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Abstract

The Galton-Watson process is a Markov chain modelling the population size
of independently reproducing particles giving birth to k offspring with probability
P, kK > 0. In this paper we consider defective Galton-Watson processes having
defective reproduction laws, so that Zkzo pr = 1 — ¢ for some € € (0,1). In
this setting, each particle may send the process to a graveyard state A with
probability €. Such a Markov chain, having an enhanced state space {0,1,...} U
{A}, gets eventually absorbed either at 0 or at A. Assuming that the process
has avoided absorption until the observation time ¢, we are interested in its

trajectories as t — oo and € — 0.
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1 Introduction

The classical Galton-Watson process (GW-process) is a discrete time Markov chain
Z ={Z(t)}+>o with the state space {0, 1, ...} defined recursively by

Z(t)
Z0)=1, Z(t+1)=> wy t=01,..., (1)
j=1

d . . . e
where 14 ; = v are independent random variables with a common distribution

f(s)=Es" = Zpksk. (2)

k>0

In terms of probability generating functions, the branching property yields

Es”0 = f(t,s), [f(0,s)=s f{t+15)=[f(f(ts)), t=0. (3)

There are two types of trajectories for this simple demographic model, unless p; = 1. A
GW-process either becomes extinct at time Ty = inf{t > 1: Z(t) = 0} or Z(t) — oo, as
t — oo. It is well known that the corresponding probability of extinction ¢ = P(Ty <
00) is given by the smallest non-negative root of the equation f(s) = s, see [2, Ch
L.5]. Much of the theory of branching processes is devoted to the limit behavior of Z(t)
conditioned on Ty > t as t — oo, see [0].

This paper deals with defective GW-processes having f(1) € (0,1). We treat the
defect ¢ = 1 — f(1) of the reproduction law as the probability that a given particle
existing at time ¢ sends the Markov chain at time £+ 1 to an additional graveyard state
A. Thus, a defective GW-process becomes a Markov chain with a countable state space

Na = {0,1,...} U{A}. Two of the states are absorbing: the process either becomes



extinct at time Tp, or is stopped at time Th = inf{t > 1: Z(t) = A}, f T =Ty ANTa

denotes the ultimate absorption time, then for some ¢ € [0, 1),
P(Thy<oo)=q, PIa<o0)=1—q, P(T <o0)=1.

Applying the graveyard absorption properties
A
A+x=A, x€Njy, 2 =0, s>0, ij:A, xj € Nj,

Jj=1

to the recursion (1), we obtain again implying f(q) = ¢. Clearly, P(Z(t) = A) =

1 — f(t,1), and if ¢ = 0, then T' = Tx. It is straightforward to see that
E(s"W;Ta > ) = f(t,s), E(s";T > )= E(s"; Ty > t) = f(t,s) = [(t,0),

since

This implies,

P(t < Ta < o0) = f(t,1) —q,
P(t < Ty < o00) = q — f(t,0),

P(T > t) = f(t,1) — f(t,0).

The main aim of this paper is to provide, for the first time, results on the asymptotic
distribution of Z(t — k) conditioned on the survival event {T' > t} as t — oo, with

k € [0,t] either being fixed or going to infinity. Note that since the process Z becomes



absorbed at time T with probability one, it is natural to examine the nature of this
convergence. In Sectionwe provide some asymptotic results for the sequence f(t, ) as
t — 00, assuming that the reproduction law f(-) is fixed. We find that with fixed f(-),
there are two different asymptotic regimes depending on whether v = f’(¢) is positive
or equals zero. Moreover, from these results we derive limit theorems for distribution
of Z(t — k) conditioned on the survival event {T" > t} as t — oo. The proofs of the
results of Section [2l are collected in Section Bl

In realistic settings, the defect ¢ of the reproduction law is small and therefore
it is interesting to find asymptotic results as ¢ — oo and ¢ — 0. This is a difficult
issue to be addressed without further assumptions on the reproduction law. For this
reason, as a first approach, in Sections [3| and |4 we consider sequences of defective GW-
processes (Z,,)n>1 governed by reproduction laws f,(-) such that &,, — 0 as n — oo and
fu(s) = f(s) uniformly over s € [0,1], provided f(1) = 1. Under these assumptions,
we prove that the key parameter determining the limit behaviour is not v as in Section
, but rather m = f’(l). We assume 7 > 1 and even study the case m = oo. The
proofs of the results of Sections [3] and [] are collected in Section [6

The main difference between the results of Sections [3l and [ is in the restrictions
put upon the reproductions laws {f.(-)}n>1. In Section [3| we assume that f,(-) can
be written in terms of a common probability generating function f (-) and a scale
parameter 7, such that r, — 1 so that ¢,, — 0. While in Section[d], we examine a certain
parametric family of GW-processes in order to gain some knowledge in the general case,
when the main restriction of Section (3] is removed. The advantage of these, so-called
theta-branching processes, is that their reproduction generating functions have explicit
iterations. The results in Section [4] can be also seen as a continuation of the study of

this family initiated in [9].



Earlier, a special subclass of the defective GW-processes, the so-called GW-processes
with killing, was studied in [5,[7]. A GW-process with killing has a reproduction law of
the form f(s) = g(as), where g(-) is a non-defective generating function and o € (0, 1).
In this case f(1) € (0,1) and f(sg) = 1 for sp = 1/a > 1. To see a counterexample

violating the latter restriction, consider

fo(s)=1—(mV1—s+1—p)* s€]0,1], (4)

having fo(1) = p1(2 — p1) and

folt,s) =1—(Piv1—s+1—p))

Since f}(1) = oo, the generating function fy(s) is not defined for s > 1. Example
belongs to the above mentioned family of theta-branching processes. A broad class of
continuous time defective branching processes was investigated in [g].

Defective GW-processes arise naturally in the framework of some special non-
defective GW-processes with countably many types. For example, the authors of [3]
construct an embedded defective GW-process in which absorption in the graveyard
state corresponds to local survival of the GW-process with countably many types, and
absorption in state 0 corresponds to its global extinction. In another multi-type set-
ting [10], the defect ¢ is treated as the probability of a favorable mutation allowing
a population of viruses to escape extinction. Some other biological examples, where
these processes apply as models, can be found in [5].

Notice that the defective GW-processes can be put into the framework of ¢-branching



processes using a random control function

k  with probabilit 1 —e)F,
o(k) = p y (I—¢) >0
A with probability 1— (1 —e)*,

cf. [II]. Indeed, in the defective case, the branching property can be rewritten as
be(Z(t))
Zt+1)= Y iy t=01,...,
j=1

where ¢;(+) < ¢(-). Here the common distribution of the random variables 7 ; has
a proper probability generating function f(-)/f(1). For a given small value of ¢, the
control function gets a chance to stop the growth of a non-defective GW-process, when
the population size k& becomes inverse-proportional to €, that is when the stopping

probability 1 — (1 — ¢)* is approximated by 1 — e~¢.

2 Limit theorems with fixed reproduction law

In this section we assume that the defective reproduction law f(-) is fixed while the
observation time ¢ tends to infinity. Recall that ¢ € [0, 1) is defined by ¢ = f(q) and

v = f'(q). Observe that v € [0, 1), and denote
[ = min{k > 0: p; > 0}.

Clearly, ¢ = 0 if and only if [/ > 1, and v = 0 if and only if [ > 2. Define m; = ~ for

[=0,1, and

T It —1
Wt:lel :p?ta ay = I —1° tZl,
k=0




for [ > 2. Observe that given [ > 1, the minimal ¢-th generation size is I' and

P(Z(t) =1') =,

Proposition 1. Consider iterations f(t,-) of a defective probability generating function

fC)-

(a) If v >0, then for each s € [0,1],

flt,s)—q~(s—q)H(s)m, t— o0,

where H(-) is a generating function defined as

H(s) = [[nrG.s). his) = =21

and having H(q) =1, H(1) < oo.

(b) If v =0, then for each s € [0, 1],
f(t,s) ~ (sR(s))'m, t— oo,

where R(-) is a generating function defined as

R = TT0CG) " o =18,

and having

1= R(0) < R(1) < p; /7Y,



Proposition [1] indicates that there are two different asymptotic regimes depending
on whether v > 0 or v = 0. It is worthwhile to note that Proposition [Tta and [I}b are
analogous results to Theorem 2 in [2, Ch I[.11] and Proposition 3 in [1], respectively,
for non-defective GW-processes.

An immediate consequence of Proposition [T}a is

Y 'P(T >t) = qH(0)+ (1 —q)H(1), t— oo, (5)

which implies

P(T=t+kT>t) = 1—v) k>1

As it is shown next by Theorem [2, devoted to the case v > 0, relation

(s —q)H(s) +qH(0) ;
1= q)H(1) + qH(0) =D s (6)

0 j=1

defines an important proper distribution (v;);>;. Indeed, Theorem a is the counter-
part result of Theorem 1 in [2, Ch I.14] for non-defective GW-processes and Theorem

2}b is a multivariate analogue of Theorem [2}a.
Theorem 2. Consider a defective GW-process with v > 0.

(a) The asymptotic relation holds, and for 0 <k <t,j > 1,
P(Z(t—Fk)=j|T >t) = v, t— o0,
where (Vi ;)j>1 s a proper probability distribution defined by

vy = vy (F(k, 1) — f(k,0)), (7)



so that vy ; = v; are given by @

(b) Forjo>1,....5.>1, k>0,
P(Z(t) =jo, ..., Z(t — k) = ju|T > t) = v, Q" .. QW t — o0,

JksJk—1 J1,Jo?

where

?

a _ f(k—1,1) — f(k—1,00 k) _ :
R (Ve XD SR Bk

Jj=1

1s a transformation of the time-homogeneous transition probabilities

Py =PZ(t+1)=34Z() =1).

We see that in the case v > 0, the conditional branching process asymptotically
behaves as a time-inhomogeneous Markov chain. Observe that given ¢ € (0, 1), the
limit towards the past

Qg.“) — %, k — oo,
recovers the well known formula for the so-called Q-process, see [2, Ch 1.14] and [9].

On the other hand, for v = 0, Proposition [I}b gives a much faster decay of the tail

distribution
P(T >t) ~mR1)" =p, 710", t— o0, (8)
_1

where p = p; ' R(1) € (0,1). This yields P(T = t|T" > t) — 1. The next Theorem

establishes a conditional weak law of large numbers for I'"*Z(t — k) as t — oo.
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Figure 1: Simulation results for f(s) = 0.7s> + 0.2s®> and t = 7. Left panel. Grey
lines represent the vectors (Z(0),271Z(1),...,27"Z(t)) for 240 successful simulations
having 7" > t. The thick black line shows the limit vector (c(t),c(t — 1),...,¢(0))
suggested by Theorem (3, which provides with a good approximation for the average

trajectory (shown by circles) even for the small observation time ¢t = 7. Right panel.

The histogram presents the observed values Z(t) in the successful simulations.
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Theorem 3. Consider a defective GW-process with v = 0. Then the asymptotic
relation (8) holds and for the normalized process Y (t) = 17 Z(t), we have the following

results concerning its expectation and variance.

(a) If f'(1) < oo, then uniformly over 0 < k <'t,

E(Y(R)T > 1) —c(t —k) =0, t— o0,

where in terms of R(s) = R'(s)/R(s),

c(k) =1+ f(k,DR(f(k,1)), k=0,1,..., (9)

15 a strictly decreasing sequence with

I<...<clk+1)<ck)<clk—1)<...<c(l) <c(0) < oo.

(b) If f"(1) < oo, then uniformly over 0 < k <'t,

Var(Y(k)|IT >t) -0, t— 0.

According to Theorem [B}b, if f”(1) < oo, then conditionally on T > t, we have
convergence in probability Y (t — k) — ¢(k) as k > 0 is fixed and ¢ — oo, and conver-
gence in probability Y (k) — 1 as t —k — oo. This indicates that being conditioned on
survival, the reproduction regime prefers the minimal offspring number [, especially at

early times (see Figure [1)).
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3 Extendable defective GW-processes

Suppose f(r) = r for some r > 1, so that necessarily f(1) < 1 (see Figure [2). In this
case the corresponding defective GW-process Z could be called an extendable GW-
process because the usual range 0 < s < 1 for the reproduction generating function

f(s) can be extended to 0 < s < r. The transformed function

N

f(s)=r""f(rs), sel01], f(1)=1,

k

generates a proper reproduction distribution pr = r*'py with mean m = f' (1) =

f/(r). Denote by Z = {Z(t)};>0 the GW-process with the reproduction law f(-). If
m € (1,00), then by Theorem 3 in [2, Ch 1.10], there exists a sequence C(t) — oo,
t — oo such that Z(t)/C(t) — W a.s., where P(W > 0) = 1 — § and § = ¢/r. In this

case, for any given A > 0, we have a positive finite limit
E(e MnW/CO| Ty > ) = W(N), ¢ — oo, (10)
where U()\) = E(e"*"|W > 0). On the other hand, if M = oo, then by [4,
PO~ In Z(t) < u|Ty > t) = (), ue (0,00), (11)
provided the following condition holds

J(x)=ar® (1 +0()), z—0, a>0 b>1 §>0.

12



Figure 2: Extendable generating function f(-).

~

Here g(-) = G_1(+) is the inverse function of G(z) = 1 — f(1 —z), and the limit ¢(+) in

(11)) is continuous and strictly monotonic increasing function such that

(u) =0, u— 0+, Yv(u) =1, u— 0.

Theorem 4. Let f() be a probability generating function for a proper reproduction law.
Consider a sequence of defective GW-processes {Z,,}n>1 corresponding to the sequence

of reproduction laws

fu(s) =raf(s/r), ma>1, n>1, (12)

and with absorption time T,,.

(a) Suppose m € (1,00) so that holds. If for some sequence t, — oo,

(rn, — 1)C(t,) — = € (0,00),

13



then

P(T, >t,) —» (1—=q¢)V (x),

and for each A > 0,

E(e /Ot T > ¢ ) 5 (A4 2)/¥(z), n— oo. (13)

(b) Suppose m = oo and holds. If for some sequence t,, — o0,

b In(r, —1)' =y, ye(0,00), n— o0,

then

P (T, >t,) — (1 —9)v(y),

and for u € [0,y],

P~ In Z,(t,) <ul|T, > t,) — () /¢(y), n— oco.

Theorem [}a should be compared to [7, Theorem 3.4] concerning a sequence of
GW-processes with killing: if Z, has a reproduction law of the form f,(s) = f (vns),
where f(1) =1, f/(1) € (1, ), and

(1 —a,)C(t,) = (m—Dx/m, n— oo,

then the same weak convergence result holds. The proof of Theorem given in Sec-
tion [6] is more straightforward than the proof of [7, Theorem 3.4], which demonstrates

the advantage of dealing with the extendable GW-processes.
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4 Explicit limits for defective theta-branching pro-
cesses

As was pointed out in the Introduction, the main assumption of Section [3] is quite
restrictive on the mode of convergence f,(-) — f(-), namely, condition requires
that the sequence f,(-) has a common shape of the reproduction laws and only a scale
parameter r, — 1 is changing as n — oo. In this section we take a step towards a more
general setting for the convergence f,(-) — f(-). We focus on the parametric family
of the theta-branching processes introduced in [9]. Our Propositions [f [f] and [7] give
explicit expressions for the corresponding limit distributions.

Proposition 5] is a counterpart of Theorem [d}a in terms of a sequence of extendable
GW-processes whose generating functions are explicitly characterized by four param-
eters

(0 @ns Y, ) € (0,1] x [0,1) x (0,1) x (1, 00)
as follows

fn(tv 8) =Tn— [VZ(TTL - 5)7971 + (1 - 72)(7% - %1)7971}71/9” , SE [O,Tn],

In agreement with our previous notation, ¢, is the extinction probability and v, =

f1(gn). These defective GW-processes have the defect value

en = [nlrn = 1) + (1= 7)(ra — ga) ] """ = (ra = 1).

Proposition 5. Fiz a triplet (6,q,7v) € (0,1] x [0,1) x (0,1) and consider the above

15



described sequence of defective theta-branching processes {Z,}n>1 with

(O Yns @nymn) — (0,7,¢,1), n — oo.

Denote m,, = (1) = 751/6", and assume that for some t, — oo,
(r, — 1)mir — x € (0,00), n — oo.

(a) Asn — oo,

P(Tn > tn) - (1 _Q)\I' (x)7

where

T =1-[1+1-92]", A>0.

(b) If k>0 and t,, — k — oo, then for each A > 0,

E (exp{=AmE~" Z,(t, — k)}T, > t,) — , N — 00.

Under the conditions of Proposition [5| we have f,(s) — f(s), where

fo)=1- =97+ a-na-ag~ "

(14)

(15)

(16)

For the corresponding supercritical GW-process having the offspring mean m = vy=/¢,

it is straightforward to check that the limit Laplace transform

A A=t 1— At _A’Yt/g
E(e MO Ty > 1) =1— N . )%qf(x), t — o0,

1— f(t,0)

16



is given by . Since
en~ (V= 1)(rn—1), n— o0,

the first part of Proposition [5| essentially says that for a given small ¢, the absorp-
tion time 7" of a defective theta-branching process with ¢ € (0,1] is of order flog, e.
Observe that the new normalization m!» may not be asymptotically equivalent to the
normalization ! suggested by Theorem [dla under an additional "xlogx” condition.
The next two propositions deal with two different sequences f,,(+) converging to the

same limit reproduction law given by
fl&)=1-(1—-¢q)' (1 -5, sel0,1], (17)

with ¢ € [0,1), v € (0,1), f(1) = 1, and 7 = f'(1) = co. Plugging s = exp{—Xe " '}
into

flts)=1-(1—g) (1= s)7,

it is straightforward to find a convergence
P (fan(t) < u|Ty > t) —-1—e" u>0

to a standard exponential distribution. Observe that both propositions are counter-
parts of Theorem [dtb. Proposition [6] deals with the family of reproduction laws de-
pending on three parameters, while Proposition [7] handles a more complicated four-

parameter case.

Proposition 6. Consider a sequence of defective GW-processes {Z,}n>1 having the

17



following reproduction laws

fn(s) =Tn — (Tn - Qn)l_vn (Tn - 3)7n7 s € [07 Tn)a

with (¢n, Yn, ) € [0,1) x (0,1) x (1,00). Suppose that for some (q,7) € [0,1) x (0,1),

(@, Vs ) = (¢,7,1) n — o0,

and that for some t,, — oo,

A n(r, — 1) =y € (0,00), n — oo. (18)

(a) Asn — 0,

P(T, >t,) = (1 —q)(1 —e). (19)

(b) If k >0 and t, — k — oo, then

1—e™™®

1—e v’

P (v "I Zy(ty — k) < ulT, > 1) — 0<u<y  (20)

Since in this parametric case the defect size has the asymptotic value
en~(1—¢) 7(rn—1), n— oo,
the first part of Proposition [0 essentially says that for a given small defect value e,

the absorption time of a defective theta-branching process with 6 € (0, 1] is of order

Inlne~1.

18



Proposition 7. Consider a sequence of defective GW-processes {Z,}n>1 having the

following reproduction laws
Fals) = An = [l An = )"+ (1= ) (A = )] s € 0,44,

where (O, ¢, Yo, An) € (—1,0) x [0,1) x (0,1) X [1,00). Suppose that for some (v, q) €
(0,1) x [0,1),

(O Yoy @ny An) = (0,7,¢,1),  n— o0,
i such a way that for some t, — 00,

0,]In(A, — 1) — a € (0, 00], (21)

Ve |0a| 7t =y € (0,00), n — 0. (22)

(a) Asn — o,

P (T, >t,) — (1 —q)(1 —e v,
(by) If k > 0 is fized , then putting 4(z) = —xIn(1 — u/z),

1 —e™

ok B Lk
P (7n InZ,(t, — k) < a(yy ")|T, > tn) — T o=

0<u<y(l—e?).

(ba) If k — o0, t, — k — o0, then

1—e™™

tn_k P e —
P (v In Z,(t, — k) <ulT, > t,) — pp—E—Y

0<u<y(l—e?).

Here, ¢, ~ (1—q)(1—v)"/1%~I and by Proposition a, given a small defect value €, the

absorption time is again of order Inlne~!. If A, = 1, then a = oo, and convergence in
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Proposition a is given by . To see a connection of the convergence in Proposition
[7b; to that of Proposition [7}bs, notice that @(z) — u, as x — oo.

Observe that in Propositions [6] and [7 the absorption time is of the same order.
Moreover, the asymptotic distribution of the processes conditioned upon survival and
equally normalized is a truncated exponential distribution in Proposition [6}b, with
k > 0 fixed, as well as in Proposition [}by, as k& — oco. However, the exponential
distribution resulting in Proposition [6tb has mean equal to one, whereas the mean of
its counterpart in b2 is equal to (1 — e ®)~!, where a is defined in (21). In both
cases, the support of the corresponding truncated distribution depends on the rate of

convergence of g, — 0.

5 Proofs of Proposition [1] and Theorems [2| and

5.1 Proof of Proposition

Assume v > 0. Putting

observe that
~f(s)—g¢
(s —q)v

It is easy to check that h(-) is a generating function with h(q) = 1. (In fact, %f;(q)
is a tail generating function naturally linked to the reproduction law f(-), see [8].) It
follows that H,(-) is also a generating function such that H;(q) = 1.

Since h(f(t,s)) < 1 for s < ¢, and h(f(t,s)) > 1 for s > ¢, we conclude that

20



Hi1(s) < Hy(s) for s < g, and Hyiq1(s) > Hyi(s) for s > ¢. Due to this monotonicity
property, we have H(s) — H(s), as t — oo, where the limit function H(s) has the
stated form.

To finish the proof of Proposition a it remains to show that H(1) < oo or equiv-

alently,

o0

ST (h(f(j,1) — 1) < oo

j=1

The last is indeed true because

h(f(t, 1) —1< (1—%)2, t > to,

- q

for some finite ¢ and ty. This upper bound is justified using two observations: on one

hand, we have

h(s) — h(q) R f"(q) e (

0,00), s—q,
s —(q 7

and on the other hand,

fen-asi-g (1= )

which is due to the following convexity property of f(+)

l—q—c¢

. selg1].
- s € [g,1]

f(s) <q+(s—q)

Assume now v = 0, or equivalently [ > 2. By iterating the function f(s) = p;s'b(s),

21



we get the following representation

t

f(t.s) = m(sR(s)". Ri(s)=[[ (G -1.9)", t20.  (23)

j=1

A straightforward adjustment to the defective case f(1) < 1 of the argument used in
[T, Prop. 3] shows that the sequence of monotonely increasing functions R;(-) has a

well defined limit

o0

R(s) = lim R,(s) = Hb(f(j —1,9))", selo1],

t—o0

and moreover, that

lim (Ri(s)/R(s))" = 1.

This proves the main assertion of Proposition[I}b. It remains to verify the stated upper
1
bound for R(1) which in terms of p = p; " R(1), is equivalent to the inequality p < 1.

Since f(t,1) — ¢ = 0, the relation

1
— 77 t

fit, 1) ~m R =p, 71", t— o0

indeed implies that p < 1. This also gives .
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5.2 Proof of Theorem [2

We will need the following relations

P(T > t|1Z(k) =i) = f'(t — k,1) — f'(t — k,0), (24)

Sk, sf(t =k, 1)) = [k, sf(t = F,0))

B> 8 = 761)~ 1(0,0) |

holding for 0 < k <t < o0, s € [0, 1]. Relation follows from
{T >t} ={Ta >t} \{To <t}
and

P(Ta > t|Z(k) = i) = P(Z(t — k) # A = fi(t — k1),

P(Ty < t|Z(k) = i) = P(Z(t — k) = 0)' = fi(t — k,0).

Relation (25)) is obtained using as follows

E(s?OP(T > t+k|Z(t)))
P(T>t+k)
_ E((sf(k, 1)) — E((sf (k. 0)")
ft+ k1) — f(t+k,0)
ft,sf(k,1)) = f(t sf(K,0))
ft+k1)— f(t+k0)

E(ZOT >t +k) =
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Applying and Proposition a, we get

St =k sf(k1) = f{t =k, sf(k,0))

f =k, f(k, 1)) = f(t =k, f(F,0))

_>(Sf(k D) —@)H(sf(k,1)) — (sf(k,0) — q)H(sf(k,0))
(f(k, 1) = ) H(f(k, 1)) = (f(k,0) = q)H(f (K, 0))

E(sZEP|T > 1) =

In particular,

2 (s —q@)H(s) +qH(0) i
E(sZOT > t) — (1= o) H(1) £ gH(0) —;v]s.
Thus, P(Z(t — k) = j|T > t) = v;; with

iv i (3F(k 1) — @ H(sf (k1)) = (£ (k,0) = ) H(s/ (k. 0))
(f(k, 1) — Q) H(f(k, 1)) — (f(k,0) — q)H(f(k,0))

Modifying the denominator by a repeated use of the relation

(f(s) — @) H(f(s)) =~(s — q)H(s),
we find

f:v i k(810 1) = ) H (s (1)) = (7 (8, 0) = ) H(s] (1, 0))
(1—q)H(1) + ¢H(0)

=q7* (Z vi(sf(k, 1)) — Z%‘(Sf(’fao))j> :

=1

j=1

which implies thereby finishing the proof of Theorem a.
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Turning to the proof of Theorem [2}b, observe that
P(T > tZ(t) = jo,..., Z({t — k) =jx) =1,
implying
P(Z(t) =7jo0,..., Z(t —k)=ji; T >t)=P(Z(t) = jo,..., Z(t — k) = Jx).
Similarly, by ,
P(Z(t — k) = ji; T > 1) = P(Z(t — k) = ji) (f (k, 1) = f(k, 0)),
which gives
P(Z(t — k) = jr) ~ vi, (f(k, 1) — f(k,0))"'P(T > t).

Therefore, by the Markov property,

P, P

Jesdk—1 " "L j1,do

ORI (I, 1)k — f(k, O)n

_ (k) (1)
= Uk,jy, ij:jkfl thjo'

P(Z(t) = jo...., Z(t — k) = ju|T > t) ~

Finally, observe that (QEJ))jzl is a proper distribution with the probability gener-

ating function

)

& k) J f(k_ 171))i_f<8f(k_ 170))i
2. N G0 —

25



5.3 Proof of Theorem [3

Recall notation R(s) = R/(s)/R(s) and observe that

- d L V(f(,8)f U, s)
R(s) = —1InR(s) = , - ,
where f'(j,s) = Lf(j,s). Put furthermore, R(s) = %ﬁ:; for s € [0,1] and ¢t > 0.

Using , we obtain

t—1

> _ d _ 1 bl(f(jas))f/(jas)
Ruls) = 35 In Fuls) = S b(fGs)

Lemma 8. Assume v =0, f'(1) < oo, and put
0 = Z’Vo -1, Vi = f/(f(iv 1)).
j=t

Then 6y — 0 as t — oo and

Proof. Using the expressions for R(s) and R;(s), as well as the inequality b(s) > 1, we

see that indeed

The fact that §; < oo follows from ~; — 0 as i — oo, which, in turn, is a consequence

of v =0. O
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Lemma 9. Assume f'(1) < oo, v =0. The sequence (9) is strictly decreasing.

Proof. 1t suffices to show that

1+ f(s)R(f(s)) <1+ sR(s), se][0,1].

Using the definition of R(-) given in Proposition [1|it is easy to verify the equality

F(s)R(f(s)) = m(sR(s))",

which entails

Inf(s)+InR(f(s)) =Inp, + llns+l1In R(s).

After differetiating

we find

Lt F()R(F(5)) = %(1 T sR(s)

where ((11;1?1(21)))', < 1, since

(Inps') < (Inps') + (Inb(s))" = (In f(s))"
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Lemma 10. If v =0, then

f,(t7 S)S t D,
={"(1 R
f(t, S) ( +s t(s))7
f”(t, 3)52 2% 5 2 ty 290
— =71 R [ R —1).
F(ts) (1+sR(s))” + 1'(s"Ry(s) — 1)
Proof. Both relations are straightforward corollaries of formula ([23]). (]

Assuming v = 0, we first prove Theorem [3}a using Lemmas [§] [9] and [10} and then
turn to the proof of Theorem [3}b.

Let f'(1) < co. From (25)), we compute the conditional expectation

fl(k7 f(t — k’ 1))f(t — k’ 1)

E(Z(k)|T > 1) = RS

and applying the first relation in Lemma we find
E(Y(R)|T >t)=1+ f(t —k, V)Re(f(t — k,1)).
Thus the difference
ot —k) = E(Y(R)|T >t) =f(t = k, )(R(f(t — k, 1)) — Re(f(t =k, 1))

is non-negative and bounded from above by a constant times f(t — k, 1)d, see Lemma
Bl By the monotonocity of the sequences {f(j,1)};50 and {d;};51, we have for all

1< kK <t

— < — — < — K ,
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The obtained upper bound goes to 0 as first ¢ — oo and then k&’ — oo. This proves
the uniform convergence stated in Theorem [3}a.

Let f”(1) < oo. To prove Theorem [3}b it suffices to show the inequality
Var(Y(k)|T >t) < cl ™ f(t —k,1), 0<k<t,
for some constant c¢. From formula one can obtain the following expression, where
SOZf(t_k71)7

Var (Z(k)|T >t) = f;(f;{; 200))80 * f;f(fk S;)Z;O N (

f/<k7 SO>SO)2
f(k730) 7

so that by Lemma [T0], we get
Var (Z(k)|T > t) =1 f(t — k, 1) (Re(f(t — k, 1)) + f(t — k, )R(f(t — k,1))).

Since we already know that R,(s) is uniformly bounded by a constant, it remains

to establish a similar property for the derivative Rj(s), which satisfies

S0 — V'(fU, ) f' (U, 8)> + V' (f(5,9) 1" (, )
Rt(S) < jzo lj+1b(f(j, S)) )

and since b’ (s) < f”(1)/p, we obtain

S = FG? 0 (1) = f7(4,1)
lplz 7 +zpljz; i

Ri(s) <

=0

29



We finish the proof by verifying that Z;io f"(j,1) < co. Indeed, by the chain rule,

f'G+1.1) Zf (@ D2 (F G D) (FG+1,1)) - (5 1))
< (1) Zvﬁ Vi Y

and because ; — 0 as j — 0o, we have

oo
ZZ’YS""V?—l%—H"'% < Q.

j=0 i=0

6 Proofs of Theorem (4 and Propositions [5, (6| and

For a sequence of defective GW-processes with reproduction laws f,(-), we have
P(T, >t) = fu(t,1) — fu(t,0),

and by ,

fN(t — ka eikfn(lﬁ 1)) — n(t — k7 eiAfn(kja 0))

E(e—,\zn(t—k)|Tn >t) = A _; 0) ,

(26)

so that in particular,

fn(t € ) _ fn<t70)

Bl O =) = S G = F.0)
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6.1 Proof of Theorem /4]

Relation (|12)) is easily extended to the iterations of the generating functions
Ful(t,s) = rof(t,s/m).
Therefore, if Inr,, ~ x/C(t,), then
Faltn, e MCE)Y = (14 0(1)) f(t,, e AFete@/CE) =y o0,

On the other hand, by and

E(eMW/C0| ) > ¢) =

we get

flt,e°D) = G4+ (1= 9¥(N), t— o0

This and the previous relation lead to the assertion of Theorem [ -a.

Turning to the proof of Theorem b, observe that by ,
P(e™™ Z(t) < z|Ty > t) = ¢(u), ue(0,00), ze (0,00),

and therefore, for A > 0,

implying

P _e—(u+o(1))bt N A
f(t,e ) =>4+ (1—=q)(u), t— oo
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If for some sequence t,, — oo,
In(1/r,) = —e” @V e (0,00), n— o0,

then for fixed positive A and u, we can write

_ubtn

Faltn, e ") = (1 + 0(1)) f(tn, exp{—e (wHob™ _ o=ro)bimyy =y o0,
Applying we conclude that
Faltar e ™) 5 G+ (1= @eluny), n— oo,
yielding
P(e™™"" Z(t,) < 2|T,, > t,) — ue (0,00), ze(0,00),

and eventually for u € (0,v),

P~ In Z,(t,) < ulT, > t,) = ¥(u)/Y(y), n— oco.

6.2 Proof of Proposition

Here we deal with the sequence

fn(tn - ka 5) =Tn — [VZnik(rn - 3)76}” + (1 o 'Yiznik)(rn - Qn>79n} ) (28)
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assuming v, — v € (0,1), 6, — 6 € (0,1], ¢, — ¢ € [0,1), and r,, — 1 so that
holds. Note that the convergence v, — v € (0,1) implies v/» — 0. Proposition [5}a

directly follows from two relations

Saltns 1) =10 — [y (rn = )7 4+ (L= 97 ) (rn — qn)_en]_l/en
—1-(1-q[1+01- q)ex—erl/a’

_ —9,,1—1/0n
fn(tna 0) =Tp — [%tznrnen + (1 - 7:7)(7"71 - Qn) 9n] — 4

Turning to Proposition b, let k>0 and t, — k — oo. In view of , we have to
th—k

show that putting 4, = v."" ,

Faltn — ke fu(k 1) = 1= (1—q) (14 (1 — )’ (A +2)")""

fulty =k, e £.(k,0)) — q.

The second convergence is easily obtained from using the following limit that holds

for n — oo and each k£ > 0,
Falk,0) = 10— (r " + (L= A0) (rn — ) ") 7V 5 1= (4" + (1 =7 (1 —q) ).

The first convergence is also obtained from (28)) using the following asymptotic formu-

las. Since for each k£ > 0, ’yrfk/(’” (r, —1) — 0 as n — oo, we have

1= fulk, 1) ~ 1 =1+ (7 (rn = 1)) 70 ~ (= 1) (3, = 1),
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Thus, for each k£ > 0,

tn—k

Ty — e_m”fn(k:, 1) ~ /\WnT + (rp — l)v_k/g", as n — 0o,

n

implying

tn

B (0= e kD)~ (A = D ™) = k), asno oo

6.3 Proof of Proposition [

Here we deal with the sequence

fn(ta 8) =Tn — (Tn - Qn)l_%tl (Tn - s)%tlﬁ

as v, — v € (0,1), g, — ¢ €[0,1), and r, — 1. We assume that holds for some
t, — 00.
Condition (18) gives

(rn — 1)75” —e Y,

which implies

fn(tna 1) =Tn — (rn - qn)l—’ny" (Tn - 1)’%” —1- (1 - Q)e_ya

n(tn,0) =1, — (rn — Gn Loy g
Jal( q g

yielding Proposition [G}a.

Let £ > 0 and ¢, — k — oo. To prove Proposition [6}b it suffices to show that
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putting 7, = (r, — 1) ",

1—e™™

1—e v’

E (e_’\f”Z"(t”_k”Tn > tn) — n — 0o,

for A > 0 and w € [0,y]. This in turn, follows from

fn (tn — ke £ (E, 1)) —1—(1—-qe™,

fn (tn - ka e_ArAnfn(ka 0)) — q,
which we prove next. The first of these two relations is obtained as follows: using
1— folk, 1) ~ (1, — 1)7(1 — g)t ",

and taking into account that u <y, we get

. tn—k ’Y%nik
(ra = € fulk, D)~ (70 = 1 X+ (1 = 1)75(1 = ) )
tn—k
~ (AR e,
and, as a consequence,
tn—k tn—k

fn (tn - ka e_Mnfn(kv 1)) =Tn— (Tn - Qn)l_’yn

—1—-(1—-qe™

(Tn . e—/\fnfn(k,’ 1))’Yn

The second relation follows from

k

Falk,0) =1 — 1l (ry — )% 51— (1= )",
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6.4 Proof of Proposition [7]

Here we deal with the sequence

Falt ) = Ay = [1(An = )% 4 (1 = 91) (A — )%™

as v, —» v € (0,1), g, > q€10,1), A, = 1, and 6, — 0. We assume that holds
for some ¢,, — o0.

Propositions [(ta and [f}by are proven similarly to Proposition [6] To prove Propo-
sition [7}by, fix & > 0 and let ¢, — k — oco. We write 4(z) = —zIn(l — u/z) and

also

A

O = (1 —uy k)™,
It suffices to show that

1—e™™®

[ = ewi—en T

B (i, 5 1)
for A\ >0 and u € [0,y(1 — e~ %)), or in terms of generating functions,

fn (tn — k, e*)‘é"fn(k, 1)) —1—(1—q)e™",

s (tn ke Mgk, 0)) S

We finish the proof by checking only the first of these two relations.

Since

An_fn(k?, 1) = [(An _ qn)\enl _ ,ys (1 _ (An . 1>|9n|>i| 1/16n| _ [1 _ 'Yk<1 . e_a) X 0(1)} 1/16n]

36



we get

(o= e £k 1) ™ = (1= 40— ) o] 4 0+ 0(1)8,) ™
Using

0, =1 —uy ™',

and u < y(1 — e %), we obtain

fo (B0 = ke fuk, D) = 1= (1= ) (1= (wfy + o(W)t) "™ (1 + 0(1))

—1- (1 - q)e_u7

since (1 — 7;2")1”9"‘ — e~ ¥ due to condition (22]).
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