — FM,, have been completely described in [11]
in terms of triples (A, H,t), where A is a Weil algebra of order r, H is a
group homomorphism from the rth jet group Gj, into group Aut(A) of all
automorphisms of A and t is a GG} -invariant algebra homomorphism from the
algebra D], = Jj(R™,R) into A. An example of not fiber product preserving
bundle functor on FM,, is the tangent functor T : FM,, — FM sending
any FM,-object Y — M into TY — Y and any F M,-map f:Y — Y] into
Tf:TY — TY;. More examples of bundle functors F' : FM,, — FM can
be found in [11].

Let F : Fppn — FM be a bundle functor (defined quite similarly as bundle
functors on FM,,).

DEFINITION 4. An FM,, ,-natural operator (a canonical construction)
transforming projectable classical linear connections V on an F.M,, ,-object
Y — M into classical linear connections A(V) on FY is a family of F M, ,,-
invariant regular operators (functions)

A: Conproj—clas—lin(y - M) - Conclas—lin(FY)

for any F M., n-object Y — M, where Congas—1in(FY) is the set of all classi-
cal linear connections on F'Y. (The invariance and regularity is defined quite
similarly as in Definition 2.)

5. SOLUTION OF PROBLEM 3

Let p : Y — M be a fibred manifold with m-dimensional base and n-
dimensional fibers. Let V be a projectable classical linear connection on Y
with the underlying classical linear connection V on M. The following lemma
is almost clear.

LEMMA 3. (a) There exists a fibred normal coordinate system WY :
(U,y) — (R™ x R™,(0,0)) on Y of V with center y covering a nor-
mal coordinate system ¥* : (U,z) — (R™,0) on M of V with center
.

(b) If¥Y is another such fibered normal coordinate system then there exists
a linear isomorphism ® : R™ x R" — R™ x R" the form ®(x,y) =
((@), 1 (2) +2(y)), (x,y) € R™ x R™ such that ¥ = & o WY near y.
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Let F': FM,, — FM be a fiber product preserving bundle functor. Let
(A, H,t) be the triple of F. Then F(R™xR") = (R"™xR"™)x x A", where A is
the maximal ideal of A. The following lemma is clear under the classification
result of [11].

LEMMA 4. Let Gl(m,n) be the linear group of fibred linear isomorphisms
® : R™ x R" — R™ x R"™ which are (of course) of the form ®(z,y) =
(¢(), 1 (x) + 2(y)). Given ® € Gi(m,n) (of the above form) we have

Fo((x,y),a) = ((w(:ﬂ)v P1(z) +va(y)), H(joe) (V2 @ ida(a) + t(jfwl))) :

(r,y) e R" xR", a € A" = R"® A. In particular, the action of Gl(m,n) on
the standard fiber Fgo)(R™ X R™) is by affine isomorphisms.

ExaAMPLE 2. Let F': FM,, — FM be a fiber product preserving bundle
functor. Let V be a projectable classical linear connection on a fibred manifold
p:Y — M, dim(Y) = m+n, dim(M) = m. We are going to construct a
classical linear connection A¥ (V) on FY. Let v € F,Y,y € Y. Let VI be the
classical linear connection on the affine space Fg o)(R™ x R") with vanishing
Christoffel symbols (in any affine coordinates). Because of Lemma 4, V¥ is
Gl(m,n)-invariant. Let ¥¥ be a normal fibred coordinate system from Lemma
3. Let YV be the image of V by ¥¥. Thus on F(R™ x R") = (R™ x R") x
Fo0)(R™ x R™) we have the classical linear connection (¥YV) x V. (We
recall that given classical linear connections Vi on M and V, on N we have
the product Vi x Vo of V1 and V,. This is a classical linear connection on
M x N defined as follows. Let \; : TM — J'TM and Xy : TN — J'T'N be
the corresponding to Vi and Vs fiber linear sections. Then the fiber linear
section A : TM x TN — JY(T'M x TN) corresponding to Vi x V3 is given by
Au,v) = j(lm)(Xl x X9),u€T,M,veTyN,pe M, qe N, \(u)=j)(X1),
A2(v) = ji(X3).) We define

AT (V) = QF (W) H(((PIV) x V) panw))

where we treat classical linear connections on Y as sections of the connection
natural bundle QY. If ¥Y is another fibred normal coordinate system in
question, then because of Lemma 3(b) and the GI(m, n)-invariance of VI we
obtain the same A (V),. Thus the definition of A¥(V), is correct. Thus we
have the resulting classical linear connection A¥ (V) on FY.

Because of the canonical character of the construction A*(V) we have
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PROPOSITION 2. (1) The family of operators AY : V — AF(V) (de-
scribed in Example 2) is an F My, ,-natural operator.

(2) Let a = {ap} : F1 — F» be an isomorphism of fiber product preserving
functors (i.e. a, : F1Y — FyY is a fibred diffeomorphism covering idy
for any FMp-object p : Y — M such that F>f o a,, = ap, o F1f for
any FMpy-map f : Y1 — Ya covering f : My — Ms). Then for any
projectable classical linear connection V on an F. M, n-object p 1 Y —
M, connections AT (V) and A2(V) are ay-related.

6. SOLUTION OF PROBLEM 4

Let F : FMp, — FM be a (not necessarily fiber product preserv-
ing) bundle functor. Suppose that we have a construction A of a classi-
cal linear connection A(V) on FY from a projectable classical linear con-
nection V on Y. Then we have the connection A(V?) on F(R™ x R") =
(R™ x R™) x Fg0(R™ x R"), the trivialization by translations, where V°
is the flat projectable classical linear connection on R™ x R"™ with vanishing
Christoffel symbols. Then by the Gauss formula we have the classical linear
connection V' on Fg)(R™ x R™) = {(0,0)} x Fg0)(R™ x R") induced by
A(V?) via the product (R™ x R™) x F(g ) (R™ x R"). The connection V' is
Gl(m,n)-invariant because of V is.

Conversely, suppose we have a GIl(m,n)-invariant classical linear connec-
tion V' on Fg)(R™ xR™). Then similarly as in Example 2 (starting from
V'’ instead of V') we can construct a classical linear connection A(V) on FY
from a projectable classical linear connection V on Y. Thus we have proved

THEOREM 2. Let F': F My, ,, — FM be a bundle functor. The following
conditions are equivalent:

(a) There exists a canonical construction (F My, n-natural operator) of a
classical linear connection A(V) on FY from a projectable classical lin-
ear connection V on Y.

(b) There exist a Gl(m,n)-invariant classical linear connection V' on the
fiber F(070) (Rm X Rn)

Remark 2. We can apply Theorem 2 to vector bundle functors F' : FM,, ,,
— VB. In this situation GI(m,n) acts on the vector space Fgg)(R™ x R")
by linear isomorphisms. Then the flat classical linear connection V¥ on
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Flo,0)(R™ x R") is GI(m,n)-invariant. So, we have the classical linear con-

nection AF(V) on FY from a projectable classical linear connection V on
Y.

In the case m = 0 we have F Mg, = Mf,. Thus we have the following
corollary of Theorem 2.

COROLLARY 1. ([16]) Let F': Mf,, — FM be a bundle functor (natural
bundle). Then the following conditions are equivalent:

(a) There exists a canonical construction (a M f,-natural operator) of a
classical linear connection A(V) on F'N from a classical linear connection
V on a n-dimensional manifold N;

(b) There is a GL(n)-invariant classical linear connection V on FyR™.

Remark 3. In particular, if F = T4 : Mf — FM is the Weil bundle
functor for some Weil algebra A = R x A then T{'R™ = (A)" is the vector
bundle. More, the action GL(n) on T{'R™ is linear. Then the standard
flat classical linear connection on the vector space T§'R™ is GL(n)-invariant.
Then by Corollary 1, there exists a canonical construction of a classical linear
connection A(V) on TAN from a classical linear connection V on N. That
is why the Morimoto prolongation [17] of classical linear connections to Weil
bundles is possible.

7. SOLUTION OF PROBLEM 5

Let P(R™ x R"™) be the projective space. The group Gl(m,n) acts on
P(R™ x R"™) by the projectivization.

LEMMA 5. Let m > 2. There is no Gl(m,n)-invariant classical linear
connection V' on P(R™ x R").

Proof. Suppose that V' is in question. P/™ = {[1,22 ... 2™ y',... y"] €
PR™ xR |(z%,..., 2™y, ..., y") € R™1 x R"} is the affine space of "fi-
nite points”. P/ = R™~ ! xR™ by the identification [1,22,..., 2™ y', ..., y"]
= (22,...,2™ y",...,y"). By the suppose, V'|P/™ is invariant by the trans-
lations 7, ) = [h, 22 + agx!, ..., 2™ + apmat,y' + biat, ...y + byt [P
and and by the homotheties tid = [z, tx?, ... ta™, ty', ... ty"]|P7" . Then
V/|P7" has constant Christoffel symbols wchich are vanishing in the origin.
Then V/|P/™ is the usual flat connection with vanishing Christoffel symbols.
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On the other hand, if ® € Gl(m,n) sends (0,1,0,...,0) into (1,0,...,0)
then the projectivization [®] is not locally affine on Pf™. Then V'’ is not
[®]-invariant. Contradiction. |

ExXAMPLE 3. Let P(T') : F My, n, — FM be the projectivization of the
tangent functor,

P(T)(Y)=JP@y), PM)(@) = 1,9 :PT)Y1) - P(T)(Yz).
yey YyeEY]

Then P(T)(o,0)(R™ x R") = P(R™ x R") with the usual action of GI(m,n).
Because of Lemma 5 there is no Gl(m, n)-invariant classical linear connection
V' on P(T)(0)(R™ x R"). So, by Theorem 2, there is no canonical con-
struction of a classical linear connection A(V) on P(T")(Y) from a projectable
classical linear connection V on Y.

PART III. SOME GAUGE CONSTRUCTIONS ON LINEAR CONNECTIONS

8. SOME DEFINITIONS

Let B' : VB, ,, — Mf and B : FM — Mf be the base functors.

DEFINITION 5. A gauge bundle functor on VB, , is a covariant functor
F : VB, — FM satisfying Bo F = B’ and the localization property: for
every VB, n-object p : E — M and every inclusion of an open sub-bundle
iv : E|lU — B, F(E|U) is the restriction p,' (U) of pg : FE — M over U and
Fiy is the inclusion pEI(U) — FE.

A simple example of a gauge bundle functor on VB, , is the r-jet prolon-
gation functor J" : VB,, , — F.M sending any VB,, ,-object ' — M into the
rjet prolongation bundle J"E = {jlo | 0 : M — E is a section,x € M} over
M and any VB,, ,-map f : F — E; covering f : M — M; into the induced
map J'f : J'E — J'Ey. In fact, J" : VB, — VB is a gauge vector bundle
functor. More examples of such functors can be found in [10].

Let F': VB, , — FM be a gauge bundle functor.

DEFINITION 6. A VB, ,-natural gauge operator transforming linear con-
nections D on VB,, ,-object £ — M and classical linear connections V on M
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into classical linear connections A(D, V) on F'E is a family of VB,, ,-invariant
regular operators

A: Conyin(E — M) x Congas—iin(M) — Conggs—1in(FE)

for any VB, n-object p : E — M, where Cony,(E — M) is the set of linear
general connections on £ — M and Congas—1in(M) is the set of all classi-
cal linear connections on M. (The invariance and regularity we mean quite
similarly as in Definition 2.)

9. SOLUTION OF PROBLEMS 6 AND 7

Let F' : VB, — FM be a gauge bundle functor. On the standard
fiber Fy(R™ x R™), 0 € R™, we have the left action of GL(m) x GL(n) by
(B,C).f =F(BxC)(f), f € Fh(R™xR").

(I) Suppose we have a GL(m) x GL(n)-invariant classical linear connection
V on Fo(R™ xR"™). Let D be a linear general connection on an VB, ,-object
p: E — M and let V be a classical linear connection on M. We are going to
construct a classical linear connection A(D,V) on FE. Let f € F, E, x € M.

Firstly, for any basis b = (by,...,b,) of E, and any basis [ = (I1,...,0n)
of T, M, we construct a vector bundle trivialization ®*' : E|JU — R™ x R"
over some neighborhood of x as follows. Let I'(D, V) be the classical linear
connection on E induced by D and V, see [5], [10; Sect. 54.2]. Given v € E,,
we define a (smooth) section 0 : U — E of E — M (on some neighborhood
U C M of z) by

o(y) = expy (D(expgl(y), v)) ,yeU,

where exp, : T,M — M is the (defined locally) exponent of V, and exp, :
T,E — E is the (defined locally) exponent of I'(D, V). Analyzing the defini-
tion of I'(D, V) one can see that I'(D, V) is projectable on V. Then exp, is
fibred over exp,. So, ¥ is really a section. One can also observe that I'(D, V)
is invariant with respect to fiber homotheties of E. Then v depends linearly on
v. Then the b; form a basis of sections of E|U — U. We choose the (unique)
normal coordinate system ¢! : U — R™ of V with center 2 which maps [ into
the usual basis of THR™ = R™. We define ®*! : E|U — R™ x R" to be the
unique vector bundle isomorphism covering ¢! and sending basis b; of local
sections of £ — M into the usual basis of sections of R™ x R™ — R™. One
can easily observe that if ¥’ and !’ are another bases in E, and T, M then

() o' = (BT x 7)o P,
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where B is the matrix between bases [ to I’ (i.e., I’ = [.B) and C is the matrix
between bases b to b’ (i.e., b’ = b.C).

Let f € F,E. We choose b and | and ®”! over ¢! as above. We have
classical linear connection .V x V on some neighborhood of the fibre over
zero of R™ x Fy(R™ x R™) = F(R™ x R™). We put

A(D,V); = (QFO") ™ ((¢").V x @)F@b,l(f)) ;

where @ is the bundle functor of classical linear connections. Because of (x)
and the GL(m) x GL(n)-invariance of V, the definition of A(D, V) is correct
(it is independent of the choice of (b,1)).

(II) Conversely, suppose we have a canonical construction (VB,, ,-natural
gauge operator) A transforming linear general connections D on F — M and
classical linear connections V in M into classical linear connections A(D, V)
on FE. Let V° be the flat classical linear connection on R™ and D° be
the trivial linear general connection on R” x R®™ — R™. Then we have the
classical linear connection A(D°,V?°) on F(R™ x R™) = R™ x Fy(R™ x R™).
Thus (by the Gauss formula) we have the classical linear connection V on
Fo(R™ x R™). Since D° is GL(m) x GL(n)-invariant and V¢ is GL(m)-
invariant and A is invariant, then V is GL(m) x GL(n)-invariant. Thus we
have proved

THEOREM 3. Let F' : VB,,,, — FM be a gauge bundle functor. The
following conditions are equivalent:

(a) There exists a canonical construction (a VB,, ,-natural gauge operator)
of a classical linear connection A(D, V) from a linear general connection
D on E — M by means of a classical linear connection V on M ;

(a) There exists a GL(m) x GL(n)-invariant classical linear connection V
on the standard fibre Fy(R™ x R™) of F.

In the case of a vector gauge bundle functor F' : VB,, , — VB we have the
action of GL(m) x GL(n) on the vector space Fy(R™ x R™). Let V = V¥ be
the usual flat connection on Fy(R™ x R™). It is GL(m) x GL(n)-invariant.
Therefore (because of Theorem 3) we have a VI3,, ,-natural gauge operator
AF transforming linear general connections D on VB, ,-objects E — M and
classical linear connections V on M into classical linear connections A (D, V)
on F'E. Because of the canonical construction we have
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PROPOSITION 3. Let a: Fy — F5 be a natural isomorphism of two gauge
vector bundle functors Fy, Fs : VB, , — VB. Then for any linear general con-
nection D on E — M and any classical linear connection V on M, connections
APY(D,V) and AT (D, V) are ap_, s-related.

EXAMPLE 4. We modify Example 3 as follows. Let P(T) = P(T) o B’ :
VB n — FM be the gauge bundle functor

P(T)(E)= | P(TM), POD)(f) = ] PTf).
zeM xeM

By Lemma 5 for n = 0 we have that there is no GL(m)-invariant classical
linear connection on P(R™) for m > 2. That is why, there is no GL(m) x
G L(n)-invariant classical linear connection on P(T)o(R™ x R")=P(R™). By
Theorem 3, there is no canonical construction of a classical linear connection
A(D,V) on P(T)(E) from a linear general connection D on E — M by means
of a classical linear connection V on M.

REFERENCES

[1] DEBECKI, J., Affine liftings of linear connections to Weil bundled, in review.

[2] DoupovEC, M., MIKULSKI, W.M., On the existence of prolongation of
connections, Czechoslovak Math. J., 56 (131) (2006), 1323 -1334.

[3] EHRESMANN, C., Les prolongements d'un espace fibre différentiable, C. R.
Acad. Sci. Paris, 240 (1955), 1755—-1757.

[4] EHRESMANN, C., Sur les connections d’ordre supérieur, Atti del C. Cang.
del’Unione Mat. Italiana 1955, Roma Cremonese (1956), 344 —346.

[5] GANCARZEWICZ, J., KOLAR, I., Some gauge-natural operators on linear
connections, Monatsh. Math., 111 (1) (1991), 23—-33.

[6] FATIBENE, L., FRANCAVIGLIA, M., “Natural and Gauge Formalism for Clas-
sical Field Theories, A Geometric Perspective Including Spinors and Gauge
Theories”, Kluwer Academic Publishers, Dordrecht, 2003.

[7] JANYSKA, J., MODUGNO, M., Relations between linear connections on the
tangent bundle and connections n the jet bundle of a fibered manifolds, Arch.
Math. (Brno), 32 (4) (1996), 281 —288.

8] KOLAR, I., Prolongation of generalized connections, in Differential geometry
(Budapest, 1979), 317-325, Colloq. Math. Soc. Janos Bolyai, 31, North-
Holland, Amsterdam, 1982.

[9] KOLAR, I., Torsion-free connections on higher order frame bundles, in “New
Developments in Differential Geometry (Debrecen, 1994)”, L. Taméssy and
J. Szenthe (eds), Kluver Academic Publishers, Dordrecht, 1996, 233 —241.

[10] KOLAR, I., MICHOR, P.W., SLOVAK, J., “Natural Operations in Differen-
tial Geometry”, Springer-Verlag, Berlin, 1993.



314

W. M. MIKULSKI

KOLAR, I., MIKULSKI, W.M., On the fiber product preserving bundle func-
tors, Differential Geom. Appl., 11 (1999), 105—115.
KURES, M., Natural lifts of classical linear connections to the cotangent bun-

dle, in “The Proceedings of the 15th Winter School Geometry and Physics”
(Srni, 1995). Rend. Circ. Mat. Palermo (2) Suppl. 43 (1996), 181 —187.

MIiIKULSKI, W.M., A construction of a connection on GY — Y from a con-
nection on Y — M by means of a classical linear connections on M and Y,
Comment. Math. Unw. Carolinae, 46 (4)(2005), 759 —770.

MikKULSKI, W.M., Non-existence of some canonical constructions on connec-
tions, Comment. Math. Univ Carolinae, 44 (4) (2003), 691 —695.

MikULSKI, W.M., Negative answers to some questions about constructions
on connections, Demonstratio Math., 39 (3)(2006), 685 —689.

MikULSKI, W.M., The natural bundles admitting natural lifting of linear
connections, Demonstratio Math., 39 (1) (2006), 223 —232.

MORIMOTO, A., Prolongations of connections to bundles of infinitely near
points, J. Differential Geom., 11 (4) (1976), 476 —498.

PALUSZNY, M., ZAJTZ, A., “Foundation of the Geometry of Natural Bun-
dles”, Lect. Notes Univ. Caracas, 1984.

Pour, F.W., Connexions in differential geometry of higher order, Trans.
Amer. Math. Soc., 125 (1966), 310—325.

SLOVAK, J., Prolongations of connections and sprays with respect to Weil
functors, in “Proceedings of the 14th Winter School on Abstract Analysis
(Srni, 1986)”, Rend. Circ. Mat. Palermo (2), Suppl. 14 (1987), 143—155.

VONDRA, A., Higher order differential equations represented by connections on
prolongations of fibered manifolds, Extracta Math., 15 (3) (2000), 421 -512.

YaNo, K., PATTERSON, E.M., Vertical and complete lifts from a manifold
to its cotangent bundle, J. Math. Soc. Japan, 19 (1967), 91—113.



