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Appendix

In this appendix we study the existence and continuity of the EDAP and MDAP func-
tions introduced in Section 3. To this end, we consider as σ-field on Γ×Ω the product of
the σ-fields on Γ and Ω, where Γ is taken with the Borel σ-field induced by the topology
generated by the l1-metric. In the following, let denote the lr-norm, r ≥ 1, by || · ||r,
that is, if h = {hk}k∈N0

is a sequence of real numbers, then ||h||r = (
∑∞
k=0 |hk|r)

1/r
;

when ||h||r <∞, h is said to belong to lr.

Our first proposition is concerned with the existence and continuity of the EDAP
functional. We note here that the existence is immediate under the assumption that the
prior distribution belongs to L1.

Proposition 1. Under the assumption that D(q, ·) is a continuous function on Θ for

every q ∈ Γ̃, then, for each n ∈ N fixed:

(i) Tn(q) exists finitely with probability one and Tn(q) is a random variable.

(ii) If D(·, θ) is continuous in Γ̃ with respect to the l1-metric for each θ ∈ Θ, then

Tn(·) is almost surely continuous on Γ̃ with respect to the l1-metric; that is, if
qj → q in l1, then Tn(qj) → Tn(q), as j → ∞, with probability one. Moreover,
Tn is a random variable.

The proof is given in Section 1 of this Supplementary Material.

For the existence and measurability of MDAP functional we will consider the fol-
lowing subclass of the family Γ̃. For each ω ∈ Ω, let Γ+

n,ω be a subclass Γ+
n,ω ⊆ Γ̃ which

satisfies the following condition: there exists a compact set C+
n,ω ⊆ Θ such that for every

q ∈ Γ+
n,ω,

inf
θ∈Θ\C+

n,ω

gn(q, ω, θ) > gn(q, ω, θ+),
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2 Supplementary material

for some θ+ ∈ C+
n,ω, and with gn(q, ω, θ) = ∆n−1(ω)D(q, θ)− log(π(θ)), for each q ∈ Γ

and θ ∈ Θ.

Proposition 2. Let n ∈ N be fixed and Θ be a complete and separable subset of R.
Assume that for every q ∈ Γ+

n,ω, D(q, ·) is a continuous function on Θ, then:

(i) T̃n(q) exists finitely with probability one. In addition, if T̃n(q)(ω) is unique for

each ω ∈ Ω, then T̃n(q) is a random variable.

(ii) The function T̃n(·) is continuous in q; that is, T̃n(qj)→ T̃n(q) with probability one
as j →∞, as qj → q in the sense that supθ∈Θ |D(qj , θ)−D(q, θ)| → 0. Moreover,

T̃n is a random variable.

The proof is available in Section 1 of this Supplementary Material.

We summarize several observations concerning the properties of disparities in the
following remark.

Remark 1. ( a) First, we notice that if Θ is a compact set, we can choose C+
n,ω =

Θ, for each n ∈ N and ω ∈ Ω, and Γ+
n,ω = Γ̃. Moreover, is such a case it is

also complete and separable. Finally, the assumption of compactness can be also
removed using conditions similar to those in Cheng and Vidyashankar (2006),
p.1885.

( b) Taking into account Proposition 2, the existence and uniqueness of θ+D
n = T̃n(p̂n)

for n ≥ n0 is guaranteed if we assume additionally that there exists n0 ∈ N
such that p̂n(ω) ∈ Γ+

n,ω, and θ̂+D
n (ω) is unique, for each n ≥ n0, and for each

ω ∈ {Zn →∞}. Analogous assumption will be considered when it is required that

T̃n(q), q ∈ Γ, exists and is unique, that is, there exists some n0 ∈ N such that

q ∈ Γ+
n,ω, and T̃n(q)(ω) is unique, for each n ≥ n0, and ω ∈ Ω.

( c) In Proposition 2 (i), the assumption that T̃n(q)(ω) is unique for each q ∈ Γ and

ω ∈ Ω can be weakened by assuming that {θ ∈ Θ : θ = T̃n(q)(ω)} is a closed subset
in Θ. In such a case, by Theorem 4.1 in Wagner (1977) one has that there exists

a version of T̃n which is measurable.

( d) In González et al. (2017), conditions that guarantee the continuity of D(q, ·) on
Θ, for each q ∈ Γ, are established. In particular, it is sufficient to assume that
such a disparity measure is defined by a bounded function G(·).

( e) It is known that a sufficient condition for the disparity measure to be bounded is the
boundedness of the function G(·). In some cases, when this condition does not hold,
it is possible to re-define the disparity measure as a disparity corresponding to a
bounded function G(·) with no change in the values of the function D(q, ·), for any
q ∈ Γ. For instance, for the negative exponential disparity, one can also consider
the function G(δ) = e−δ − 1, which is bounded and satisfies that NED(q, θ) =∑∞
k=0G(δ(q, θ, k))pk(θ), for each q ∈ Γ and θ ∈ Θ.
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( f) In González et al. (2017), it is also proved that the boundedness of the derivative of
the function G(·), G′(·), is a sufficient condition for supθ∈Θ |D(qj , θ)−D(q, θ)| →
0, as j →∞, if qj → q in l1.

( g) For the Hellinger distance, the continuity of D(q, ·) is deduced without the bound-
edness of G(·). Moreover, it is also a bounded disparity in Γ×Θ despite not being
defined by a bounded function G(·) and satisfies the uniform convergence in ( f)
(see González et al. (2017)).

Our next result exhibits the strong relation between the behaviour of the EDAP
and MDAP functions with their frequentist counterpart. Indeed, it establishes that the
EDAP and MDAP functions can be approximated a.s. by the corresponding disparity
function up to an error of certain order, on the set {Zn →∞}.

Theorem 3. Suppose that Assumption 1, and ( c) in Assumption 2 hold. Let q ∈ Γ∗

satisfy ( a) in Assumption 2, and ( a) in Assumption 4. Then, the following convergences
hold:

(i) The EDAP function satisfies

|Tn(q)− T (q)| = o
(

∆
−1/2
n−1

)
a.s. on {Zn →∞}.

(ii) If Θ is complete and separable, ( b) in Assumption 2 holds, and q satisfies that

there exists some n0 ∈ N such that q ∈ Γ+
n,ω, and T̃n(q)(ω) is unique, for each

n ≥ n0, and ω ∈ Ω, then the MDAP function satisfies

|T̃n(q)− T (q)| = o
(

∆
−1/2
n−1

)
a.s. on {Zn →∞}.

We refer the reader to Section 1 in this Supplementary Material for the proof of this
theorem.

Remark 2. (a) We observe that if the offspring distribution belongs to the parametric
family, that is p = pθ0 and T (p) is unique, then T (p) = θ0; furthermore, if p

satisfies the conditions of Theorem 3, one has that Tn(p) → θ0, and T̃n(p) → θ0

a.s. on {Zn →∞}.

(b) If T (q) exists and is unique for each q ∈ Γ̃, under the assumption of the com-

pactness of Θ, one has Γ∗ = Γ̃. The compactness assumption can be replaced with
the assumption that q belongs to the subclass Γ ⊆ Γ which satisfies the following
condition: there exists a compact set C ⊆ Θ such that for every q̄ ∈ Γ,

inf
θ∈Θ\C

D(q̄, θ) > D(q̄, θ∗), for some θ∗ ∈ C.
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1 Proof of properties of the EDAP and MDAP
functions

Proof of Proposition 1

For (i), observe that since G(·) is strictly convex, the disparity D is non-negative, and
as a consequence, for each ω ∈ Ω, |Tn(q)(ω)| <∞.

(ii) For the continuity of EDAP function, due to the facts that e−∆n−1(ω)D(qj ,θ) ≤ 1,
for each ω ∈ Ω, j ∈ N, θ ∈ Θ, and D(qj , θ)→ D(q, θ), as j →∞, one has that∫

Θ

e−∆n−1(ω)D(qj ,θ)π(θ)dθ →
∫

Θ

e−∆n−1(ω)D(q,θ)π(θ)dθ,

as j → ∞, for each n ∈ N, and ω ∈ Ω, and consequently, making use of a generalized
version of the dominated convergence theorem (see Royden (1988), p.92), one has that,
as j →∞,

Tn(qj)(ω) =

∫
Θ
θe−∆n−1(ω)D(qj ,θ)π(θ)dθ∫

Θ
e−∆n−1(ω)D(qj ,θ)π(θ)dθ

→
∫

Θ
θe−∆n−1(ω)D(q,θ)π(θ)dθ∫

Θ
e−∆n−1(ω)D(q,θ)π(θ)dθ

= Tn(q)(ω).

Now, by the continuity of Tn(·)(ω) for each ω ∈ Ω and the measurability of Tn(q) for
each q ∈ Γ, the measurability of Tn follows from Theorem 2 in Gowrisankaran (1972).

�



M. González et al. 5

Proof of Proposition 2

(i) For each ω ∈ Ω, the finiteness and existence of T̃n(q)(ω) is immediate from the
definition of the family Γ+

n,ω and the continuity of the function gn(q, ω, ·). For the mea-

surability of T̃n(q) we apply Theorem 4.5 in Debreu (1967) bearing in mind that gn(q, ·, ·)
is measurable, gn(q, ω, ·) is continuous for each ω ∈ Ω, and since T̃n(q)(ω) is unique, the
function S : ω ∈ Ω 7→ S(ω) = arg minθ∈Θ gn(q, ω, θ) is well defined.

For (ii), let us denote tω = T̃n(q)(ω) in order to ease the notation (it exists by (i)
and is unique) and consider that all the limits are taken as j → ∞ unless specified
otherwise. First of all, from the continuity of D(q, ·) and the fact that

sup
θ∈Θ
|D(qj , θ)−D(q, θ)| → 0, (1)

it follows that if {θn}n∈N is a sequence in Θ converging to θ∗ ∈ Θ, given ε > 0, one can
find J = J(ε) ∈ N and n0 = n0(ε) ∈ N such that |D(qj , θn) − D(qj , θ

∗)| < ε, for each
j ≥ J and n ≥ n0.

Now, fix ω ∈ Ω; from (1), it follows that supθ∈Θ |gn(qj , ω, θ)−gn(q, ω, θ)| → 0. From
this latter, it is deduced that qj ∈ Γ+

n,ω eventually. Thus, using the same arguments as

in (i), T̃n(qj)(ω) eventually exists and T̃n(qj)(ω) ∈ C+
n,ω. Let us denote T̃n(qj)(ω) by

tj,ω to ease the notation; next we show that tj,ω → tω, as j →∞.

From (1), the convergence of gn(qj , ω, tj,ω) → gn(q, ω, tω) and |gn(qj , ω, tj,ω) −
gn(q, ω, tj,ω)| → 0, are deduced, so gn(q, ω, tj,ω) → gn(q, ω, tω). If the sequence
{tj,ω}j∈N0

did not converge to tω, then there would exist a subsequence {tjl,ω}l∈N ⊆
{tj,ω}j∈N such that tjl,ω → t∗ω 6= tω, as l → ∞. Since gn(q, ω, ·) is continuous,
gn(q, ω, tjlω) → gn(q, ω, t∗ω), as l → ∞. Due to all of the above, one would have
gn(q, ω, tω) = gn(q, ω, t∗ω), which would contradict the uniqueness of tω.

If T̃n(qj)(ω) exists for each ω ∈ Ω, the measurability of T̃n(qj) is immediate with
the same reasoning as in (i).

Finally, one obtains the measurability of T̃n by Theorem 2 in Gowrisankaran (1972)

and the facts that for each ω ∈ Ω, T̃n(·)(ω) is continuous and for each q ∈ Γ+
n,ω, T̃n(q)

is measurable.

�

Proof of Theorem 3

Throughout this proof, all statements are made on the set {Zn → ∞} and for n large
enough. Let us fix ω ∈ {Zn → ∞} then ∆n(ω) → ∞, and in the remainder of this
section, we consider that all the random variables are evaluated at ω, although we do
not write it explicitly in order to ease the notation.

To facilitate the proof of Theorem 3, we will make use of the following lemma.

Lemma 4. Let q ∈ Γ̃, πnD(θ|q) be the D-posterior density of θ at q, πnD(t|q) be the

D-posterior density function of t = ∆
1/2
n−1(θ − T (q)) at q and Rn = {∆1/2

n−1(θ − T (q)) :
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θ ∈ Θ}. Under conditions of Theorem 3, for each t ∈ R,

πnD(t|q) = (1 + Cn)

(
ID(T (q))

2π

)1/2

e−
t2ID(θ′n(t))

2

·
(

1 +
tb1

∆
1/2
n−1

+
t2b2

2∆n−1
+

t3π′′′(θ∗n(t))

6∆
3/2
n−1π(T (q))

)
IRn(t), (2)

a.s. on {Zn →∞}, where ID(θ) = D̈ (q, θ), b1 = π′(T (q))
π(T (q)) , b2 = π′′(T (q))

π(T (q)) , π′(·) and π′′(·)
denote the first and the second derivative of the function π(·), θ′n(t) and θ∗n(t) are both
points between T (q) and T (q) + t

∆
1/2
n−1

, for each n ∈ N, and t ∈ R, and {Cn}n∈N is a

sequence of real valued random variables converging to 0 a.s.

Proof. The idea of the proof is similar to the proof of Theorem 1 in Hooker and
Vidyshankar (2014) and uses arguments in Ghosh (1994) (pp. 46-47). Notice that, for
each t ∈ Rn,

πnD(t|q) =

e
−∆n−1D

(
q,T (q)+ t

∆
1/2
n−1

)
+∆n−1D(q,T (q))

π

(
T (q) + t

∆
1/2
n−1

)∫
Rn

e
−∆n−1D

(
q,T (q)+ t

∆
1/2
n−1

)
+∆n−1D(q,T (q))

π

(
T (q) + t

∆
1/2
n−1

)
dt

.

Moreover, since T (q) ∈ int(Θ), one has that ∪∞n=1Rn = R. This is immediate from
the fact that there exists η > 0 such that (T (q) − η, T (q) + η) ⊆ Θ, consequently

(−∆
1/2
n−1η,∆

1/2
n−1η) ⊆ Rn, and taking limit as n→∞, one obtains ∪∞n=1Rn = R.

On the one hand, using a second-order Taylor series expansion of the prior density
one has that, for each t ∈ Rn,

π

(
T (q) +

t

∆
1/2
n−1

)
= π (T (q)) +

tπ′ (T (q))

∆
1/2
n−1

+
t2π′′ (T (q))

2∆n−1
+
t3π′′′(θ∗n(t))

6∆
3/2
n−1

, (3)

where θ∗n(t) is a point between T (q) and T (q) + t

∆
1/2
n−1

. On the other hand, using a

first-order Taylor series expansion of the function D(q, ·), for each t ∈ Rn,

∆n−1D

(
q, T (q) +

t

∆
1/2
n−1

)
−∆n−1D (q, T (q)) =

t2ID(θ′n(t))

2
, (4)

where θ′n(t) is a point between T (q) and T (q) + t

∆
1/2
n−1

.

Let us denote

hn(t) = π

(
T (q) +

t

∆
1/2
n−1

)
e
−∆n−1D

(
q,T (q)+ t

∆
1/2
n−1

)
+∆n−1D(q,T (q))

IRn(t),
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for each n ∈ N, and t ∈ R. Combining (3) and (4), one has

hn(t) = π(T (q))

(
1 +

tb1

∆
1/2
n−1

+
t2b2

2∆n−1
+

t3π′′′(θ∗n(t))

6∆
3/2
n−1π(T (q))

)
e−

t2ID(θ′n(t))

2 IRn(t). (5)

Let us define, for each n ∈ N, the integrals Jn =
∫
hn(t)dt, and

In =

∫
Rn

(
1 +

tb1

∆
1/2
n−1

+
t2b2

2∆n−1
+

t3π′′′(θ∗n(t))

6∆
3/2
n−1π(T (q))

)
e−

t2ID(T (q))
2 dt

=

(
2π

ID(T (q))

)1/2
(

1 +
b2

2∆n−1ID(T (q))
+

C

6∆
3/2
n−1π(T (q))

)
+ o(1),

where to obtain the last equality we have applied the dominated convergence theorem

and that
(
ID(T (q))

2π

)1/2

·
∫
t3π′′′(θ∗n(t))e−

t2ID(T (q))
2 dt ≤ C, for some constant C > 0, due

to the boundedness of the function π′′′(·). If one proves that Jn = π(T (q))In + o(1),
then, from all the above, one deduces (2).

To prove Jn = π(T (q))In+o(1), let us fix 0 < ε < ID(T (q)). Since ID(·) is continuous
at T (q), there exists δ = δ(ε) > 0 such that if |θ−T (q)| ≤ δ, then |ID(θ)−ID(T (q))| ≤ ε.
Let us define, for each n ∈ N, the set Bn = {t ∈ R : |t| ≤ δ∆

1/2
n−1}, and note that

Jn = J1n + J2n, where J1n =
∫
Bn

hn(t)dt, and J2n =
∫
Bcn

hn(t)dt. As a consequence,

it is enough to prove that, for each n ∈ N, J1n = π(T (q))In + an, and {an}n∈N and
{J2n}n∈N are both sequences of real numbers converging to 0.

For the former, observe that an =
∫
xn(t)dt, where

xn(t) = π(T (q))

(
1 +

tb1

∆
1/2
n−1

+
t2b2

2∆n−1
+

t3π′′′(θ∗n(t))

6∆
3/2
n−1π(T (q))

)
·
(
e−

t2ID(θ′n(t))

2 − e−
t2ID(T (q))

2

)
IBn∩Rn(t)

−π(T (q))

(
1 +

tb1

∆
1/2
n−1

+
t2b2

2∆n−1
+

t3π′′′(θ∗n(t))

6∆
3/2
n−1π(T (q))

)
· e−

t2ID(T (q))
2 IBcn∩Rn(t), (6)

consequently, to prove an → 0 it is enough to prove that the integral of both terms in (6)
converge to 0. The convergence of the first one is obtained by applying the dominated
convergence theorem bearing in mind that, for each t ∈ Bn ∩ Rn, 0 < ID(T (q)) − ε <
ID(θ′n(t)) < ID(T (q)) + ε (due to the fact that θ′n(t) is a point between T (q) and
T (q) + t

∆
1/2
n−1

). For the convergence of the integral of the second term, one has

∫ (
1 +

tb1

∆
1/2
n−1

+
t2b2

2∆n−1
+

t3π′′′(θ∗n(t))

6∆
3/2
n−1π(T (q))

)
e−

t2ID(T (q))
2 IBcn∩Rn(t)dt ≤
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≤
(

2π

ID(T (q))

)1/2

·

(
P [Z ∈ Bcn ∩Rn] +

|b1|
∆

1/2
n−1

E[|Z|IBcn∩Rn ]

+
|b2|

2∆n−1
E[Z2IBcn∩Rn ] +

M

6∆
3/2
n−1π(T (q))

E[|Z|3IBcn∩Rn ]

)
→ 0,

where M > 0 is an upper bound of π′′′(·), and Z is a random variable following a normal
distribution with mean equal to 0 and variance ID(T (q))−1.

The convergence J2n → 0 follows from the fact that q ∈ Γ∗. To that end, note that
for the fixed δ > 0, there exists ρ > 0 such that

inf
t∈Bcn∩Rn

D

(
q, T (q) +

t

∆
1/2
n−1

)
−D (q, T (q)) = inf

θ∈Θ:|θ−T (q)|>δ
D (q, θ)−D (q, T (q)) > ρ,

and as a result,

J2n ≤
∫
Bcn∩Rn

π

(
T (q) +

t

∆
1/2
n−1

)
e−ρ∆n−1dt

= ∆
1/2
n−1e

−ρ∆n−1

∫
{θ∈Θ:|θ−T (q)|>δ}

π(θ)dθ → 0.

Now, we use the notation and the approximation for the D-posterior density function

of t = ∆
1/2
n−1(θ−T (q)) at q given in the previous lemma to prove Theorem 3. Throughout

this proof, all the limits are taken as n→∞ unless specified otherwise.

(i) Observe that ∆
1/2
n−1(Tn(q) − T (q)) =

∫
Rn

tπnD(t|q)dt. Hence, to finish the proof

it is enough to prove that both integrals
∫
Bn∩Rn tπ

n
D(t|q)dt and

∫
Bcn∩Rn

tπnD(t|q)dt con-

verge to 0. For the former, one has
∫
Bn∩Rn tπ

n
D(t|q)dt = (1 + cn)

∑3
i=0 Iin, where

Iin =
∫
Bn∩Rn tfin(t)dt, fin(t) =

(
ID(T (q))

2π

)1/2

cin(t) e−
t2ID(θ′n(t))

2 , for i = 0, 1, 2, 3,

and c0n(t) = 1, c1n(t) = tb1
∆

1/2
n−1

, c2n(t) = t2b2
2∆n−1

, and c3n(t) =
t3π′′′(θ∗n(t))

6∆
3/2
n−1π(T (q))

. If h(t) =( ID(T (q))
2π

)1/2
e−

t2ID(T (q))
2 , and we prove that Iin−

∫
Rn

tcin(t)h(t)dt→ 0, for i = 0, 1, 2, 3,

then, taking into account that
∫
Rn

tcin(t)h(t)dt→ 0, for i = 0, 1, 2, 3, we obtain Iin → 0,
for i = 0, 1, 2, 3.

To prove that Iin −
∫
Rn

tcin(t)h(t)dt → 0, for i = 0, 1, 2, 3, observe that, for each

i = 0, 1, 2, 3, tfin(t)IBn∩Rn(t) = tcin(t)h(t)IRn(t) + xin(t), with

xin(t) = (tfin(t)− tcin(t)h(t))IBn∩Rn(t)− tcin(t)h(t)IBcn∩Rn(t). (7)

Consequently, it is sufficient to prove that the integrals of both terms in (7) converge to 0.
For the first term, similarly to Lemma 4, we apply the dominated convergence theorem.
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The integrals of the second terms are bounded by absolute moments of the variable
ZIBcn∩Rn , where Z follows a normal distribution with mean equal to 0 and variance
equal to ID(T (q))−1, hence, applying again the dominated convergence theorem one
has

∫
tcin(t)h(t)IBcn∩Rn(t)dt→ 0, for i = 0, 1, 2, 3.

Finally, to prove that
∫
Bcn∩Rn

tπnD(t|q)dt → 0, making use of (2), (5), and the fact

that q ∈ Γ∗, one obtains∣∣∣∣ ∫
Bcn∩Rn

tπnD(t|q)dt
∣∣∣∣ ≤ ∣∣∣∣π(T (q))−1

(
ID(T (q))

2π

)1/2

(1 + cn)e−∆n−1ρ

·
∫
Bcn∩Rn

tπ

(
T (q) +

t

∆
1/2
n−1

)
dt

∣∣∣∣
≤ π(T (q))−1

(
ID(T (q))

2π

)1/2

|1 + cn|∆n−1e
−∆n−1ρ

·
(∫

Θ

|θ|π(θ)dθ + |T (q)|
)
→ 0.

For (ii), let us denote fn(θ) = ∆
1/2
n−1(θ − T (q)) and C̃+

n = fn(C+
n ). Without loss of

generality, we can assume that T (q) ∈ C+
n for each n ≥ n0. Note that fn(·) is a strictly

increasing homeomorphism between Θ and Rn. As a consequence, C̃+
n is a compact set

and 0 ∈ C̃+
n , for each n ≥ n0. For n ≥ n0, since q ∈ Γ+

n , one obtains T̃n(q) = T (q)+
t∗n

∆
1/2
n−1

,

with t∗n = arg maxt∈C̃+
n
πnD(t|q) = arg maxt∈Rn π

n
D(t|q) = arg maxt∈R π

n
D(t|q); hence, it

suffices to prove that t∗n → 0.

As h(t) is the density function of a normal distribution with mean equal to 0 and
variance equal to ID(T (q))−1, it has a unique maximum at t = 0; thus, we shall prove
that arg maxt∈R π

n
D(t|q)→ arg maxt∈R h(t), as n→∞, by proving that

lim
n→∞

sup
t∈R
|πnD(t|q)− h(t)| = 0. (8)

To that end, recall that πnD(t|q) = hn(t)
Jn

; consequently,

sup
t∈R
|πn

D(t|q)− h(t)| ≤ sup
t∈R

∣∣∣∣∣πn
D(t|q)− hn(t)

π(T (q))

(
ID(T (q))

2π

)1/2
∣∣∣∣∣ IBn(t) + sup

t∈R
πn
D(t|q)IBcn(t)

+ sup
t∈R

∣∣∣∣∣ hn(t)

π(T (q))

(
ID(T (q))

2π

)1/2

− h(t)

∣∣∣∣∣ IBn(t) + sup
t∈R

h(t)IBcn(t), (9)

thus, it is enough to prove that all the terms in (9) converge to 0, as n→∞.

For the first term in (9), one has the following inequality

sup
t∈R

∣∣∣∣πnD(t|q)− hn(t)

π(T (q))

(
ID(T (q))

2π

)1/2 ∣∣∣∣IBn(t) ≤
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≤

∣∣∣∣∣ 1

Jn
− 1

π(T (q))

(
ID(T (q))

2π

)1/2
∣∣∣∣∣

·
(
π(T (q)) +

|b1|π(T (q))

∆
1/2
n−1

sup
t∈R
|t|e−

t2(ID(T (q))−ε)
2

+
|b2|π(T (q))

2∆n−1
sup
t∈R

t2e−
t2(ID(T (q))−ε)

2

+
M

6∆
3/2
n−1

sup
t∈R
|t|3e−

t2(ID(T (q))−ε)
2

)
,

where M is an upper bound of the function π′′′(·). Thus, it converges to 0 due to the

fact that 1
Jn
→ 1

π(T (q))

(
ID(T (q))

2π

)1/2

, and |t|ie−
t2(ID(T (q))−ε)

2 is a bounded function for

i = 1, 2, 3.

Since π(·) is bounded, for the second term in (9), one has

sup
t∈R

πnD(t|q)IBcn(t) ≤ sup
t∈R

e−ρ∆n−1

Jn
π

(
T (q) +

t

∆n−1

)
IBcn∩Rn(t) ≤ e−ρ∆n−1

Jn
M∗ → 0,

where M∗ denotes an upper bound of the function π(·).

For the third term in (9), one has

sup
t∈R

∣∣∣∣∣
(
ID(T (q))

2π

)1/2
hn(t)

π(T (q))
− h(t)

∣∣∣∣∣ IBn(t) ≤

≤
(
ID(T (q))

2π

)1/2

sup
t∈R

∣∣∣∣e− t2ID(θ′n(t))

2 − e−
t2ID(T (q))

2

∣∣∣∣ IBn∩Rn(t)

+

(
ID(T (q))

2π

)1/2

·
(
|b1|

∆
1/2
n−1

sup
t∈R
|t|e−

t2(ID(T (q))−ε)
2

+
|b2|

2∆n−1
sup
t∈R

t2e−
t2(ID(T (q))−ε)

2 +
M

6∆
3/2
n−1π(T (q))

sup
t∈R
|t|3e−

t2(ID(T (q))−ε)
2

)
+ sup

t∈R
h(t)IRcn(t).

As a result, since supt∈R h(t)IRcn(t) ≤ h(η∆
1/2
n−1)→ 0, ∆n →∞, and |t|ie−

t2(ID(T (q))−ε)
2

is a bounded function for i = 1, 2, 3, to establish the convergence of the third term in
(9), we shall prove

sup
t∈R

∣∣∣∣e− t2ID(θ′n(t))

2 − e−
t2ID(T (q))

2

∣∣∣∣ IBn∩Rn(t)→ 0. (10)

To that end, we prove that for each 0 < ε < ID(T (q)),

lim
n→∞

sup
t∈R

∣∣∣∣e− t2ID(θ′n(t))

2 − e−
t2ID(T (q))

2

∣∣∣∣ IBn∩Rn(t) ≤ ε

ID(T (q))− ε
, (11)
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thus, by taking limit as ε → 0, (10) follows. For each t ∈ Bn ∩ Rn, let us consider the

function ht(x) = e−
t2

2 x, x ≥ 0, which satisfies h′t(x) = − t
2

2 e
− t22 x. By the mean value

theorem, for each t ∈ Bn ∩Rn,∣∣∣∣e− t2ID(θ′n(t))

2 − e−
t2ID(T (q))

2

∣∣∣∣ ≤ t2

2
e−

t2

2 at,n |ID(θ′n(t))− ID(T (q))|,

for at,n between ID(θ′n(t)) and ID(T (q)). Thus, at,n > ID(T (q)) − ε, and e−
t2

2 at,n ≤
e−

t2

2 (ID(T (q))−ε), where t2

2 e
− t22 (ID(T (q))−ε) is a function bounded by 1

ID(T (q))−ε . As a
consequence,

sup
t∈Bn∩Rn

∣∣∣∣e− t2ID(θ′n(t))

2 − e−
t2ID(T (q))

2

∣∣∣∣ ≤ ε

ID(T (q))− ε
,

and (11) follows.

For the forth term in (9), one has supt∈R h(t)IBcn(t) = h(δ∆
1/2
n−1)→ 0.

From (8), one has that |πnD(t∗n|q) − h(t∗n)| → 0, and πnD(t∗n|q) → h(0). The former
is immediate from the inequality |πnD(t∗n|q) − h(t∗n)| ≤ supt∈R |πnD(t|q) − h(t)|, and the
latter follows from |πnD(t∗n|q)−h(0)| ≤ supt∈R |πnD(t|q)−h(t)|; now, it is straightforward
that h(t∗n)→ h(0).

If {t∗n}n∈N does not converge to 0, then there exists ε > 0, such that for each N0 ∈ N,
|t∗N | > ε, for some N > N0. Consequently, |h(t∗N )− h(0)| > h(0)− h(ε) > 0. Therefore,
for ν = h(0)−h(ε), and each N0 ∈ N, there exists N > N0 satisfying |h(t∗N )−h(0)| > ν,
which contradicts h(t∗n)→ h(0). This completes the proof of the theorem.

�

2 Proof of asymptotic properties of the EDAP and
MDAP estimators

For simplicity, we will assume that P [Zn → ∞] = 1. Moreover, unless specified other-
wise, we will assume that all the limits are taken as n→∞ and we shall keep the same
notation throughout this section. Let us fix ω ∈ {Zn →∞} and henceforth, in order to
lighten the notation, we will consider that all the random variables are evaluated at ω.

Proof of Theorem 4.2

In order to prove this theorem, we are to make use of next lemma.

Lemma 5. Under the hypotheses of Theorem 4.2, let

wn(t) = π

(
θ̂Dn +

t

∆
1/2
n−1

)
e
−∆n−1

(
D

(
p̂n,θ̂

D
n + t

∆
1/2
n−1

)
−D(p̂n,θ̂

D
n )

)
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− π(θp)e
− 1

2 t
2ID(θp), t ∈ R.

Then, as n→∞,

(i)
∫
|wn(t)|dt→ 0 a.s. on {Zn →∞}.

(ii)
∫
|t||wn(t)|dt→ 0 a.s. on {Zn →∞}.

Proof. Let us denote Rn = {∆1/2
n−1(θ− θ̂Dn ) : θ ∈ Θ}, n ∈ N. Since θp ∈ int(Θ), by (9) in

Assumption 3, one has that θ̂Dn is eventually in int(Θ) and, as a result, in an analogous
manner to that in Lemma 4, one obtains ∪∞n=1Rn = R.

(i) Observe that wn(t)IRcn(t) = −π(θp)e
− 1

2 t
2ID(θp)IRcn(t), consequently, using the

dominated convergence theorem, since IRcn(t) → 0, |wn(t)IRcn(t)| ≤ π(θp)e
− 1

2 t
2ID(θp),

for each t ∈ R, and
∫
e−

1
2 t

2ID(θp)dt <∞, one has that
∫
Rcn

wn(t)dt→ 0.

On the other hand, for each fixed t ∈ R, using a first-order Taylor series expansion,
one has

D

(
p̂n, θ̂

D
n +

t

∆
1/2
n−1

)
= D(p̂n, θ̂

D
n ) +

t

∆
1/2
n−1

Ḋ(p̂n, θ̂
D
n ) +

1

2

(
t

∆
1/2
n−1

)2

D̈(p̂n, θ
′
n(t)),

where θ′n(t) is a real number between θ̂Dn and θ̂Dn + t

∆
1/2
n−1

. Observe that θ′n(t) ∈ Θ if and

only if t ∈ Rn; hence, for each t ∈ R fixed, there exists n0 = n0(t) such that θ′n(t) ∈ Θ
for each n ≥ n0. Thus,

wn(t) = π

(
θ̂Dn +

t

∆
1/2
n−1

)
e−

t2

2 I
D
n (θ′n(t)) − π (θp) e

− t22 I
D(θp).

For each t ∈ R, by (9) in Assumption 3, one has that {θ′n(t)}n∈N is a sequence
that converges to θp, and by (b) in Assumption 3, IDn (θ′n(t)) → ID(θp). Moreover, the

continuity of π(·) and the fact that θ̂Dn + t

∆
1/2
n−1

→ θp, for each t ∈ R fixed, guarantee

that π

(
θ̂Dn + t

∆
1/2
n−1

)
→ π(θp); hence, wn(t)→ 0, for each t ∈ R.

Let 0 < ε < ID(θp). Since π(·) is continuous, there exists δ1 = δ1(ε) such that
if |θ − θp| ≤ δ1, then |π(θ) − π(θp)| ≤ ε. By (b) in Assumption 3, one also has that
there exist n1 = n1(ε), and δ2 = δ2(ε) such that if |θ − θp| ≤ δ2, and n ≥ n1, then
|IDn (θ)−ID(θp)| ≤ ε. In addition, we can safely assume that δ1 = δ2. On the other hand,

from (9) in Assumption 3, the existence of n2 = n2(δ) ∈ N such that |θ̂Dn − θp| ≤ δ1/2,
for each n ≥ n2, is guaranteed.

Let us fix δ = δ1/2, N0 = max(n1, n2) = N0(δ1, ε), and define the sets Bn = {t ∈
R : |t| ≤ δ∆1/2

n−1}, n ∈ N. Firstly, we shall prove
∫
Bn∩Rn |wn(t)|dt→ 0.
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Note that for each t ∈ Bn ∩ Rn, n ≥ N0,

∣∣∣∣π(θ̂Dn + t

∆
1/2
n−1

)
− π(θp)

∣∣∣∣ ≤ ε, and

|IDn (θ′n(t))− ID(θp)| ≤ ε. Consequently, for each n ≥ N0,

|wn(t)|IBn∩Rn(t) ≤

(
π

(
θ̂Dn +

t

∆
1/2
n−1

)
e−

t2

2 I
D
n (θ′n(t)) + π (θp) e

− t22 I
D(θp)

)
· IBn∩Rn(t)

≤ 2 (π(θp) + ε) e−
t2

2 (ID(θp)−ε),

with
∫
e−

t2

2 (ID(θp)−ε)dt =
(

2π
ID(θp)−ε

)1/2

<∞.

Since wn(t) → 0, in particular, |wn(t)|IBn∩Rn(t) → 0, and by applying the domi-
nated convergence theorem one obtains

∫
Bn∩Rn |wn(t)|dt→ 0.

Now, we shall prove
∫
Bcn∩Rn

|wn(t)|dt → 0. From the previous Taylor series expan-

sion, for t ∈ R, one has

D

(
p̂n, θ̂

D
n +

t

∆
1/2
n−1

)
−D(p̂n, θ̂

D
n ) =

IDn (θ′n(t))

2

t2

∆n−1
.

Bearing in mind that p ∈ Γ∗, (a) and (9) in Assumption 3, and the fact that p̂n → p
in l1, the existence of some ρ > 0 and N∗ ∈ N satisfying

inf
t∈Bcn∩Rn

D

(
p̂n, θ̂

D
n +

t

∆
1/2
n−1

)
−D(p̂n, θ̂

D
n ) > ρ, (12)

for n ≥ N∗ is guaranteed, and as a consequence, for each t ∈ Bcn ∩ Rn, n ≥ N∗,

IDn (θ′n(t)) > 2
t2 ρ∆n−1, therefore e−

t2

2 I
D
n (θ′n(t)) ≤ e−ρ∆n−1 . Hence, for each n ≥ N∗, one

has∫
Bcn∩Rn

|wn(t)|dt ≤ e−∆n−1ρ

∫
Bcn∩Rn

π

(
θ̂Dn +

t

∆
1/2
n−1

)
dt+ π(θp)

∫
Bcn∩Rn

e−
1
2 t

2ID(θp)dt

≤ e−∆n−1ρ∆
1/2
n−1 + π(θp)

(
2π

ID(θp)

)1/2

P [|Z| > δ∆
1/2
n−1],

where Z follows a normal distribution with mean equal to 0 and variance equal to
ID(θp)

−1; therefore,
∫
Bcn∩Rn

|wn(t)|dt→ 0.

(ii) Firstly, note that for each t ∈ R fixed, |t||wn(t)| → 0. As done before,
∫
Rcn
|t||wn(t)|dt→

0, thus, it is enough to prove that
∫
Bn∩Rn |t||wn(t)|dt→ 0, and

∫
Bcn∩Rn

|t||wn(t)|dt→ 0.

On the one hand, for each n ≥ N0,

|t||wn(t)|IBn∩Rn(t) ≤ 2|t| (π(θp) + ε) e−
t2

2 (ID(θp)−ε),
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and
∫
Bn∩Rn |t||wn(t)|dt → 0 follows from dominated convergence theorem and bearing

in mind that ∫
|t|e−

t2

2 (ID(θp)−ε)dt =
2

ID(θp)− ε
.

On the other hand, for each n ≥ N∗, one has∫
Bcn∩Rn

|t||wn(t)|dt ≤ e−∆n−1ρ

∫
Bcn∩Rn

|t|π

(
θ̂Dn +

t

∆
1/2
n−1

)
dt

+ π(θp)

∫
Bcn∩Rn

|t|e− 1
2 t

2ID(θp)dt

≤ e−∆n−1ρ∆
1/2
n−1

∫
Θ

|θ|π (θ) dθ + e−∆n−1ρ∆n−1|θ̂Dn |

+ π(θp)

(
2π

ID(θp)

)1/2

E[|Z|IBcn ],

where Z follows a normal distribution with mean equal to 0 and variance equal to
ID(θp)

−1; therefore,
∫
Bcn∩Rn

|wn(t)|dt→ 0.

Now, we show the proof of Theorem 4.2.

(i) From the fact that p̂n → p in l1, (a) in Assumption 3 and the continuity of
D(q, ·) on Θ for each q ∈ Γ, one has that supθ∈Θ |D(p̂n, θ) − D(p, θ)| → 0, hence

D(p̂n, θ̂
D
n )→ D(p, θp).

Recall that Ḋ(p̂n, θ̂
D
n ) = Ḋ(p, θp) = 0, and IDn (θ̂Dn )→ ID(θp).

For each t ∈ Rn, we can write

πnD(t|p̂n) = K−1
n π

(
θ̂Dn +

t

∆
1/2
n−1

)
e
−∆n−1

(
D

(
p̂n,θ̂

D
n + t

∆
1/2
n−1

)
−D(p̂n,θ̂Dn )

)
,

whereKn =

∫
Rn

π

(
θ̂Dn + t

∆
1/2
n−1

)
e
−∆n−1

(
D

(
p̂n,θ̂

D
n + t

∆
1/2
n−1

)
−D(p̂n,θ̂

D
n )

)
dt, and πnD(t|p̂n) =

0, for t ∈ Rcn. As a consequence,∫ ∣∣∣πnD(t|p̂n)−
(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)

∣∣∣dt =

∫
Rcn

(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)dt

+K−1
n

∫
Rn

∣∣∣π(θ̂Dn +
t

∆
1/2
n−1

)
e
−∆n−1

(
D

(
p̂n,θ̂

D
n + t

∆
1/2
n−1

)
−D(p̂n,θ̂

D
n )

)

−Kn

(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)

∣∣∣dt
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≤
∫
Rcn

(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)dt+K−1

n (I1n + I2n),

where the first integral converges to 0 by applying the dominated convergence theorem,
and

I1n =

∫
Rn

|wn(t)|dt,

I2n =

∫
Rn

∣∣∣π(θp)e
− 1

2 t
2ID(θp) −Kn

(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)

∣∣∣dt.
In the proof of Lemma 5, we showed that Kn → π(θp)

(
2π

ID(θp)

)1/2

6= 0; hence, it is

enough to prove that Iin → 0, for i = 1, 2. From Lemma 5, we also have that I1n → 0,

and
∣∣∣π(θp)−Kn

(
ID(θp)

2π

)1/2 ∣∣∣
∫

Rn

e−
t2

2 I
D(θp)dt→ 0.

(ii) We have∫
|t|
∣∣∣πnD(t|p̂n)−

(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)

∣∣∣dt =

=

∫
Rcn

|t|
(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)dt

+K−1
n

∫
Rn

|t|
∣∣∣π(θ̂Dn +

t

∆
1/2
n−1

)
e
−∆n−1

(
D

(
p̂n,θ̂

D
n + t

∆
1/2
n−1

)
−D(p̂n,θ̂

D
n )

)

−Kn

(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)

∣∣∣dt
≤
∫
Rcn

|t|
(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)dt+K−1

n (Ī1n + Ī2n),

where again the first integral converges to 0 by applying the dominated convergence
theorem, and

Ī1n =

∫
Rn

|t||wn(t)|dt

Ī2n =

∫
Rn

|t|
∣∣∣π(θp)e

− 1
2 t

2ID(θp) −Kn

(
ID(θp)

2π

)1/2

e−
t2

2 I
D(θp)

∣∣∣dt.
From Lemma 5 (ii), we also have that Ī1n → 0, and bearing in mind that Kn →

π(θp)
(

2π
ID(θp)

)1/2

6= 0, we obtain

Ī2n =
∣∣∣π(θp)−Kn

(
ID(θp)

2π

)1/2 ∣∣∣ ∫
Rn

|t|e− t
2

2 I
D(θp)dt→ 0.
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(iii) Note that∫ ∣∣∣∣πnD(t|p̂n)−

(
IDn (θ̂Dn )

2π

)1/2

e−
1
2 t

2IDn (θ̂Dn )

∣∣∣∣dt ≤
≤
∫ ∣∣∣∣πnD(t|p̂n)−

(
ID(θp)

2π

)1/2

e−
1
2 t

2ID(θp)

∣∣∣∣dt
+

∫ ∣∣∣∣ (ID(θp)

2π

)1/2

e−
1
2 t

2ID(θp) −

(
IDn (θ̂Dn )

2π

)1/2

e−
1
2 t

2IDn (θ̂Dn )

∣∣∣∣dt
From (i), we have that the first integral converges to 0. Since IDn (θ̂Dn ) → ID(θp),

using Glick’s theorem (see Devroye and Györfi (1985), p.10), we also have that the
second integral converges to 0.

�

Proof of Theorem 4.3

Let t = ∆
1/2
n−1(θ − θ̂Dn ) and πnD(t|p̂n) its D-posterior density function at p̂n.

(i) Bearing in mind that

θ∗Dn =

∫
Θ

θπnD(θ|p̂n)dθ =

∫
Rn

(
θ̂Dn +

t

∆
1/2
n−1

)
πnD(t|p̂n)dt,

and Theorem 4.2 (ii), we obtain

∆
1/2
n−1(θ∗Dn − θ̂Dn ) =

∫
Rn

tπnD(t|p̂n)dt→
(
ID(θp)

2π

)1/2 ∫
te−

1
2 t

2ID(θp)dt = 0,

a.s. on {Zn →∞}.

(ii) Note that ∆
1/2
n−1(θ∗Dn − θp) = ∆

1/2
n−1(θ∗Dn − θ̂Dn ) + ∆

1/2
n−1(θ̂Dn − θp). From (10) in

Assumption 3 and (i), making use of Slutsky’s theorem, one has

∆
1/2
n−1(θ∗Dn − θp)

d−−−−→
n→∞

N(0, ID(θp)
−1).

�

Proof of Theorem 4.4

The proof is analogous to that in Theorem 3 (ii). Let Rn = {∆1/2
n−1(θ − θ̂Dn ) : θ ∈ Θ}.

With analogous arguments to those in Lemma 4, one can prove that for each t ∈ R,

πnD(t|p̂n) = (1 + Cn)

(
IDn (θ̂Dn )

2π

)1/2

e−
t2IDn (θ′n(t))

2 ·

·
(

1 +
tb1n

∆
1/2
n−1

+
t2b2n

2∆n−1
+

t3π′′′(θ∗n(t))

6∆
3/2
n−1π(θ̂Dn ))

)
IRn(t),
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a.s. on {Zn → ∞}, where b1n =
π′(θ̂Dn )
π(θ̂Dn )

, b2n =
π′′(θ̂Dn )
π(θ̂Dn )

, θ′n(t) and θ∗n(t) are both points

between θ̂Dn and θ̂Dn + t

∆
1/2
n−1

, for each n ∈ N, and t ∈ R, and {Cn}n∈N is a sequence of

real valued random variables converging to 0 a.s.

Moreover, the following inequality holds

sup
t∈R
|πnD(t|p̂n)− ϕ(t; θp)| ≤ sup

t∈R

∣∣∣∣∣∣πnD(t|p̂n)− hn(t)

π(θ̂Dn )

(
IDn (θ̂Dn )

2π

)1/2
∣∣∣∣∣∣ IBn(t)

+ sup
t∈R

πnD(t|p̂n)IBcn(t)

+ sup
t∈R

∣∣∣∣∣∣
(
IDn (θ̂Dn )

2π

)1/2
hn(t)

π(θ̂Dn )
− ϕ(t; θp)

∣∣∣∣∣∣ IBn(t)

+ sup
t∈R

ϕ(t; θp)IBcn(t), (13)

where hn(t) = π

(
θ̂Dn + t

∆
1/2
n−1

)
e
−∆n−1D

(
p̂n,θ̂

D
n + t

∆
1/2
n−1

)
+∆n−1D(p̂n,θ̂Dn )

IRn(t), for each n ∈

N and t ∈ R.

Following the same arguments as in Theorem 3 (ii), one can verify that all the terms

in (13) converge to 0 using that ∆n → ∞, π(θ̂Dn ) → π(θp), I
D
n (θ̂Dn ) → ID(θp), Jn =∫

hn(t)dt, n ∈ N, satisfies 1
Jn
− 1
π(θ̂Dn )

(
IDn (θ̂Dn )

2π

)1/2

→ 0, π(·) is bounded, supt∈R e
− t

2ID(θp)

2 =

1, and |t|ie−
t2(ID(θp)−ε)

2 is a bounded function for i = 1, 2, 3.

�

Proof of Theorem 4.5
The proof is analogous to that in Theorem 3 (ii).

To prove (i), observe that there exists n0 ∈ N such that T̃n(p̂n) exists and is unique

for n ≥ n0. Since p̂n ∈ Γ+
n for n ≥ n0, one has T̃n(p̂n) = θ̂Dn +

t∗n
∆

1/2
n−1

, with t∗n =

arg maxt∈Rn π
n
D(t|p̂n) = arg maxt∈R π

n
D(t|p̂n); hence, it is sufficient to prove that t∗n → 0.

Note that, since ϕ(t; θp) is the density function of a normal distribution with mean
equal to 0 and variance equal to ID(θp)

−1, it has a unique maximum at t = 0; thus, we
shall prove that arg maxt∈R π

n
D(t|p̂n)→ arg maxt∈R ϕ(t; θp).

By Theorem 4.4, one has that |πnD(t∗n|p̂n)−ϕ(t∗n; θp)| → 0, and |πnD(t∗n|p̂n)−ϕ(0; θp)| →
0. Now, it is straightforward that |ϕ(t∗n; θp)− ϕ(0; θp)| → 0, and as a result, t∗n → 0.

(ii) is straightforward, using Slutsky’s theorem, by (c) in Assumption 3, (i) and

∆
1/2
n−1(θ+D

n − θp) = ∆
1/2
n−1(θ+D

n − θ̂Dn ) + ∆
1/2
n−1(θ̂Dn − θp).

�
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3 Proof of robustness properties of the EDAP and
MDAP estimators

As it was done in Section 2, we will assume that P [Zn → ∞] = 1 and we shall keep
the same notation throughout this section. Let us fix ω ∈ {Zn → ∞} and henceforth,
in order to lighten the notation, we will consider that all the random variables are
evaluated at ω.

Proof of Theorem 5.2

First of all, note that for each L ∈ N0 and n ∈ N, the influence function satisfies

IF (L, Tn, p) =
∂

∂α

(∫
Θ
θe−∆n−1D(p(θ0,α,L),θ)π(θ)dθ∫

Θ
e−∆n−1D(p(θ0,α,L),θ)π(θ)dθ

)
∣∣α=0

.

Let us denote M = supδ∈[−1,∞) |G(δ)| < ∞, M = supδ∈[−1,∞) |G′(δ)| < ∞, and

Fθ0(θ, α, L) = e−∆n−1D(p(θ0,α,L),θ)π(θ), for each θ ∈ Θ, α ∈ (0, 1), L ∈ N0. Observe
that, Fθ0(θ, α, L) ≥ e−∆n−1Mπ(θ), and as a consequence,∫

Θ

Fθ0(θ, α, L)dθ ≥ e−∆n−1M

∫
Θ

π(θ)dθ = e−∆n−1M ,

moreover,

∣∣∣∣ ∂∂α
(

θFθ0(θ, α, L)∫
Θ
Fθ0(θ, α, L)dθ

) ∣∣∣∣ =

∣∣∣∣ θ ∂
∂αFθ0(θ, α, L)∫

Θ
Fθ0(θ, α, L)dθ

−
θFθ0(θ, α, L) ∂

∂α

(∫
Θ
Fθ0(θ, α, L)dθ

)(∫
Θ
Fθ0(θ, α, L)dθ

)2 ∣∣∣∣
≤ 4M∆n−1|θ|π(θ)e2∆n−1M .

Let us denote CL(pθ0 , θ) = ∂
∂αD(p(θ0, α, L), θ)|α=0

, and the expectation with respect the
D-posterior of θ given the probability distribution p = pθ0 by EπnD(θ|p)[·]. One obtains

IF (L, Tn, p) = ∆n−1

∫
Θ
−θCL(pθ0 , θ)e

−∆n−1D(p,θ)π(θ)dθ∫
Θ
e−∆n−1D(p,θ)π(θ)dθ

+ ∆n−1

∫
Θ
CL(pθ0 , θ)e

−∆n−1D(p,θ)π(θ)dθ(∫
Θ
e−∆n−1D(p,θ)π(θ)dθ

)2 ·
∫

Θ

θe−∆n−1D(p,θ)π(θ)dθ

= −∆n−1EπnD(θ|p)
[
θCL(pθ0 , θ)

]
+ ∆n−1EπnD(θ|p) [θ]EπnD(θ|p)

[
CL(pθ0 , θ)

]
.

Thus, it is enough to prove that, for each n ∈ N, |EπnD(θ|p)
[
CL(pθ0 , θ)

]
| < ∞, and

|EπnD(θ|p)
[
θCL(pθ0 , θ)

]
| <∞. For the former, one has

|EπnD(θ|p)
[
CL(pθ0 , θ)

]
| ≤

∫
Θ
|CL(pθ0 , θ)|e

−∆n−1rπ(θ)dθ∫
Θ
e−∆n−1Rπ(θ)dθ

≤ 2Me∆n−1(R−r) <∞,
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where infθ∈ΘD(p, θ) = r ≥ 0, and supθ∈ΘD(p, θ) = R ≤M <∞. Analogously,

|EπnD(θ|p)
[
θCL(pθ0 , θ)

]
| ≤

∫
Θ
|θ||CL(pθ0 , θ)|e

−∆n−1rπ(θ)dθ∫
Θ
e−∆n−1Rπ(θ)dθ

≤ 2Me∆n−1(R−r)
∫

Θ

|θ|π(θ)dθ <∞,

hence, the results follows.

�

Proof of Theorem 5.3

To prove this theorem and some of the following results, we will make use of the following
lemma.

Lemma 6. Let α ∈ (0, 1) and consider a family of probability distributions {q̄L}L∈N0

satisfying (a) and (b) in Assumption 5, and suppose that ( b) in Assumption 4 and (c)
in Assumption 5 hold. Then, for any δ > 0:

(i) There exist L1 ∈ N0, and M1 > 0 such that

sup
|θ|>M1

sup
L>L1

|D((1− α)p+ αq̄L, θ)−D(αq̄L, θ)| < δ.

(ii) For all M2 > 0, there exists L2 ∈ N0 such that

sup
|θ|<M2

sup
L>L2

|D((1− α)p+ αq̄L, θ)−D((1− α)p, θ)| < δ.

The results also hold for the Hellinger distance.

The proof is analogous to that for Lemma 1 in Hooker and Vidyshankar (2014) and it
is omitted.

Now, we shall prove Theorem 5.3.

(i) We follow the same steps as in the proof of Corollary 2 in Hooker and Vidyshankar
(2014). Since G(·) is strictly convex, infθ∈Θ,q∈ΓD(q, θ) = r ≥ 0, and under the assump-
tions, supθ∈Θ,q∈ΓD(q, θ) = R <∞. For each θ ∈ Θ, α ∈ [0, 1], and q ∈ Γ, one has that

e−∆n−1R ≤ e−∆n−1D((1−α)p+αq,θ) ≤ e−∆n−1r, and as a consequence,

e−∆n−1(R−r)
∫

Θ

|θ|π(θ)dθ ≤ |Tn((1− α)p+ αq)| ≤ e−∆n−1(r−R)

∫
Θ

|θ|π(θ)dθ,

hence, the result yields.
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(ii) Throughout this proof, all the limits are taken as L → ∞ unless specified
otherwise. Let us fix α ∈ (0, 1), and assume that there is a breakdown at level α, that
is, |θL| → ∞, with θL = arg maxθ∈Θ π

n
D(θ|(1− α)p+ αqL).

From the definition of θL,

πnD(θ0|(1− α)p+ αqL) ≤ πnD(θL|(1− α)p+ αqL). (14)

By Lemma 6 (i) and (ii) one obtains, respectively,

lim
L→∞

D((1− α)p+ αqL, θL) = lim
L→∞

D(αqL, θL), (15)

lim
L→∞

D((1− α)p+ αqL, θ) = D((1− α)p, θ), for each θ ∈ Θ, (16)

then, taking limit as L → ∞ in (14) we obtain a contradiction, and as a consequence,
there is no breakdown at level α, for each α ∈ (0, 1). Indeed, by (16) and the dominated
convergence theorem one has

lim
L→∞

∫
Θ

e−∆n−1D((1−α)p+αqL,θ)π(θ)dθ =

∫
Θ

e−∆n−1D((1−α)p,θ)π(θ)dθ,

thus, for the first term in (14), since D((1 − α)p, θ0) = G(−α), we have the following
limit

lim
L→∞

πnD(θ0|(1− α)p+ αqL) =
e−∆n−1G(−α)π(θ0)∫

Θ
e−∆n−1D((1−α)p,θ)π(θ)dθ

> 0.

For the right hand side in (14), by Jensen’s inequality, one has D(αqL, θ) ≥ G(α − 1),
and D((1− α)p, θ) ≥ G(−α), for each θ ∈ Θ. Consequently, using (15),

lim
L→∞

πnD(θL|(1− α)p+ αqL) =
limL→∞ e−∆n−1D(αqL,θL)π(θL)∫

Θ
e−∆n−1D((1−α)p,θ)π(θ)dθ

≤ e−∆n−1G(α−1)∫
Θ
e−∆n−1D((1−α)p,θ)π(θ)dθ

lim
L→∞

π(θL) = 0,

where we have applied that lim|θ|→∞ π(θ) = 0.

�

Proof of Theorem 5.4

In order to prove this theorem, we will make use of the following lemma.

Lemma 7. Let us fix α ∈ (0, 1). Under conditions of Lemma 6, if there exists δ > 0
such that

inf
L∈N0

inf
θ∈Θ

D(αq̄L, θ) > inf
θ∈Θ

D((1− α)p, θ) + δ,

then, there exists L0 ∈ N0 such that for every λ ∈ (0, δ), there is M∗ > 0 satisfying

inf
L>L0

inf
|θ|>M∗

(D((1− α)p+ αq̄L, θ)−D ((1− α)p+ αq̄L, T ((1− α)p+ αq̄L))) ≥ λ.
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The proof is similar to that for Lemma 2 in Hooker and Vidyshankar (2014) and it is
omitted.

We shall prove Theorem 5.4.

(i) To that end, let us denote

B1 = {α ∈ (0, 1) : b(α, T, p) <∞},
B2 = {α ∈ (0, 1) : lim sup

n→∞
b(α, Tn, p) <∞}.

We shall prove that B1 = B2 and, as a result, we obtain B(T, p) = B({Tn}n∈N, p).

Let us assume that α ∈ Bc1; then, we can find a sequence of probability distributions
{q̄L}L∈N such that |T ((1−α)p+αq̄L)| → ∞, as L→∞. By Theorem 3 (i), one deduces
that for each L ∈ N,

∀ε > 0, ∃kL = kL(ε) ∈ N : |Tn((1− α)p+ αq̄L)− T ((1− α)p+ αq̄L)| < ε,

for n ≥ kL and with kL → ∞, as L → ∞. Let M > 0, and let us fix ε = 1, and
kL = kL(1), L ∈ N. From the convergence |T ((1 − α)p + αq̄L)| → ∞, as L → ∞, one
has

∃L0 ∈ N : |T ((1− α)p+ αq̄L)| > M + 1, ∀L ≥ L0.

Now, by using the triangle inequality, for L ≥ L0 and n ≥ kL,

|Tn((1− α)p+ αq̄L)| ≥ |T ((1− α)p+ αq̄L)|
− |Tn((1− α)p+ αq̄L)− T ((1− α)p+ αq̄L)| > M.

From all the above, and the fact that Tn(p) → θ0, as n → ∞, one has that
lim supn→∞ b(α, Tn, p) =∞, and α ∈ Bc2.

Now, we shall prove that if α ∈ B1, then α ∈ B2. To that end, we prove that for
each n ∈ N, and any sequence of contaminating distributions {q̄L}L∈N in Γ, there exists
L0 ∈ N such that |Tn((1− α)p+ αq̄L)| ≤Mn, if L ≥ L0, where Γ denotes the family of
contaminating distributions satisfying (a) and (b) in Assumption 5, and Mn →M , for
some M > 0.

On the one hand, since α ∈ B1, supq̄∈Γ |T ((1− α)p+ αq̄)| <∞.

Let us fix λ ∈ (0, δ). By Lemma 7, one can find L0 ∈ N0 and M∗ > 0 satisfying

D((1− α)p+ αq̄L, θ) ≥ D ((1− α)p+ αq̄L, T ((1− α)p+ αq̄L)) + λ,

for L ≥ L0, and |θ| ≥M∗, consequently,

e−∆n−1D((1−α)p+αq̄L,θ) ≤ e−∆n−1D((1−α)p+αq̄L,T ((1−α)p+αq̄L))−∆n−1λ,

for L ≥ L0, and |θ| ≥M∗.
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Moreover, since α ∈ B1, one can deduced, using the mean value theorem, condition
(A4) in González et al. (2017) and Assumption (c) (or alternatively condition (A6) in
González et al. (2017) for the Hellinger distance), that for the fixed λ, there exists ε > 0
such that if |θ − T ((1− α)p+ αq̄L)| < ε, then

D((1− α)p+ αq̄L, θ) < D((1− α)p+ αq̄L, T ((1− α)p+ αq̄L)) + λ/2,

for any L ∈ N0, and hence

e−∆n−1D((1−α)p+αq̄L,θ) > e−∆n−1D((1−α)p+αq̄L,T ((1−α)p+αq̄L))−∆n−1λ/2.

Let us denote B = {θ ∈ Θ : |θ| < M∗} and K(x) =
(∫ x+ε

x−ε π(θ)dθ
)−1 ∫∞

M∗
|θ|π(θ)dθ.

Then, for L ≥ L0,

|Tn((1− α)p+ αq̄L)| =
∫
B

|θ|πnD(θ|(1− α)p+ αq̄L)dθ +

∫
Bc
|θ|πnD(θ|(1− α)p+ αq̄L)dθ

≤M∗ +

∫
Bc
|θ|e−∆n−1D((1−α)p+αq̄L,θ)π(θ)dθ∫ T ((1−α)p+αq̄L)+ε

T ((1−α)p+αq̄L)−ε e
−∆n−1D((1−α)p+αq̄L,θ)π(θ)dθ

≤
e−∆n−1D((1−α)p+αq̄L,T ((1−α)p+αq̄L))−∆n−1λ

∫
Bc
|θ|π(θ)dθ

e−∆n−1D((1−α)p+αq̄L,T ((1−α)p+αq̄L))−∆n−1λ/2
∫ T ((1−α)p+αq̄L)+ε

T ((1−α)p+αq̄L)−ε π(θ)dθ
+M∗

≤M∗ + e−∆n−1λ/2K∗,

where K∗ = sup{K(t) : |t| ≤ supL∗>L0
|T ((1 − α)p + αq̄L∗)|}. Note that K∗ < ∞ due

to the fact that α ∈ B1. Thus, M∗ + e−∆n−1λ/2K∗ →M∗, as n→∞.

(ii) Let us write θ∗ = arg maxθ∈Θ π(θ), gn(q, θ) = ∆n−1D(q, θ)− log(π(θ∗)), and

B̃2 = {α ∈ (0, 1) : lim sup
n→∞

b(α, T̃n, p) <∞},

and, as done before, we shall prove that B1 = B̃2 to obtain B(T, p) = B({T̃n}n∈N, p).

Assume that α ∈ B1, and observe that for each q ∈ Γ, gn(q, θ) ≥ gn(q, θ), for each

θ ∈ Θ, and gn(q, θ∗) = gn(q, θ∗), hence, for n ∈ N sufficiently large |T̃n(q) − θ∗| ≤
|T (q)− θ∗|. As a consequence,

|T̃n((1− α)p+ αq̄)− T̃n(p)| ≤ |T̃n((1− α)p+ αq̄)− θ∗|+ |θ∗ − T̃n(p)|
≤ |T ((1− α)p+ αq̄)− T (p)|+ |T (p)− θ∗|+ |θ∗ − T (p)|,

and b(α, T̃n, p) ≤ b(α, T, p) + 2|T (p)− θ∗|; thus, α ∈ B̃2.

The fact that if α ∈ Bc1, then α ∈ B̃c2, can be proved in an identical way to that
in (i).

�

Proof of Theorem 5.5

(i) is immediate using the same arguments as in the proof of Theorem 5.3 (ii).
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(ii) Let us denote

J =

∫
Θ

e−∆n−1D((1−α)p,θ)π(θ)dθ,

JL =

∫
Θ

e−∆n−1D((1−α)p+αq̄L,θ)π(θ)dθ, for each L ∈ N0.

With this notation, for each θ ∈ Θ, one has∣∣πnD(θ|(1− α)p+ αq̄L)− πnD(θ|(1− α)p)
∣∣ =

π(θ)

J · JL
·
∣∣∣Je−∆n−1D((1−α)p+αq̄L,θ) − JLe−∆n−1D((1−α)p,θ)

∣∣∣
≤ π(θ)

JL

∣∣∣e−∆n−1D((1−α)p+αq̄L,θ) − e−∆n−1D((1−α)p,θ)
∣∣∣

+
|J − JL|
J · JL

e−∆n−1D((1−α)p,θ)π(θ).

Observe that JL → J , as L → ∞, and using Jensen’s inequality, one has that D((1 −
α)p, θ) ≥ G(−α), and consequently

∫
Θ
e−∆n−1D((1−α)p,θ)π(θ)dθ ≤ e−∆n−1G(−α); hence,

it suffices to prove that IL → 0, as L→∞, where

IL =

∫
Θ

∣∣∣e−∆n−1D((1−α)p+αq̄L,θ) − e−∆n−1D((1−α)p,θ)
∣∣∣π(θ)dθ.

Let us consider the function f : x ∈ [c,∞) → f(x) = e−∆n−1x, with
c = min(0, G(−α)), and let us fix ε > 0. Since f(·) is uniformly continuous, there
exists δ = δ(ε) such that if |x− y| < δ, then |e−∆n−1x− e−∆n−1y| < ε. Given M > 0, by
Lemma 6 (ii), one has that there exists L0 = L0(M, δ) such that

|D((1− α)p+ αq̄L, θ)−D((1− α)p, θ)| < δ, ∀θ ∈ Θ : |θ| < M, ∀L > L0.

Let us write

I
(M)
L,1 =

∫
{|θ|<M}

∣∣∣e−∆n−1D((1−α)p+αq̄L,θ) − e−∆n−1D((1−α)p,θ)
∣∣∣π(θ)dθ,

I
(M)
L,2 =

∫
{|θ|≥M}

∣∣∣e−∆n−1D((1−α)p+αq̄L,θ) − e−∆n−1D((1−α)p,θ)
∣∣∣π(θ)dθ,

thus, IL = I
(M)
L,1 + I

(M)
L,2 . On the one hand, I

(M)
L,1 ≤ ε

∫
{|θ|<M} π(θ)dθ ≤ ε, for each

L > L0. On the other hand, I
(M)
L,2 ≤

(
1 + e−∆n−1G(−α)

) ∫
{|θ|≥M} π(θ)dθ, for each L ∈ N0.

Combining all the above, one has that for any M > 0, and ε > 0,

lim sup
L→∞

IL ≤ ε+
(

1 + e−∆n−1G(−α)
)∫
{|θ|≥M}

π(θ)dθ.

Thus, since limM→∞
∫
{|θ|≥M} π(θ)dθ = 0, one obtains lim supL→∞ IL ≤ ε and taking

limit as ε→ 0, one has that limL→∞ IL = 0.

�
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4 Additional details of the example based on a real
data set

4.1 Additional figures and tables

The contour plots of the D-posterior density functions of (q0, q1) at p̂n for experiments
1 and 2 are represented in Figures 1 and 2.
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Figure 1: Contour plot for the D-posterior density of (q0, q1) of the first experiment,
together with the EDAP estimate (intersection of blue dashed lines) and the MDAP
estimate (intersection of red dashed lines). Blue contour line represents the 95% HPD
region. Left: HD. Centre: NED. Right: KL.
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Figure 2: Contour plot for the D-posterior density of (q0, q1) of the second experiment,
together with the EDAP estimate (intersection of blue dashed lines) and the MDAP
estimate (intersection of red dashed lines). Blue contour line represents the 95% HPD
region. Left: HD. Centre: NED. Right: KL.

In Table 1, an estimation of the probability that m > 1, with respect to the D-
posterior distribution at p̂n, is provided for the two experiments and the different dis-
parity measures.
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Experiment 1 Experiment 2
HD 0.3424 0.4234

NED 0.3382 0.4177
KL 0.3380 0.4174

Table 1: Probability that m > 1, with respect to the D-posterior distribution at p̂n, for
HD, NED, and KL.

4.2 Sensitivity analysis

A brief description of the sensitivity analysis carried out for the example on oligoden-
drocyte cell populations is presented in this subsection in Tables 2, 3, 4 and 5.

5 Additional details of the simulated example

5.1 Simulated data

The data for the simulated example are provided in Tables 6 and 7. Recall that in this
example, the initial number of individuals is Z0 = 1, the reproduction law is a geometric
distribution with parameter θ0 = 0.3 and which is contaminated by outliers, which can
happen at the point 11 with probability 0.15. The control variables φn(k) has Poisson
distributions with mean λk, for each k, n ∈ N0.

5.2 Additional figures

The figures described in Section 6.2 of the paper are gathered in this subsection.
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Figure 3: Estimate of the D-posterior density of θ given the sample z∗45, together with
EDAP (blue line) and MDAP (green line), HPD interval (dashed line) and true value
of θ0 (red line) for the HD (left) and the NED (right).
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5.3 Influence functions figure for EDAP estimator at p
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Figure 6: Evolution of influence functions for EDAP estimator at p based on KL (black
line), HD (red line) and NED (blue line), IF (L, T̄n, p), with p = p0.3 for the sample z∗n,
where n = 10, 13, 16, 19, 22, 25, 28, 31, 34, 37, 40, 43, with ∆9 = 29, ∆12 = 34, ∆15 = 48,
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5.4 Different types/amounts of contamination in the mixture
model for gross errors at a point.
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Figure 7: Box-plots of the EDAP estimates in the last generation based on 100 simula-
tions of gross error contaminated models until generation 45 for the KL, HD and NED.
Offspring distribution: geometric with parameter 0.3 and Poisson control distribution
with parameter 0.3k.



30 Supplementary material

●

●

●

●

●

●●

●
●

●

●

●●●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0

●

●

●

●

●

●
●

●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 2

●

●

●

●

●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 3

●

●
●

●

●

●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 7

●●

●

●

●●

●●●
●

●

●

●●

●
●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 12

●

●

●

●

●●

●
●

●

●

●●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 15

●

●

●

●

●

●●

●

●

●●

●●●●●

●

●

●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 18

●

●

●
●

●

●

●

●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 21

●
●

●

●

●

●

●

●

●

●
●

●

●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 24

●
●

●

●●

●

●

●

●

●●●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 27

●
●
●●

●

●
●
●

●

●
●
●

●
●

●

●
●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 30

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

KL HD NED

0.
26

0.
27

0.
28

0.
29

0.
30

0.
31

0.
32

α = 0.01    L = 33

Figure 8: Box-plots of the EDAP estimates based on 45 generations and 100 simulations
of gross error contaminated models. Offspring distribution: geometric with parameter
0.3 and Poisson control distribution with parameter 0.45k.
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5.5 Sensitivity analysis for the simulated example

A summary of the sensitivity analysis performed for the simulated example is provided
in this section. For sake of brevity, we show the results for the generations 25 (in Tables
8, 9 and 10), 35 (in Tables 11, 12 and 13) and 45 (in Tables 14, 15 and 16). Recall that
θ0 = 0.3. The maximum differences between the estimates and θ0 are 0.0174, 0.0161,
and 0.065, for n = 25, 35 and 45, respectively.
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Table 2: Sensitivity analysis for EDAP estimators in experiment 1.
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Table 3: Sensitivity analysis for MDAP estimators in experiment 1.
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Table 4: Sensitivity analysis for EDAP estimators in experiment 2.
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Table 5: Sensitivity analysis for MDAP estimators in experiment 2.
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Table 6: Simulated data from the initial generation to the 22-th generation.
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Table 7: Simulated data from the 23-th generation to the 45-th generation.
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ρ β Prior mean Prior variance θ∗HD25 θ+HD
25 θ∗NED25 θ+NED

25

0.1 0.1 0.5 0.2083 0.3056 0.3027 0.3056 0.3027
0.1 0.5 0.1667 0.0868 0.3052 0.3023 0.3052 0.3023
0.1 1 0.0909 0.0394 0.3047 0.3017 0.3047 0.3017
0.1 1.5 0.0625 0.0225 0.3041 0.3012 0.3041 0.3012
0.1 2 0.0476 0.0146 0.3036 0.3007 0.3036 0.3007
0.1 2.5 0.0385 0.0103 0.3031 0.3002 0.3031 0.3002
0.1 3 0.0323 0.0076 0.3026 0.2997 0.3026 0.2997
0.1 3.5 0.0278 0.0059 0.3021 0.2992 0.3021 0.2992
0.1 4 0.0244 0.0047 0.3016 0.2988 0.3016 0.2988
0.1 4.5 0.0217 0.0038 0.3011 0.2982 0.3011 0.2982
0.1 5 0.0196 0.0032 0.3006 0.2978 0.3006 0.2978
0.5 0.1 0.8333 0.0868 0.3066 0.3036 0.3066 0.3036
0.5 0.5 0.5 0.1250 0.3061 0.3032 0.3061 0.3032
0.5 1 0.3333 0.0889 0.3056 0.3027 0.3056 0.3027
0.5 1.5 0.2500 0.0625 0.3051 0.3022 0.3051 0.3022
0.5 2 0.2 0.0457 0.3046 0.3017 0.3046 0.3017
0.5 2.5 0.1667 0.0347 0.3040 0.3012 0.3040 0.3012
0.5 3 0.1429 0.0272 0.3035 0.3007 0.3035 0.3007
0.5 3.5 0.1250 0.0219 0.3030 0.3002 0.3030 0.3002
0.5 4 0.1111 0.0180 0.3025 0.2997 0.3025 0.2997
0.5 4.5 0.1 0.0150 0.3020 0.2992 0.3020 0.2992
0.5 5 0.0909 0.0127 0.3015 0.2987 0.3015 0.2987
1 0.1 0.9091 0.0394 0.3077 0.3048 0.3077 0.3048
1 0.5 0.6667 0.0889 0.3073 0.3044 0.3073 0.3044
1 1 0.5 0.0833 0.3068 0.3039 0.3068 0.3039
1 1.5 0.4000 0.0686 0.3063 0.3033 0.3063 0.3033
1 2 0.3333 0.0556 0.3057 0.3028 0.3057 0.3028
1 2.5 0.2857 0.0454 0.3052 0.3023 0.3052 0.3023
1 3 0.2500 0.0375 0.3047 0.3018 0.3047 0.3018
1 3.5 0.2222 0.0314 0.3042 0.3013 0.3042 0.3013
1 4 0.2 0.0267 0.3037 0.3008 0.3037 0.3008
1 4.5 0.1818 0.0229 0.3031 0.3003 0.3031 0.3003
1 5 0.1667 0.0198 0.3026 0.2998 0.3026 0.2998

1.5 0.1 0.9375 0.0225 0.3089 0.3060 0.3089 0.3060
1.5 0.5 0.7500 0.0625 0.3085 0.3056 0.3085 0.3056
1.5 1 0.6000 0.0686 0.3080 0.3051 0.3080 0.3051
1.5 1.5 0.5 0.0625 0.3074 0.3045 0.3074 0.3045
1.5 2 0.4286 0.0544 0.3069 0.3040 0.3069 0.3040
1.5 2.5 0.3750 0.0469 0.3064 0.3035 0.3064 0.3035
1.5 3 0.3333 0.0404 0.3059 0.3030 0.3059 0.3030
1.5 3.5 0.3000 0.0350 0.3053 0.3025 0.3053 0.3025
1.5 4 0.2727 0.0305 0.3048 0.3020 0.3048 0.3020
1.5 4.5 0.2500 0.0268 0.3043 0.3015 0.3043 0.3015
1.5 5 0.2308 0.0237 0.3038 0.3010 0.3038 0.3010

Table 8: Sensitivity analysis for generation n = 25.
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ρ β Prior mean Prior variance θ∗HD25 θ+HD
25 θ∗NED25 θ+NED

25

2 0.1 0.9524 0.0146 0.3101 0.3072 0.3101 0.3072
2 0.5 0.8000 0.0457 0.3097 0.3068 0.3097 0.3068
2 1 0.6667 0.0556 0.3092 0.3062 0.3092 0.3062
2 1.5 0.5714 0.0544 0.3086 0.3057 0.3086 0.3057
2 2 0.5 0.0500 0.3081 0.3052 0.3081 0.3052
2 2.5 0.4444 0.0449 0.3076 0.3047 0.3076 0.3047
2 3 0.4000 0.0400 0.3070 0.3042 0.3070 0.3042
2 3.5 0.3636 0.0356 0.3065 0.3036 0.3065 0.3036
2 4 0.3333 0.0317 0.3060 0.3031 0.3060 0.3031
2 4.5 0.3077 0.0284 0.3055 0.3026 0.3055 0.3026
2 5 0.2857 0.0255 0.3050 0.3022 0.3050 0.3022

2.5 0.1 0.9615 0.0103 0.3113 0.3084 0.3113 0.3084
2.5 0.5 0.8333 0.0347 0.3109 0.3080 0.3109 0.3080
2.5 1 0.7143 0.0454 0.3104 0.3074 0.3104 0.3074
2.5 1.5 0.6250 0.0469 0.3098 0.3069 0.3098 0.3069
2.5 2 0.5556 0.0449 0.3093 0.3064 0.3093 0.3064
2.5 2.5 0.5 0.0417 0.3088 0.3059 0.3088 0.3059
2.5 3 0.4545 0.0381 0.3082 0.3053 0.3082 0.3053
2.5 3.5 0.4167 0.0347 0.3077 0.3048 0.3077 0.3048
2.5 4 0.3846 0.0316 0.3072 0.3043 0.3072 0.3043
2.5 4.5 0.3571 0.0287 0.3066 0.3038 0.3066 0.3038
2.5 5 0.3333 0.0261 0.3061 0.3033 0.3061 0.3033
3 0.1 0.9677 0.0076 0.3126 0.3096 0.3126 0.3096
3 0.5 0.8571 0.0272 0.3121 0.3091 0.3121 0.3091
3 1 0.7500 0.0375 0.3116 0.3086 0.3116 0.3086
3 1.5 0.6667 0.0404 0.3110 0.3081 0.3110 0.3081
3 2 0.6000 0.0400 0.3105 0.3075 0.3105 0.3075
3 2.5 0.5455 0.0381 0.3099 0.3070 0.3099 0.3070
3 3 0.5 0.0357 0.3094 0.3065 0.3094 0.3065
3 3.5 0.4615 0.0331 0.3089 0.3060 0.3089 0.3060
3 4 0.4286 0.0306 0.3083 0.3055 0.3083 0.3055
3 4.5 0.4000 0.0282 0.3078 0.3050 0.3078 0.3050
3 5 0.3750 0.0260 0.3073 0.3045 0.3073 0.3045

3.5 0.1 0.9722 0.0059 0.3138 0.3108 0.3138 0.3108
3.5 0.5 0.8750 0.0219 0.3133 0.3103 0.3133 0.3103
3.5 1 0.7778 0.0314 0.3128 0.3098 0.3128 0.3098
3.5 1.5 0.7000 0.0350 0.3122 0.3093 0.3122 0.3093
3.5 2 0.6364 0.0356 0.3117 0.3087 0.3117 0.3087
3.5 2.5 0.5833 0.0347 0.3111 0.3082 0.3111 0.3082
3.5 3 0.5385 0.0331 0.3106 0.3077 0.3106 0.3077
3.5 3.5 0.5 0.0312 0.3101 0.3072 0.3101 0.3072
3.5 4 0.4667 0.0293 0.3095 0.3066 0.3095 0.3066
3.5 4.5 0.4375 0.0273 0.3090 0.3061 0.3090 0.3061
3.5 5 0.4118 0.0255 0.3085 0.3056 0.3085 0.3056

Table 9: Sensitivity analysis for generation n = 25 (continuation).
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ρ β Prior mean Prior variance θ∗HD25 θ+HD
25 θ∗NED25 θ+NED

25

4 0.1 0.9756 0.0047 0.3150 0.3120 0.3150 0.3120
4 0.5 0.8889 0.0180 0.3145 0.3115 0.3145 0.3115
4 1 0.8000 0.0267 0.3140 0.3110 0.3140 0.3110
4 1.5 0.7273 0.0305 0.3134 0.3104 0.3134 0.3104
4 2 0.6667 0.0317 0.3129 0.3099 0.3129 0.3099
4 2.5 0.6154 0.0316 0.3123 0.3094 0.3123 0.3094
4 3 0.5714 0.0306 0.3118 0.3089 0.3118 0.3089
4 3.5 0.5333 0.0293 0.3112 0.3083 0.3112 0.3083
4 4 0.5 0.0278 0.3107 0.3078 0.3107 0.3078
4 4.5 0.4706 0.0262 0.3102 0.3073 0.3102 0.3073
4 5 0.4444 0.0247 0.3096 0.3068 0.3096 0.3068

4.5 0.1 0.9783 0.0038 0.3162 0.3132 0.3162 0.3132
4.5 0.5 0.9000 0.0150 0.3157 0.3127 0.3157 0.3127
4.5 1 0.8182 0.0229 0.3152 0.3122 0.3152 0.3122
4.5 1.5 0.7500 0.0268 0.3146 0.3116 0.3146 0.3116
4.5 2 0.6923 0.0284 0.3141 0.3111 0.3141 0.3111
4.5 2.5 0.6429 0.0287 0.3135 0.3106 0.3135 0.3106
4.5 3 0.6000 0.0282 0.3130 0.3100 0.3130 0.3100
4.5 3.5 0.5625 0.0273 0.3124 0.3095 0.3124 0.3095
4.5 4 0.5294 0.0262 0.3119 0.3090 0.3119 0.3090
4.5 4.5 0.5 0.0250 0.3113 0.3085 0.3113 0.3085
4.5 5 0.4737 0.0237 0.3108 0.3079 0.3108 0.3079
5 0.1 0.9804 0.0032 0.3174 0.3144 0.3174 0.3144
5 0.5 0.9091 0.0127 0.3169 0.3139 0.3169 0.3139
5 1 0.8333 0.0198 0.3164 0.3134 0.3164 0.3134
5 1.5 0.7692 0.0237 0.3158 0.3128 0.3158 0.3128
5 2 0.7143 0.0255 0.3153 0.3123 0.3153 0.3123
5 2.5 0.6667 0.0261 0.3147 0.3118 0.3147 0.3118
5 3 0.6250 0.0260 0.3141 0.3112 0.3141 0.3112
5 3.5 0.5882 0.0255 0.3136 0.3107 0.3136 0.3107
5 4 0.5556 0.0247 0.3131 0.3102 0.3131 0.3102
5 4.5 0.5263 0.0237 0.3125 0.3096 0.3125 0.3096
5 5 0.5 0.0227 0.3120 0.3091 0.3120 0.3091

Table 10: Sensitivity analysis for generation n = 25 (continuation).
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ρ β Prior mean Prior variance θ∗HD35 θ+HD
35 θ∗NED35 θ+NED

35

0.1 0.1 0.5 0.2083 0.2881 0.2865 0.2881 0.2865
0.1 0.5 0.1667 0.0868 0.2879 0.2863 0.2879 0.2863
0.1 1 0.0909 0.0394 0.2876 0.2860 0.2876 0.2860
0.1 1.5 0.0625 0.0225 0.2874 0.2857 0.2874 0.2857
0.1 2 0.0476 0.0146 0.2871 0.2855 0.2871 0.2855
0.1 2.5 0.0385 0.0103 0.2868 0.2852 0.2868 0.2852
0.1 3 0.0323 0.0076 0.2866 0.2849 0.2866 0.2849
0.1 3.5 0.0278 0.0059 0.2863 0.2847 0.2863 0.2847
0.1 4 0.0244 0.0047 0.2860 0.2844 0.2860 0.2844
0.1 4.5 0.0217 0.0038 0.2858 0.2842 0.2858 0.2842
0.1 5 0.0196 0.0032 0.2855 0.2839 0.2855 0.2839
0.5 0.1 0.8333 0.0868 0.2887 0.2870 0.2887 0.2870
0.5 0.5 0.5 0.1250 0.2884 0.2868 0.2884 0.2868
0.5 1 0.3333 0.0889 0.2882 0.2865 0.2882 0.2865
0.5 1.5 0.2500 0.0625 0.2879 0.2863 0.2879 0.2863
0.5 2 0.2 0.0457 0.2876 0.2860 0.2876 0.2860
0.5 2.5 0.1667 0.0347 0.2874 0.2857 0.2874 0.2857
0.5 3 0.1429 0.0272 0.2871 0.2855 0.2871 0.2855
0.5 3.5 0.1250 0.0219 0.2868 0.2852 0.2868 0.2852
0.5 4 0.1111 0.0180 0.2866 0.2849 0.2866 0.2849
0.5 4.5 0.1 0.0150 0.2863 0.2847 0.2863 0.2847
0.5 5 0.0909 0.0127 0.2860 0.2844 0.2860 0.2844
1 0.1 0.9091 0.0394 0.2893 0.2877 0.2893 0.2877
1 0.5 0.6667 0.0889 0.2891 0.2874 0.2891 0.2874
1 1 0.5 0.0833 0.2888 0.2872 0.2888 0.2872
1 1.5 0.4000 0.0686 0.2886 0.2869 0.2886 0.2869
1 2 0.3333 0.0556 0.2883 0.2866 0.2883 0.2866
1 2.5 0.2857 0.0454 0.2880 0.2864 0.2880 0.2864
1 3 0.2500 0.0375 0.2878 0.2861 0.2878 0.2861
1 3.5 0.2222 0.0314 0.2875 0.2859 0.2875 0.2859
1 4 0.2 0.0267 0.2872 0.2856 0.2872 0.2856
1 4.5 0.1818 0.0229 0.2870 0.2853 0.2870 0.2853
1 5 0.1667 0.0198 0.2867 0.2851 0.2867 0.2851

1.5 0.1 0.9375 0.0225 0.2900 0.2883 0.2900 0.2883
1.5 0.5 0.7500 0.0625 0.2898 0.2881 0.2898 0.2881
1.5 1 0.6000 0.0686 0.2895 0.2878 0.2895 0.2878
1.5 1.5 0.5 0.0625 0.2892 0.2876 0.2892 0.2876
1.5 2 0.4286 0.0544 0.2890 0.2873 0.2890 0.2873
1.5 2.5 0.3750 0.0469 0.2887 0.2870 0.2887 0.2870
1.5 3 0.3333 0.0404 0.2884 0.2868 0.2884 0.2868
1.5 3.5 0.3000 0.0350 0.2881 0.2865 0.2881 0.2865
1.5 4 0.2727 0.0305 0.2879 0.2863 0.2879 0.2863
1.5 4.5 0.2500 0.0268 0.2876 0.2860 0.2876 0.2860
1.5 5 0.2308 0.0237 0.2873 0.2857 0.2873 0.2857

Table 11: Sensitivity analysis for generation n = 35.
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ρ β Prior mean Prior variance θ∗HD35 θ+HD
35 θ∗NED35 θ+NED

35

2 0.1 0.9524 0.0146 0.2907 0.2890 0.2907 0.2890
2 0.5 0.8000 0.0457 0.2904 0.2888 0.2904 0.2888
2 1 0.6667 0.0556 0.2902 0.2885 0.2902 0.2885
2 1.5 0.5714 0.0544 0.2899 0.2882 0.2899 0.2882
2 2 0.5 0.0500 0.2896 0.2880 0.2896 0.2880
2 2.5 0.4444 0.0449 0.2893 0.2877 0.2893 0.2877
2 3 0.4000 0.0400 0.2891 0.2874 0.2891 0.2874
2 3.5 0.3636 0.0356 0.2888 0.2872 0.2888 0.2872
2 4 0.3333 0.0317 0.2885 0.2869 0.2885 0.2869
2 4.5 0.3077 0.0284 0.2883 0.2866 0.2883 0.2866
2 5 0.2857 0.0255 0.2880 0.2864 0.2880 0.2864

2.5 0.1 0.9615 0.0103 0.2913 0.2896 0.2913 0.2896
2.5 0.5 0.8333 0.0347 0.2911 0.2894 0.2911 0.2894
2.5 1 0.7143 0.0454 0.2908 0.2892 0.2908 0.2892
2.5 1.5 0.6250 0.0469 0.2906 0.2889 0.2906 0.2889
2.5 2 0.5556 0.0449 0.2903 0.2886 0.2903 0.2886
2.5 2.5 0.5 0.0417 0.2900 0.2884 0.2900 0.2884
2.5 3 0.4545 0.0381 0.2897 0.2881 0.2897 0.2881
2.5 3.5 0.4167 0.0347 0.2895 0.2878 0.2895 0.2878
2.5 4 0.3846 0.0316 0.2892 0.2876 0.2892 0.2876
2.5 4.5 0.3571 0.0287 0.2889 0.2873 0.2889 0.2873
2.5 5 0.3333 0.0261 0.2887 0.2870 0.2887 0.2870
3 0.1 0.9677 0.0076 0.2920 0.2903 0.2920 0.2903
3 0.5 0.8571 0.0272 0.2918 0.2901 0.2918 0.2901
3 1 0.7500 0.0375 0.2915 0.2898 0.2915 0.2898
3 1.5 0.6667 0.0404 0.2912 0.2896 0.2912 0.2896
3 2 0.6000 0.0400 0.2909 0.2893 0.2909 0.2893
3 2.5 0.5455 0.0381 0.2907 0.2890 0.2907 0.2890
3 3 0.5 0.0357 0.2904 0.2888 0.2904 0.2888
3 3.5 0.4615 0.0331 0.2901 0.2885 0.2901 0.2885
3 4 0.4286 0.0306 0.2899 0.2882 0.2899 0.2882
3 4.5 0.4000 0.0282 0.2896 0.2879 0.2896 0.2879
3 5 0.3750 0.0260 0.2893 0.2877 0.2893 0.2877

3.5 0.1 0.9722 0.0059 0.2927 0.2910 0.2927 0.2910
3.5 0.5 0.8750 0.0219 0.2924 0.2908 0.2924 0.2908
3.5 1 0.7778 0.0314 0.2922 0.2905 0.2922 0.2905
3.5 1.5 0.7000 0.0350 0.2919 0.2902 0.2919 0.2902
3.5 2 0.6364 0.0356 0.2916 0.2900 0.2916 0.2900
3.5 2.5 0.5833 0.0347 0.2913 0.2897 0.2913 0.2897
3.5 3 0.5385 0.0331 0.2911 0.2894 0.2911 0.2894
3.5 3.5 0.5 0.0312 0.2908 0.2891 0.2908 0.2891
3.5 4 0.4667 0.0293 0.2905 0.2889 0.2905 0.2889
3.5 4.5 0.4375 0.0273 0.2902 0.2886 0.2902 0.2886
3.5 5 0.4118 0.0255 0.2900 0.2883 0.2900 0.2883

Table 12: Sensitivity analysis for generation n = 35 (continuation).
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ρ β Prior mean Prior variance θ∗HD35 θ+HD
35 θ∗NED35 θ+NED

35

4 0.1 0.9756 0.0047 0.2933 0.2917 0.2933 0.2917
4 0.5 0.8889 0.0180 0.2931 0.2914 0.2931 0.2914
4 1 0.8000 0.0267 0.2928 0.2912 0.2928 0.2912
4 1.5 0.7273 0.0305 0.2926 0.2909 0.2926 0.2909
4 2 0.6667 0.0317 0.2923 0.2906 0.2923 0.2906
4 2.5 0.6154 0.0316 0.2920 0.2903 0.2920 0.2903
4 3 0.5714 0.0306 0.2917 0.2901 0.2917 0.2901
4 3.5 0.5333 0.0293 0.2915 0.2898 0.2915 0.2898
4 4 0.5 0.0278 0.2912 0.2895 0.2912 0.2895
4 4.5 0.4706 0.0262 0.2909 0.2893 0.2909 0.2893
4 5 0.4444 0.0247 0.2906 0.2890 0.2906 0.2890

4.5 0.1 0.9783 0.0038 0.2940 0.2923 0.2940 0.2923
4.5 0.5 0.9000 0.0150 0.2938 0.2921 0.2938 0.2921
4.5 1 0.8182 0.0229 0.2935 0.2918 0.2935 0.2918
4.5 1.5 0.7500 0.0268 0.2932 0.2916 0.2932 0.2916
4.5 2 0.6923 0.0284 0.2929 0.2913 0.2929 0.2913
4.5 2.5 0.6429 0.0287 0.2927 0.2910 0.2927 0.2910
4.5 3 0.6000 0.0282 0.2924 0.2907 0.2924 0.2907
4.5 3.5 0.5625 0.0273 0.2921 0.2905 0.2921 0.2905
4.5 4 0.5294 0.0262 0.2918 0.2902 0.2918 0.2902
4.5 4.5 0.5 0.0250 0.2916 0.2899 0.2916 0.2899
4.5 5 0.4737 0.0237 0.2913 0.2897 0.2913 0.2897
5 0.1 0.9804 0.0032 0.2947 0.2930 0.2947 0.2930
5 0.5 0.9091 0.0127 0.2945 0.2928 0.2945 0.2928
5 1 0.8333 0.0198 0.2942 0.2925 0.2942 0.2925
5 1.5 0.7692 0.0237 0.2939 0.2922 0.2939 0.2922
5 2 0.7143 0.0255 0.2936 0.2919 0.2936 0.2919
5 2.5 0.6667 0.0261 0.2933 0.2917 0.2933 0.2917
5 3 0.6250 0.0260 0.2931 0.2914 0.2931 0.2914
5 3.5 0.5882 0.0255 0.2928 0.2911 0.2928 0.2911
5 4 0.5556 0.0247 0.2925 0.2909 0.2925 0.2909
5 4.5 0.5263 0.0237 0.2922 0.2906 0.2922 0.2906
5 5 0.5 0.0227 0.2920 0.2903 0.2920 0.2903

Table 13: Sensitivity analysis for generation n = 35 (continuation).
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ρ β Prior mean Prior variance θ∗HD45 θ+HD
45 θ∗NED45 θ+NED

45

0.1 0.1 0.5 0.2083 0.2959 0.2950 0.2959 0.2950
0.1 0.5 0.1667 0.0868 0.2958 0.2948 0.2958 0.2948
0.1 1 0.0909 0.0394 0.2956 0.2947 0.2956 0.2947
0.1 1.5 0.0625 0.0225 0.2955 0.2946 0.2955 0.2946
0.1 2 0.0476 0.0146 0.2953 0.2944 0.2953 0.2944
0.1 2.5 0.0385 0.0103 0.2952 0.2943 0.2952 0.2943
0.1 3 0.0323 0.0076 0.2950 0.2941 0.2950 0.2941
0.1 3.5 0.0278 0.0059 0.2949 0.2940 0.2949 0.2940
0.1 4 0.0244 0.0047 0.2947 0.2938 0.2947 0.2938
0.1 4.5 0.0217 0.0038 0.2946 0.2937 0.2946 0.2937
0.1 5 0.0196 0.0032 0.2944 0.2935 0.2944 0.2935
0.5 0.1 0.8333 0.0868 0.2962 0.2953 0.2962 0.2953
0.5 0.5 0.5 0.1250 0.2960 0.2951 0.2960 0.2951
0.5 1 0.3333 0.0889 0.2959 0.2950 0.2959 0.2950
0.5 1.5 0.2500 0.0625 0.2957 0.2948 0.2957 0.2948
0.5 2 0.2 0.0457 0.2956 0.2947 0.2956 0.2947
0.5 2.5 0.1667 0.0347 0.2954 0.2946 0.2954 0.2946
0.5 3 0.1429 0.0272 0.2953 0.2944 0.2953 0.2944
0.5 3.5 0.1250 0.0219 0.2952 0.2942 0.2952 0.2942
0.5 4 0.1111 0.0180 0.2950 0.2941 0.2950 0.2941
0.5 4.5 0.1 0.0150 0.2949 0.2940 0.2949 0.2940
0.5 5 0.0909 0.0127 0.2947 0.2938 0.2947 0.2938
1 0.1 0.9091 0.0394 0.2965 0.2956 0.2965 0.2956
1 0.5 0.6667 0.0889 0.2964 0.2955 0.2964 0.2955
1 1 0.5 0.0833 0.2962 0.2953 0.2962 0.2953
1 1.5 0.4000 0.0686 0.2961 0.2952 0.2961 0.2952
1 2 0.3333 0.0556 0.2959 0.2950 0.2959 0.2950
1 2.5 0.2857 0.0454 0.2958 0.2949 0.2958 0.2949
1 3 0.2500 0.0375 0.2957 0.2948 0.2957 0.2948
1 3.5 0.2222 0.0314 0.2955 0.2946 0.2955 0.2946
1 4 0.2 0.0267 0.2954 0.2945 0.2954 0.2945
1 4.5 0.1818 0.0229 0.2952 0.2943 0.2952 0.2943
1 5 0.1667 0.0198 0.2951 0.2942 0.2951 0.2942

1.5 0.1 0.9375 0.0225 0.2969 0.2960 0.2969 0.2960
1.5 0.5 0.7500 0.0625 0.2968 0.2958 0.2968 0.2958
1.5 1 0.6000 0.0686 0.2966 0.2957 0.2966 0.2957
1.5 1.5 0.5 0.0625 0.2965 0.2956 0.2965 0.2956
1.5 2 0.4286 0.0544 0.2963 0.2954 0.2963 0.2954
1.5 2.5 0.3750 0.0469 0.2962 0.2953 0.2962 0.2953
1.5 3 0.3333 0.0404 0.2960 0.2951 0.2960 0.2951
1.5 3.5 0.3000 0.0350 0.2959 0.2950 0.2959 0.2950
1.5 4 0.2727 0.0305 0.2957 0.2948 0.2957 0.2948
1.5 4.5 0.2500 0.0268 0.2956 0.2947 0.2956 0.2947
1.5 5 0.2308 0.0237 0.2954 0.2945 0.2954 0.2945

Table 14: Sensitivity analysis for generation n = 45.
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ρ β Prior mean Prior variance θ∗HD45 θ+HD
45 θ∗NED45 θ+NED

45

2 0.1 0.9524 0.0146 0.2972 0.2963 0.2972 0.2963
2 0.5 0.8000 0.0457 0.2971 0.2962 0.2971 0.2962
2 1 0.6667 0.0556 0.2970 0.2961 0.2970 0.2961
2 1.5 0.5714 0.0544 0.2968 0.2959 0.2968 0.2959
2 2 0.5 0.0500 0.2967 0.2958 0.2967 0.2958
2 2.5 0.4444 0.0449 0.2965 0.2956 0.2965 0.2956
2 3 0.4000 0.0400 0.2964 0.2955 0.2964 0.2955
2 3.5 0.3636 0.0356 0.2962 0.2953 0.2962 0.2953
2 4 0.3333 0.0317 0.2961 0.2952 0.2961 0.2952
2 4.5 0.3077 0.0284 0.2959 0.2950 0.2959 0.2950
2 5 0.2857 0.0255 0.2958 0.2949 0.2958 0.2949

2.5 0.1 0.9615 0.0103 0.2976 0.2967 0.2976 0.2967
2.5 0.5 0.8333 0.0347 0.2975 0.2966 0.2975 0.2966
2.5 1 0.7143 0.0454 0.2973 0.2964 0.2973 0.2964
2.5 1.5 0.6250 0.0469 0.2972 0.2963 0.2972 0.2963
2.5 2 0.5556 0.0449 0.2970 0.2961 0.2970 0.2961
2.5 2.5 0.5 0.0417 0.2969 0.2960 0.2969 0.2960
2.5 3 0.4545 0.0381 0.2967 0.2958 0.2967 0.2958
2.5 3.5 0.4167 0.0347 0.2966 0.2957 0.2966 0.2957
2.5 4 0.3846 0.0316 0.2964 0.2955 0.2964 0.2955
2.5 4.5 0.3571 0.0287 0.2963 0.2954 0.2963 0.2954
2.5 5 0.3333 0.0261 0.2961 0.2952 0.2961 0.2952
3 0.1 0.9677 0.0076 0.2979 0.2970 0.2979 0.2970
3 0.5 0.8571 0.0272 0.2978 0.2969 0.2978 0.2969
3 1 0.7500 0.0375 0.2977 0.2968 0.2977 0.2968
3 1.5 0.6667 0.0404 0.2975 0.2966 0.2975 0.2966
3 2 0.6000 0.0400 0.2974 0.2965 0.2974 0.2965
3 2.5 0.5455 0.0381 0.2972 0.2963 0.2972 0.2963
3 3 0.5 0.0357 0.2971 0.2962 0.2971 0.2962
3 3.5 0.4615 0.0331 0.2969 0.2960 0.2969 0.2960
3 4 0.4286 0.0306 0.2968 0.2959 0.2968 0.2959
3 4.5 0.4000 0.0282 0.2966 0.2957 0.2966 0.2957
3 5 0.3750 0.0260 0.2965 0.2956 0.2965 0.2956

3.5 0.1 0.9722 0.0059 0.2983 0.2974 0.2983 0.2974
3.5 0.5 0.8750 0.0219 0.2982 0.2973 0.2982 0.2973
3.5 1 0.7778 0.0314 0.2980 0.2971 0.2980 0.2971
3.5 1.5 0.7000 0.0350 0.2979 0.2970 0.2979 0.2970
3.5 2 0.6364 0.0356 0.2977 0.2968 0.2977 0.2968
3.5 2.5 0.5833 0.0347 0.2976 0.2967 0.2976 0.2967
3.5 3 0.5385 0.0331 0.2974 0.2965 0.2974 0.2965
3.5 3.5 0.5 0.0312 0.2973 0.2964 0.2973 0.2964
3.5 4 0.4667 0.0293 0.2971 0.2962 0.2971 0.2962
3.5 4.5 0.4375 0.0273 0.2970 0.2961 0.2970 0.2961
3.5 5 0.4118 0.0255 0.2968 0.2959 0.2968 0.2959

Table 15: Sensitivity analysis for generation n = 45 (continuation).
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ρ β Prior mean Prior variance θ∗HD45 θ+HD
45 θ∗NED45 θ+NED

45

4 0.1 0.9756 0.0047 0.2987 0.2977 0.2987 0.2977
4 0.5 0.8889 0.0180 0.2985 0.2976 0.2985 0.2976
4 1 0.8000 0.0267 0.2984 0.2975 0.2984 0.2975
4 1.5 0.7273 0.0305 0.2982 0.2973 0.2982 0.2973
4 2 0.6667 0.0317 0.2981 0.2972 0.2981 0.2972
4 2.5 0.6154 0.0316 0.2979 0.2970 0.2979 0.2970
4 3 0.5714 0.0306 0.2978 0.2969 0.2978 0.2969
4 3.5 0.5333 0.0293 0.2976 0.2967 0.2976 0.2967
4 4 0.5 0.0278 0.2975 0.2966 0.2975 0.2966
4 4.5 0.4706 0.0262 0.2973 0.2964 0.2973 0.2964
4 5 0.4444 0.0247 0.2972 0.2963 0.2972 0.2963

4.5 0.1 0.9783 0.0038 0.2990 0.2981 0.2990 0.2981
4.5 0.5 0.9000 0.0150 0.2989 0.2980 0.2989 0.2980
4.5 1 0.8182 0.0229 0.2987 0.2978 0.2987 0.2978
4.5 1.5 0.7500 0.0268 0.2986 0.2977 0.2986 0.2977
4.5 2 0.6923 0.0284 0.2984 0.2975 0.2984 0.2975
4.5 2.5 0.6429 0.0287 0.2983 0.2974 0.2983 0.2974
4.5 3 0.6000 0.0282 0.2981 0.2972 0.2981 0.2972
4.5 3.5 0.5625 0.0273 0.2980 0.2971 0.2980 0.2971
4.5 4 0.5294 0.0262 0.2978 0.2969 0.2978 0.2969
4.5 4.5 0.5 0.0250 0.2977 0.2968 0.2977 0.2968
4.5 5 0.4737 0.0237 0.2975 0.2966 0.2975 0.2966
5 0.1 0.9804 0.0032 0.2994 0.2984 0.2994 0.2984
5 0.5 0.9091 0.0127 0.2992 0.2983 0.2992 0.2983
5 1 0.8333 0.0198 0.2991 0.2982 0.2991 0.2982
5 1.5 0.7692 0.0237 0.2989 0.2980 0.2989 0.2980
5 2 0.7143 0.0255 0.2988 0.2979 0.2988 0.2979
5 2.5 0.6667 0.0261 0.2986 0.2977 0.2986 0.2977
5 3 0.6250 0.0260 0.2985 0.2976 0.2985 0.2976
5 3.5 0.5882 0.0255 0.2983 0.2974 0.2983 0.2974
5 4 0.5556 0.0247 0.2982 0.2973 0.2982 0.2973
5 4.5 0.5263 0.0237 0.2980 0.2971 0.2980 0.2971
5 5 0.5 0.0227 0.2979 0.2970 0.2979 0.2970

Table 16: Sensitivity analysis for generation n = 45 (continuation).

6 Simulation programmes

In this Section, we gather the simulations programmes implemented for the methodology
proposed in this paper. We present the programmes for the two particular examples we
have described, while the implementation of this method in a general case is a question
that we aimed at tackling in a near future.
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6.1 Simulation programmes of Example 6.1 - Oligodendrocytes

Computation of the non-parametric MLEs

The function MLE() provides a matrix with four columns corresponding to the MLEs
of the offspring distribution and the probability of non-emigration given the number
of emigrants, em; the total number of individuals, tot; the number of progenitors of
type T1 without any offspring, p.nooff; the number of progenitors of type T1 with two
offspring of type T1, p.2off; and the number of progenitors of type T1 giving rise to
one offspring of type T2, p.t2. The first three columns of the output matrix are the
MLEs of p0, p1 and p2, respectively and the last one is the MLE of the parameter γ.

MLE<-function(em,p.nooff,p.2off,p.t2,tot)

{

delta<-tot-em

p<-cbind(p.nooff,p.2off,p.t2)/delta

gamma<-delta/tot

cbind(p,gamma)

}

Computation of the EDAP and MDAP estimators

The function rho_HD() computes the Hellinger distance between two distributions q,
with finite support, and param defined on a subset of the non-negative integers, with the
Hellinger distance defined in such a way that the corresponding function G(·) satisfies
G′(0) = 0 and G′′(0) = 1.

rho_HD<-function(q,param)

{

4*(1-sum(sqrt(q*param)))

}

Analogously, the function rho_NED() computes the negative exponential disparity
between two distributions q, with finite support, and param defined on a subset of the
non-negative integers, with the negative exponential disparity having its function G(·)
satisfying G′(0) = 0 and G′′(0) = 1.

rho_NED<-function(q,param)

{

k<-length(q)

k1<-(1:k)[(param!=0)][q[(1:k)[(param!=0)]]!=0]

k2<-(1:k)[(param!=0)][q[(1:k)[(param!=0)]]==0]

delta<-q[k1]/param[k1]-1

sum((exp(-delta)-1+delta)*param[k1])+(exp(1)-2)*sum(param[k2])
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}

The function rho_KL() determines the Kullback-Leibler divergence between two
distributions q, with finite support, and param defined on a subset of the non-negative
integers, where the corresponding function G(·) satisfies G′(0) = 0 and G′′(0) = 1.

rho_KL<-function(q,param)

{

k<-q!=0

sum(q[k]*(log(q[k])-log(param[k])))-1

}

The function exp_rho_HD() provides the exponential function involved in (13) given
the total number of progenitors, phi, and the probability distributions q and param and
taking the Hellinger distance as a disparity measure.

exp_rho_HD<-function(phi,q,param)

{

exp(-phi*rho_HD(q,param))

}

Their counterpart functions using the negative exponential disparity and the Kullback-
Leibler divergence are the following ones:

exp_rho_NED<-function(phi,q,param)

{

exp(-phi*rho_NED(q,param))

}

exp_rho_KL<-function(phi,q,param)

{

if (min(param)==0)

{

x<-0

} else {

x<-exp(-phi*rho_KL(q,param))

}

}

The function mean_exp_rho_HD() is used in the approximation of the first and the
second integrals - depending on whether i = 1 or i = 2 - by the Monte Carlo integration
method in the definition of the EDAP estimators based on the Hellinger distance in (14)
provided the total number of progenitors, phi; the non-parametric MLE of the offspring
distribution, q; and the probability distribution param.
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mean_exp_rho_HD<-function(phi,q,param,i)

{

param[i]*exp_rho_HD(phi,q,param)

}

Similarly, we define analogous functions for the negative exponential disparity and
the Kullback-Leibler divergence.

mean_exp_rho_NED<-function(phi,q,param,i)

{

param[i]*exp_rho_NED(phi,q,param)

}

mean_exp_rho_KL<-function(phi,q,param,i)

{

param[i]*exp_rho_KL(phi,q,param)

}

The function g_HD() gives the value at the point y of the function in the numerator
of (13) given the total number of progenitors, phi, the probability distribution p.est

on {(0, 0), (1, 0), (0, 2)}, with a Dirichlet distribution with parameter alph as a prior
distribution on {(0, 0), (1, 0), (0, 2)} and the Hellinger distance as a disparity measure. In
this function, to compute the value of the distribution function of a Dirichlet distribution
we make use of the function ddirichlet() of the package gtools (see Warnes et al.
(2018)).

g_HD<-function(phi,p.est,y,alph)

{

exp_rho_HD(phi,p.est,y)*ddirichlet(y,alpha=alph)

}

In an analogous manner, we define the functions for the negative exponential dis-
parity and the Kullback-Leibler divergence.

g_NED<-function(phi,p.est,y,alph)

{

exp_rho_NED(phi,p.est,y)*ddirichlet(y,alpha=alph)

}

g_KL<-function(phi,p.est,y,alph)

{

exp_rho_KL(phi,p.est,y)*ddirichlet(y,alpha=alph)

}
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In order to compute the MDAP estimates we make use of the function nloptr() of
the package nloptr (see Ypma et al. (2018) for details)). This function enables us to
minimize a function subject to certain constraints. To that end, we need to transform
our maximization problem into a minimization problem and to define the functions that
we would like to minimize and the constraints in such a way that the inputs of both
functions are the exactly the same.

The following functions give the opposite of the value at the point y of the function
in the numerator of (13) given the total number of progenitors, phi, the probability
distribution p.est on {(0, 0), (1, 0), (0, 2)} and with a Dirichlet distribution with pa-
rameter alph as a prior distribution on {(0, 0), (1, 0), (0, 2)}, for the Hellinger distance,
the negative exponential disparity and the Kullback-Leibler divergence, respectively.

g_max_HD<-function(y,alph,phi,p.est)

{

-g_HD(phi,p.est,y,alph)

}

g_max_NED<-function(y,alph,phi,p.est)

{

-g_NED(phi,p.est,y,alph)

}

g_max_KL<-function(y,alph,phi,p.est)

{

-g_KL(phi,p.est,y,alph)

}

The following function is used to define the constraints in the optimization problem
when computing the MDAP estimator. We remark that to use the function nloptr(),
we need to define a function h(·) such that the constraint in the optimization problem
is h(y) = 0, for a vector y. Thus, in our case since the vector y must be a proper
probability distribution, the following function is the implementation of h(y) =

∑
i yi−1.

Moreover, the function needs to have the same inputs as the function we would like
to minimize, and thus, we need to provide the total number of progenitors, phi, the
probability distribution p.est on {(0, 0), (1, 0), (0, 2)} and the parameter of the Dirichlet
distribution on {(0, 0), (1, 0), (0, 2)}.

eval_cons<-function(y,alph,phi,p.est)

{

sum(y)-1

}
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The function edap.mdap_HD() provides the EDAP and MDAP estimates based on
the Hellinger distance given the total number of progenitors, Delta; a probability distri-
bution on {(0, 0), (1, 0), (0, 2)}, p.est; and the parameter of the Dirichlet distribution,
alpha. The integral in the definition of the EDAP estimators in (14) are approximated
by the Monte Carlo integration using a sample of N.int points. The values xini and
tol are the initial value and the tolerance level needed to compute the MDAP estimator.
The output of this function is a list of the EDAP estimates, edap, the MDAP estimates,
mdap, and the maximum of the function in the numerator of (13), max.Dpost.

edap.mdap_HD<-function(Delta,p.est,N.int,alpha,xini,tol,...)

{

sam.dist<-rdirichlet(N.int,alpha)

f.int<-mean(apply(sam.dist,1,exp_rho_HD,phi=Delta,q=p.est))

edap.p0<-mean(apply(sam.dist,1,mean_exp_rho_HD,phi=Delta,q=p.est,i=1))

/f.int

edap.p1<-mean(apply(sam.dist,1,mean_exp_rho_HD,phi=Delta,q=p.est,i=2))

/f.int

x<-nloptr(x0=xini,eval_f=g_max_HD,lb=c(0,0,0),ub=c(1,1,1),eval_g_eq

=eval_cons,opts=list("algorithm"="NLOPT_GN_ISRES","xtol_rel"=tol),

alph=alpha,phi=Delta,p.est=p.est)

list(edap=c(edap.p0,edap.p1),mdap=x$solution[c(1,2)],max.Dpost=

(-x$objective))

}

Similar functions are defined for the negative exponential disparity and the Kullback-
Leibler divergence.

edap.mdap_NED<-function(Delta,p.est,N.int,alpha,xini,tol,...)

{

sam.dist<-rdirichlet(N.int,alpha)

f.int<-mean(apply(sam.dist,1,exp_rho_NED,phi=Delta,q=p.est))

edap.p0<-mean(apply(sam.dist,1,mean_exp_rho_NED,phi=Delta,q=p.est,i=1))

/f.int

edap.p1<-mean(apply(sam.dist,1,mean_exp_rho_NED,phi=Delta,q=p.est,i=2))

/f.int

x<-nloptr(x0=xini,eval_f=g_max_NED,lb=c(0,0,0),ub=c(1,1,1),eval_g_eq

=eval_cons,opts=list("algorithm"="NLOPT_GN_ISRES","xtol_rel"=tol),

alph=alpha,phi=Delta,p.est=p.est)

list(edap=c(edap.p0,edap.p1),mdap=x$solution[c(1,2)],max.Dpost

=(-x$objective))

}

edap.mdap_KL<-function(Delta,p.est,N.int,N.sim,alpha,xini,tol,...)
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{

sam.dist<-rdirichlet(N.int,alpha)

f.int<-mean(apply(sam.dist,1,exp_rho_KL,phi=Delta,q=p.est))

edap.p0<-mean(apply(sam.dist,1,mean_exp_rho_KL,phi=Delta,q=p.est,i=1))

/f.int

edap.p1<-mean(apply(sam.dist,1,mean_exp_rho_KL,phi=Delta,q=p.est,i=2))

/f.int

x<-nloptr(x0=xini,eval_f=g_max_KL,lb=c(0.01,0.01,0.01),ub=c(1,1,1),

eval_g_eq=eval_cons,opts=list("algorithm"="NLOPT_GN_ISRES",

"xtol_rel"=tol),alph=alpha,phi=Delta,p.est=p.est)

list(edap=c(edap.p0,edap.p1),mdap=x$solution[c(1,2)],max.Dpost

=(-x$objective))

}

Computation of D-posterior density function

The function post.dens() provides an estimate of the D-posterior density function for
the three disparity measures considered given the total number of progenitors, Delta; a
probability distribution on {(0, 0), (1, 0), (0, 2)}, p.est; and the parameter of the Dirich-
let distribution, alpha. The integral in the denominator of (13) is approximated by the
Monte Carlo integration using a sample of N.int points drawn from a Dirichlet distribu-
tion using the function rdirichlet() of the package gtools (see Warnes et al. (2018)).
The output of this function is a list of an approximation of the joint HD-posterior den-
sity function- using a grid of N.sim cells in each direction -, denHD; an approximation
of the joint NED-posterior density function, denNED; an approximation of the joint
KL-posterior density function, denKL; and the points where the three posterior density
functions were approximated, param.

post.dens<-function(Delta,p.est,N.int,N.sim,alpha)

{

sam.dist<-rdirichlet(N.int,alpha)

p0<-seq(0,1,length.out=N.sim)

param<-matrix(0,nrow=N.sim^2,ncol=3)

param[,1]<-as.vector(sapply(p0,rep,times=N.sim))

param[,2]<-rep(p0,N.sim)

param[,3]<-1-param[,2]-param[,1]

param<-param[apply(param[,1:2],1,sum)<=1,]

den_HD<-apply(param,1,g_HD,phi=Delta,p.est=p.est,alph=alpha)/

mean(apply(sam.dist,1,exp_rho_HD,phi=Delta,q=p.est))

den_NED<-apply(param,1,g_NED,phi=Delta,p.est=p.est,alph=alpha)/

mean(apply(sam.dist,1,exp_rho_NED,phi=Delta,q=p.est))

den_KL<-apply(param,1,g_KL,phi=Delta,p.est=p.est,alph=alpha)/

mean(apply(sam.dist,1,exp_rho_KL,phi=Delta,q=p.est))

list(x=param,denHD=den_HD,denNED=den_NED,denKL=den_KL)

}
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Computation of the probability of having supercritical reproduction of type T1

The function p_m() provides the probability that the mean number of offspring of
type T1 is greater than one for the Hellinger distance, the negative exponential dispar-
ity and the Kullback-Leibler divergence given the number of progenitors, Delta; the
non-parametric MLE estimator of the offspring distribution, p.est; and a Dirichlet dis-
tribution with parameter alpha as the prior distribution. The integrals involved in the
calculations are approximated by the Monte Carlo integration method using a sample
of N.int points.

p_m<-function(Delta,p.est,N.int,alpha,...)

{

sam.dist<-rdirichlet(N.int,alpha)

sam.dist.m<-sam.dist[sam.dist[,2]>=0.5,]

x1<-sum(apply(sam.dist.m,1,exp_rho_HD,phi=Delta,q=p.est))/

sum(apply(sam.dist,1,exp_rho_HD,phi=Delta,q=p.est))

x2<-sum(apply(sam.dist.m,1,exp_rho_NED,phi=Delta,q=p.est))/

sum(apply(sam.dist,1,exp_rho_NED,phi=Delta,q=p.est))

x3<-sum(apply(sam.dist.m,1,exp_rho_KL,phi=Delta,q=p.est))/

sum(apply(sam.dist,1,exp_rho_KL,phi=Delta,q=p.est))

pr.superc<-c(x1,x2,x3)

}

Computation of the HDP regions

The function hpd_region() provides the HDP region of the parameter θ with a credibil-
ity level of cred given the total number of progenitors, Delta; the non-parametric MLE
of the offspring distribution, p.est; and using a Dirichlet distribution with parameter
alpha as the prior distribution. The HPD region is estimated as the region of the pa-
rameter space delimited by the contour line of the estimated D-posterior density within
which the parameter value lies with a probability of at least cred. The corresponding
contour line is approximated up to an error of tol and to that end, the D-posterior
density in (13) is estimated in a grid of N.int points in each direction and using the
Monte Carlo integration method to estimate the integral in the denominator. The addi-
tional argument Dp.inf is the level of the initial contour line, which is updated in each
iteration until obtaining the desired contour line. The output of this function is a list
of objects, where ini_samp is the sample of the aforesaid Dirichlet distribution used
to approximate the D-posterior density functions, ini_denHD is the estimation of the
HD-posterior density function at those points, sam_HD is the set of points of the sample
ini_sam which fall within the HPD region for the Hellinger distance and HD.hpd is
the level of the desired contour line of the HD-posterior density. The function also pro-
vides the counterparts of ini_denHD, sam_HD and HD.hpd for the negative exponential
disparity (NED) and the Kullback-Leibler divergence (KL).

hpd_region<-function(Delta,p.est,N.int,alpha,cred,tol=0.1,Dp.inf=0)
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{

sam.dist<-rdirichlet(N.int,alpha)

f.int.HD<-mean(apply(sam.dist,1,exp_rho_HD,phi=Delta,q=p.est))

f.int.NED<-mean(apply(sam.dist,1,exp_rho_NED,phi=Delta,q=p.est))

f.int.KL<-mean(apply(sam.dist,1,exp_rho_KL,phi=Delta,q=p.est))

den.HD<-apply(sam.dist,1,g_HD,phi=Delta,p.est=p.est,alph=alpha)

/f.int.HD

den.NED<-apply(sam.dist,1,g_NED,phi=Delta,p.est=p.est,alph=alpha)

/f.int.NED

den.KL<-apply(sam.dist,1,g_KL,phi=Delta,p.est=p.est,alph=alpha)

/f.int.KL

x.HD<-Dp.inf

x.NED<-Dp.inf

x.KL<-Dp.inf

selec.HD<-den.HD>=x.HD

selec.NED<-den.NED>=x.NED

selec.KL<-den.KL>=x.KL

sam.dist.HD<-sam.dist[selec.HD,]

sam.dist.NED<-sam.dist[selec.NED,]

sam.dist.KL<-sam.dist[selec.KL,]

probHD<-sum(apply(sam.dist.HD,1,exp_rho_HD,phi=Delta,q=p.est))/sum(

apply(sam.dist,1,exp_rho_HD,phi=Delta,q=p.est))

probNED<-sum(apply(sam.dist.NED,1,exp_rho_NED,phi=Delta,q=p.est))/

sum(apply(sam.dist,1,exp_rho_NED,phi=Delta,q=p.est))

probKL<-sum(apply(sam.dist.KL,1,exp_rho_KL,phi=Delta,q=p.est))/sum(

apply(sam.dist,1,exp_rho_KL,phi=Delta,q=p.est))

while(probHD>=cred)

{

x.HD<-x.HD+tol

selec.HD<-den.HD>=x.HD

sam.dist.HD<-sam.dist[selec.HD,]

probHD<-sum(apply(sam.dist.HD,1,exp_rho_HD,phi=Delta,q=p.est))/sum(

apply(sam.dist,1,exp_rho_HD,phi=Delta,q=p.est))

}

while(probNED>=cred)

{

x.NED<-x.NED+tol

selec.NED<-den.NED>=x.NED

sam.dist.NED<-sam.dist[selec.NED,]

probNED<-sum(apply(sam.dist.NED,1,exp_rho_NED,phi=Delta,q=p.est))/

sum(apply(sam.dist,1,exp_rho_NED,phi=Delta,q=p.est))

}

while(probKL>=cred)

{

x.KL<-x.KL+tol

selec.KL<-den.KL>=x.KL
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sam.dist.KL<-sam.dist[selec.KL,]

probKL<-sum(apply(sam.dist.KL,1,exp_rho_KL,phi=Delta,q=p.est))/sum(

apply(sam.dist,1,exp_rho_KL,phi=Delta,q=p.est))

}

x.HD<-x.HD-tol

selec.HD<-den.HD>=x.HD

sam.dist.HD<-sam.dist[selec.HD,]

x.NED<-x.NED-tol

selec.NED<-den.NED>=x.NED

sam.dist.NED<-sam.dist[selec.NED,]

x.KL<-x.KL-tol

selec.KL<-den.KL>=x.KL

sam.dist.KL<-sam.dist[selec.KL,]

list(ini_denHD=den.HD,ini_denNED=den.NED,ini_denKL=den.KL,ini_sam=

sam.dist,sam_HD=sam.dist.HD,sam_NED=sam.dist.NED,sam_KL=sam.dist.

KL,HD.hpd=x.HD,NED.hpd=x.NED,KL.hpd=x.KL)

}

6.2 Simulation programmes of Example 6.2 - Simulated example

Simulation of CBPs

The function rgeomc() generates x random numbers from a geometric distribution with
parameter prob and contaminated with a mixture model for gross errors at the point L
with probability alpha.

rgeomc<-function(x,prob,L,alpha)

{

u<-runif(x)

c(rep(L,sum(u<=alpha)),rgeom(sum(u>alpha),prob))

}

The function CBP() generates max.gen generations of a CBP starting with z0 in-
dividuals and whose offspring distribution is a Geometric distribution with parameter
prob which is contaminated with a mixture model for gross errors at the point L with
probability alpha. The control variables in a generation with population size equal to k

are Poisson distribution with parameter k*lambda. The output of this function is a list
with the population sizes, z, the whole family tree, x, and the number of progenitors in
each generation, control.

CBP<-function(z0,max.gen,prob,lambda,L,alpha)

{

z<-z0
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control<-rpois(1,z*lambda)

offs<-rgeomc(control,prob,L,alpha)

x<-rbind(offs)

z<-c(z,sum(offs))

for (j in 2:max.gen)

{

im.control<-rpois(1,z[j]*lambda)

control<-c(control,im.control)

offs<-rgeomc(im.control,prob,L,alpha)

if(ncol(x)<im.control)

{

x<-cbind(x,matrix(0,nrow(x),im.control-ncol(x)))

}

else

{

offs<-c(offs,rep(0,ncol(x)-im.control))

}

x<-rbind(x,offs)

z<-c(z,sum(offs))

}

list(z=z,x=x,control=control)

}

Computation of the non-parametric MLE

The function estim() calculates the non-parametric MLE of the offspring distribution

and the offspring mean given the population sizes, z, the entire family tree, tree, and

the number of progenitors in each generation, phi.

estim<-function(z,tree,phi)

{

zjk<-numeric()

for(i in 1:max(tree)) zjk<-cbind(zjk,apply(tree==i,1,sum))

zj0<-phi-apply(zjk,1,sum)

zjk<-cbind(zj0,zjk)

estp<-apply(zjk,2,cumsum)/cumsum(phi)

estm<-cumsum(z[-1])/cumsum(phi)

list(p=estp,m=estm)

}
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Computation of the EDAP and MDAP estimators and D-posterior density function

The function rho_HD_geom() calculates the Hellinger distance between a probability
distribution q and a geometric distribution with parameter prob with the Hellinger
distance defined in such a way that the function G(·) satisfies G′(0) = 0 and G′′(0) = 1.

rho_HD_geom<-function(q,prob)

{

k<-length(q)

4*(1-sum(sqrt(q*dgeom(0:(k-1),prob))))

}

The function rho_NED_geom() gives the negative exponential disparity between a
probability distribution q and a geometric distribution with parameter prob with the
negative exponential disparity defined in such a way that the function G(·) satisfies
G′(0) = 0 and G′′(0) = 1.

rho_NED_geom<-function(q,prob)

{

k<-length(q)

k1<-((0:(k-1))[(dgeom(0:(k-1),prob)!=0)])[q!=0]

k2<-((0:(k-1))[(dgeom(0:(k-1),prob)!=0)])[q==0]

delta<-(q[k1+1]/dgeom(k1,prob))-1

sum(dgeom(k1,prob)*(exp(-delta)-1))+(sum(dgeom(k2,prob))+pgeom(max(k1)

+1,prob,lower.tail=F))*(exp(1)-1)

}

The function rho_KL_geom() provides the Kullback-Leibler divergence between a
probability distribution q and a geometric distribution with parameter prob with the
Kullback-Leibler divergence defined in such a way that the functionG(·) satisfiesG′(0) =
0 and G′′(0) = 1.

rho_KL_geom<-function(q,prob)

{

k<-length(q)

coord<-q!=0

sum(q[coord]*(log(q[coord])-log(dgeom((0:(k-1))[coord],prob))))

}

The function g HD() provides the value at y of the function in the integrand of
equation (5) for the Hellinger distance given the total number of progenitors, phi; the
non-parametric MLE, p.est; and the parameters of the beta prior distribution, sh1
and sh2.

g_HD<-function(phi,p.est,y,sh1,sh2)

{
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exp(-phi*rho_HD_geom(p.est,y))*dbeta(y,shape1=sh1,shape2=sh2)

}

We also defined analogous functions for the negative exponential disparity and the
Kullback-Leibler divergence.

g_NED<-function(phi,p.est,y,sh1,sh2)

{

exp(-phi*rho_NED_geom(p.est,y))*dbeta(y,shape1=sh1,shape2=sh2)

}

g_KL<-function(phi,p.est,y,sh1,sh2)

{

exp(-phi*rho_KL_geom(p.est,y))*dbeta(y,shape1=sh1,shape2=sh2)

}

As we did for the implementation of our methodology in Example 1 using the func-
tion nloptr(), we transform the problem of maximizing the D-posterior density func-
tion to determine the MDAP estimator into a minimization problem. To that end, we
define the following three functions for the Hellinger distance, the negative exponential
disparity and the Kullback-Leibler divergence, respectively.

g_max_HD<-function(y,phi,p.est,sh1,sh2)

{

-g_HD(phi,p.est,y,sh1,sh2)

}

g_max_NED<-function(y,phi,p.est,sh1,sh2)

{

-g_NED(phi,p.est,y,sh1,sh2)

}

g_max_KL<-function(y,phi,p.est,sh1,sh2)

{

-g_KL(phi,p.est,y,sh1,sh2)

}

The function posterior.d_HD_geom() provides the estimation of the HD-posterior
density, den, at N.sim points equally distributed in the interval [lo,up], x, together
with the EDAP and MDAP estimators, eap and map, respectively, for the Hellinger
distance and considering the geometric distributions as the parametric family. To that
end, the total number of progenitors, Delta, the non-parametric MLE of the offspring
distribution, p.est, and the parameters of the beta distribution, sh1 and sh2, used as
the prior distribution are provided. The integrals in the definition of the D-posterior
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density function and the EDAP estimator are approximated using the function cotes()

of the package pracma (see Borchers (2019)). Moreover, an initial value, xini, and a
tolerance level, tol, are also given as inputs in order to compute the MDAP estimators.

posterior.d_HD_geom<-function(Delta,p.est,N.sim,lo=.001,up=.999,sh1,sh2,

xini=0.5,tol,...)

{

theta<-seq(lo,up,len=N.sim)

f.den<-function(phi,p.est,theta,sh1,sh2)

{

sapply(theta,g_HD,phi=phi,p.est=p.est,sh1=sh1,sh2=sh2)

}

mean.post<-function(phi,p.est,theta,sh1,sh2)

{

g.mean<-function(phi,p.est,y,sh1,sh2) y*g_HD(phi,p.est,y,sh1,sh2)

sapply(theta,g.mean,phi=phi,p.est=p.est,sh1=sh1,sh2=sh2)

}

f.int<-cotes(f.den,a=lo,b=up,n=1000,nodes=7,phi=Delta,p.est=p.est,

sh1=sh1,sh2=sh2)

mean.int<-cotes(mean.post,a=lo,b=up,n=1000,nodes=7,phi=Delta,

p.est=p.est,sh1=sh1,sh2=sh2)/f.int

mdap<-nloptr(x0=xini,eval_f=g_max_HD,lb=0.0001,ub=0.9999,opts=list(

"algorithm"="NLOPT_LN_COBYLA","xtol_rel"=tol),phi=Delta,

p.est=p.est,sh1=sh1,sh2=sh2)$solution

den<-f.den(Delta,p.est,theta,sh1,sh2)/f.int

list(x=theta, den=den, eap=mean.int, map=mdap)

}

We also implemented the counterpart functions for the negative exponential disparity
and the Kullback-Leibler divergence.

posterior.d_NED_geom<-function(Delta,p.est,N.sim,lo=.001,up=.999,sh1,sh2,

xini=0.5,tol,...)

{

theta<-seq(lo,up,len=N.sim)

f.den<-function(phi,p.est,theta,sh1,sh2)

{

sapply(theta,g_NED,phi=phi,p.est=p.est,sh1=sh1,sh2=sh2)

}

mean.post<-function(phi,p.est,theta,sh1,sh2)

{

g.mean<-function(phi,p.est,y,sh1,sh2) y*g_NED(phi,p.est,y,sh1,sh2)

sapply(theta,g.mean,phi=phi,p.est=p.est,sh1=sh1,sh2=sh2)

}

f.int<-cotes(f.den, a=lo, b=up, n=1000, nodes=7, phi=Delta,p.est=p.est,
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sh1=sh1,sh2=sh2)

mean.int<-cotes(mean.post, a=lo, b=up, n=1000, nodes=7, phi=Delta,

p.est=p.est,sh1=sh1,sh2=sh2)/f.int

mdap<-nloptr(x0=xini,eval_f=g_max_NED,lb=0.0001,ub=0.9999,opts=list(

"algorithm"="NLOPT_LN_COBYLA","xtol_rel"=tol),phi=Delta,

p.est=p.est,sh1=sh1,sh2=sh2)$solution

den<-f.den(Delta,p.est,theta,sh1,sh2)/f.int

list(x=theta,den=den, eap=mean.int, map=mdap)

}

posterior.d_KL_geom<-function(Delta,p.est,N.sim,lo=.001,up=.999,sh1,sh2,

xini=0.5,tol,...)

{

theta<-seq(lo,up,len=N.sim)

f.den<-function(phi,p.est,theta,sh1,sh2)

{

sapply(theta,g_KL,phi=phi,p.est=p.est,sh1=sh1,sh2=sh2)

}

mean.post<-function(phi,p.est,theta,sh1,sh2)

{

g.mean<-function(phi,p.est,y,sh1,sh2) y*g_KL(phi,p.est,y,sh1,sh2)

sapply(theta,g.mean,phi=phi,p.est=p.est,sh1=sh1,sh2=sh2)

}

f.int<-cotes(f.den, a=lo, b=up, n=1000, nodes=7, phi=Delta,p.est=p.est,

sh1=sh1,sh2=sh2)

mean.int<-cotes(mean.post, a=lo, b=up, n=1000, nodes=7, phi=Delta,

p.est=p.est,sh1=sh1,sh2=sh2)/f.int

mdap<-nloptr(x0=xini,eval_f=g_max_KL,lb=0.0001,ub=0.9999,opts=list(

"algorithm"="NLOPT_LN_COBYLA","xtol_rel"=tol),phi=Delta,

p.est=p.est,sh1=sh1,sh2=sh2)$solution

den<-f.den(Delta,p.est,theta,sh1,sh2)/f.int

list(x=theta, den=den, eap=mean.int, map=mdap)

}

Computation of the HPD intervals

The function hpd() enables to obtain an approximation of the lower and upper limits
of the HPD intervals - with a credibility level of 1-alpha - of certain parameter given
a sample theta and the estimation of the posterior density at those points, den. The
accuracy of the estimation is controlled with the argument accuracy.

hpd<-function(theta,den,alpha=.05,accuracy=1e-3)

{

x<-max(theta[(theta[2]-theta[1])*cumsum(den)<=alpha/2])
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y<-min(theta[(theta[2]-theta[1])*cumsum(den)>=1-alpha/2])

i<-sum(theta<=x)

j<-sum(theta<=y)

if(den[i]>den[j])

{

while(den[i]-den[j]>accuracy)

{

i<-i-1

j<-j-1

}

CI<-list(qt=c(x,y),d=c(den[j],den[i]),hp=c(theta[i],theta[j]))

}

else

{

while(den[j]-den[i]>accuracy)

{

i<-i+1

j<-j+1

}

CI<-list(qt=c(x,y),d=c(den[i],den[j]),hp=c(theta[i],theta[j]))

}

CI

}
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