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DIMENSIONAL CURVATURE IDENTITIES IN FEDOSOV GEOMETRY

ADRIÁN GORDILLO-MERINO, RAÚL MARTÍNEZ-BOHÓRQUEZ,
AND JOSÉ NAVARRO-GARMENDIA

Abstract. The curvature tensor of a symplectic connection, as well as its covariant deriva-
tives, satisfy certain identities that hold on any manifold of dimension less than or equal to
a fixed n.

In this paper, we prove certain results regarding these curvature identities. Our main
result describes, for any fixed dimension and any even number p of indices, the first space
(provided we have filtered the identities by a homogeneity condition) of p-covariant curvature
identities.

To this end, we use recent results on the theory of natural operations on Fedosov mani-
folds. These results allow us to apply the invariant theory of the symplectic group, with a
method that is analogous to that used in Riemannian or Kahler geometry.

1. Introduction

Fedosov manifolds constitute the skew-symmetric version of Riemannian manifolds: they

are smooth manifolds X equipped with a symplectic form and a symplectic connection; that

is to say, with a non-singular closed 2-form ω and with a symmetric linear connection ∇

such that ∇ω = 0 ([2], [3]). The symplectic connection produces many local invariants, and

hence the local geometry of these manifolds resembles that of Riemannian manifolds, much

more than that of symplectic manifolds.

One of these local invariants is the curvature of the symplectic connection. This tensor, as

well as its covariant derivatives, satisfy certain symmetries and relations among them, such

as the linear and differential Bianchi identities or the Ricci identities. These are satisfied by

the curvature of any symmetric linear connection on any manifold. Indeed, it can be proved

that, essentially, these are the only identities with these properties ([11, Chap. VI]).

Nevertheless, there exists some other kind of relations, that crucially depend on the

dimension of the manifold. As an example, consider a Fedosov manifold X with symplectic

form ωab, cuvature Rl
ijk and Ricci tensor Kij := Rk

ikj. In this paper we prove that the

expression

(1.1) 2Kj
iK

i
jωab − Rl

ijkR
ijk

l ωab + 4Kj
iR

i
jab − 4Rj

iakR
i k
jb ,
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is generically non-zero whenever if the dimension of X is greater than 4, whereas it vanishes

identically if the dimension of X is lesser or equal than 4 (in, fact, this property characterizes

it, see Theorem 1.2).

These dimensional identities already attracted attention very early in the development of

General Relativity ([12]), as well as in Riemannian geometry ([4]). More recently, they have

also been studied on Kahler and pseudo-Kahler manifolds ([7], [15]).

Classical results concerning these identities were established by means of lengthy calcula-

tions, involving computations with large expressions of multi-indexes ([12], [4]). Nevertheless,

some years ago these arguments were dramatically simplified by Gilkey-Park-Sekigawa ([5],

[6]), that shed light into the role of classical invariant theory in these dimensional phenom-

ena. His work also paved the road to a broader study of dimensional identities ([13]) and

caught the attention to its applications ([1], [14]).

In this paper, we extend the analysis of these identities to Fedosov manifolds. To this

end, it has been necessary to develop the theory of natural operations on Fedosov manifolds,

up to the point of describing the relation of these invariants with the symplectic group. This

description, that has only been achieved recently ([9]), permits an analysis of dimensional

identities that is analogous to that made in pseudo-Riemannian geometry ([14]).

To finish with, although the precise statements of our results will be expounded in the

next section, let us briefly comment two particular cases.

To this end, firstly observe that a dimensional identity is defined by a natural tensor that

is identically zero below certain dimension (cf. Definition 2.3). Moreover, one of the main

results of the theory of natural operations says that the spaces of natural tensors associated

to a Fedosov structure, subject to a homogeneity condition (cf. Definition 2.1), are finite

dimensional R-vector spaces.

Regarding scalar curvature identities, that is to say, homogeneous natural functions that

vanish below certain dimensions, we prove that there are no identities at all, if the weight is

greater or equal than −2. The first non-trivial case, that of homogeneous functions of weight

-4, is analysed in this statement

Theorem 1.1 (Scalar identities). The vector space of natural functions, homogeneous of

weight −4, that vanish on dimension 2 is a one dimensional vector space, generated by the

function

(1.2) R
i2j1k1

i1
R

i1j2k2
i2

(ω ∧ ω)j1k1j2k2 .

On higher dimensions, there are no homogeneous scalar identities of weight -4.

Another interesting case is that of 2-covariant identities; that is to say, 2-covariant natural

tensors that vanish below certain dimension. In this situation, we prove that there are no

identities if the tensors are homogeneous of weight greater or equal than 0. Thus, the first

non-trivial case is that of homogeneous tensors of weight −2:
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Theorem 1.2 (2-covariant identities). The vector space of natural 2-tensors, homogeneous

of weight −2, that vanish in dimension 4 is a one dimensional vector space, generated by the

following 2-form

(1.3) R
i2j1k1

i1
R

i1j2k2
i2

(ω ∧ ω ∧ ω)j1k1j2k2ab .

On higher dimensions, there are no homogeneous 2-tensor identities of weight -4.

The 2-form appearing in this statement coincides with the tensor presented at the begin-

ning of the introduction; i.e., (1.3) is an expanded expression of (1.1).

In fact, the similarities between the expressions of (1.2) and (1.3) already point to a

general result describing these identities. And this is the main result of this paper: a theorem

describing dimensional identities on Fedosov manifolds, that include the aforementioned two

theorems as particular cases (cf. Main Theorem in Section 2.2). In a sense, it computes the

‘simplest’ dimensional identities: for any fixed dimension and any even number p of indices,

it describes the first space (i.e. that with greater weight) of p-covariant curvature identities

in dimension n.

2. Statements

Let us fix a smooth manifoldX of even dimension 2n and let T p be the sheaf of p-covariant

tensors over X .

Let F be denote the sheaf of Fedosov structures over X ; that is to say, a section of F on

an open set U ⊆ X is a pair consisting on a closed 2-form ω on U and a symmetric linear

connection ∇ on U such that ∇ω = 0.

Definition 2.1. A natural p-tensor associated to Fedosov structures in dimension 2n is a

morphism of sheaves φ : F → T p verifying:

• Regularity: for any smooth manifold T and any smooth family of Fedosov structures

{(ωt,∇t)}t∈T parametrized by T , the family {φ((ωt,∇t))}t∈T is also smooth.

• Naturality: for any local diffeomorphism τ : U → V between open subsets of X , it

holds that

T ((τ∗ω, τ∗∇)) = τ∗T ((ω,∇))

for any Fedosov structure (ω,∇) on U , where τ∗ denotes the action of the diffeomor-

phism τ on the corresponding objects.

A natural tensor T : F → T p is homogeneous of weight δ ∈ Z if, for all non-zero λ ∈ R,

(2.1) T (λ2ω,∇) = λδT (ω,∇) .

Hence, the weight of a natural tensor must be an even number (take λ = −1).

Examples of homogeneous natural tensors include the symplectic form, the curvature

operator of the symplectic connection, its covariant derivatives and tensor products or con-

tractions among these objects ([9, 3]).
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For any number of indices p ∈ N and any even weight δ ∈ 2Z, let us write

Tp,δ[2n] :=

{

Natural tensors F → T p in dimension 2n
homogeneous of weight δ

}

.

The theory of natural operations readily implies that all the real vector spaces Tp,δ[2n]

have finite dimension (3.2) and that, if δ > p, then Tp,δ[2n] = 0.

2.1. Dimensional reduction. From now on, let us fix R
2n as our base manifold of even

dimension 2n. Consider the Fedosov manifold (R2, η, ∇̄), where η is the canonical symplectic

form of R2 and ∇̄ is the flat linear connection.

If (ω,∇) is a Fedosov structure on R
2n, we can produce a higher dimensional Fedosov

structure by making the product (as Fedosov manifolds) of (R2n, ω,∇) and (R2, η, ∇̄): the

2(n+1)-dimensional Fedosov manifold (R2n×R
2, ω′,∇′), where ω′ = ω+dxn+1∧dyn+1 and

the connection ∇′ is defined by the following Christoffel symbols:

(Γ′)kij = Γk
ij , 1 ≤ i, j, k ≤ 2n .

(Γ′)kij = 0, in any other case ,

where Γk
ij stand for the Christoffel symbols of ∇.

Definition 2.2. The dimensional reduction map rn : Tp,δ[2(n + 1)] −→ Tp,δ[2n] sends a

natural tensor T to the natural tensor

rn(T )(ω,∇) := i∗(T (ω′,∇′)) ,

where i denotes the embedding i : R2n →֒ R
2n × R

2, x 7→ (x, 0, 0).

The rn are checked to be well-defined, R-linear maps. That is to say, for any choice of

p ∈ N indices and weight δ ∈ 2Z, there exists a sequence of R-linear maps

. . . −→ Tp,δ[2(n + 1)]
rn−−→ Tp,δ[2n] −→ . . .

r2−−→ Tp,δ[4]
r1−−→ Tp,δ[2] −→ 0 .

In Section 4, we will prove certain general results concerning these sequences:

(1) the maps rn are surjective for all n ∈ N (Proposition 4.1);

(2) they stabilize: the rn are isomorphisms for sufficiently large n (Lemma 4.2).

In order to get a deeper knowledge of this dimensional reduction procedure, we are thus

led to investigate the kernels of these maps rn.

Definition 2.3. A dimensional curvature identity in dimension 2n is an element of the space

Kp,δ[2n] := Ker(rn : Tp,δ[2(n+ 1)] → Tp,δ[2n]) .
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2.2. Main result. The two results presented in the introduction are particular cases of a

more general statement. To formulate it, let us first recall the notion of Chern form associated

to a linear connection:

Definition 2.4. A Chern form cq is a natural 2q-form on X that belongs to the algebra

generated by exterior products of (real-valued) natural forms of the following kind

tr (R ∧ . . . ∧ R) ,

where the wedge product ∧ of endomorphism-valued 2-forms is defined using the composition

of endomorphisms. In index notation, these generators of the algebra of Chern forms are the

alternation of the indices j and k of the expression

R
iq
i1j1k1

Ri1
i2j2k2

. . . R
iq−1

iqjqkq
.

Main Theorem. Let δ ∈ 2Z and p ∈ 2N be such that δ ≤ p.

If 2n ≥ 2p − δ, then the vector space Kp,δ[2n] is zero; i.e., there are no dimensional

identities of the curvature.

If 2n = 2p− δ−2, then the vector space Kp,δ[2p− δ−2] of curvature identities is spanned

by the p-forms

(2.2)
〈

ω ∧ k+ p

2. . . ∧ω , ck

〉

,

where k := p−δ

2
, ck is a Chern form and 〈 · , · 〉 denotes the contraction of (2k + p)-forms

with 2k-forms induced by ω.

Moreover, Chern forms ck, with k odd, vanish (Lemma 3.4). Hence,

Corollary 2.5. If k := p−δ

2
is odd, then the vector space Kp,δ[2p − δ − 2] of dimensional

curvature identities is zero.

Recall the expanded expression of the tensor T of (1.3):

Tab = 2Kj
iK

i
jωab − Rl

ijkR
ijk
l ωab + 4Kj

iR
i
jab − 4Rj

iakR
i k
jb .

Utilizing the identity Rk m
imj, = Kk

i,j, it follows that div T = 0.

We conjecture that all the p-forms that appear in the Main Theorem have null divergence:

Conjecture. div
〈

ω ∧ k+ p

2. . . ∧ω , ck

〉

= 0 .

In Riemannian geometry, the analogous statement is true: the first non-trivial curvature

identities are divergence-free ([13]).

3. Preliminaries

3.1. Natural operations on a Fedosov manifold.

Definition 3.1. The space Nm of normal tensors of order m at a fixed point x0 ∈ X is the

vector subspace of (m+ 3)-tensors whose elements T verify the following symmetries:
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(1) they are symmetric in the second and third indices, and in the last m:

Tikja1...am = Tijka1...am , Tijkaσ(1)...aσ(m)
= Tijka1...am , ∀σ ∈ Sm ;

(2) the symmetrization of the last m+ 2 covariant indices is zero:
∑

σ∈Sm+2

Tiσ(j)σ(k)σ(a1 )...σ(am)=0 ;

(3) the following tensor is symmetric in k and a1:

Tikja1...am − Tjkia1...am .

Due to its symmetries, it is immediate that N0 = 0.

Theorem 3.2. Let p ∈ N and δ ∈ Z. Fixing a point x0 ∈ R
2n and a chart U ≃ R

2n around

x0 produces a R-linear isomorphism

Tp,δ[2n] =
⊕

d1,...,dr

HomSp(S
d1N1 ⊗ . . .⊗ SdrNr, T

p
x0
) ,

where Sp = Sp(2n,R) denotes the symplectic group, T p
x0

denotes the vector space of p-

covariant tensors at x0 and d1, . . . , dr run over the non-negative integer solutions of the

equation

2d1 + . . .+ (r + 1)dr = p− δ .

3.2. Invariant theory of the symplectic group. Let V be a real vector space of fi-

nite dimension 2n, let ω be a non-degenerate skew-symmetric bilinear form on V and let

Sp(2n,R) be the real Lie group of R-linear automorphisms that preserve ω.

The First Fundamental Theorem of the symplectic group ([8]) describes the vector space

of Sp(2n,R)-invariant linear maps V⊗ p. . . ⊗V −→ R :

First Fundamental Theorem of Sp. The real vector space HomSp(2n,R) (V⊗ p. . . ⊗V , R)

of invariant linear forms on V ⊗ . . .⊗V is null if p is odd, whereas if p is even it is spanned

by

ωσ((e1, . . . , ep)) := ω(eσ(1), eσ(2)) . . . ω(eσ(p−1), eσ(p)) ,

where σ ∈ Sp.

There may be linear relations between these generators, which are explicitly stated by

the Second Fundamental Theorem ([8, ?]):

Second Fundamental Theorem of Sp. The only linear relations between the generators

of HomSp(2n,R) (V⊗ p. . . ⊗V , R) described above are:

(1) The trivial symmetries induced by the product of scalars and the skew-symmetric

property of the symplectic form.
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(2) The dimensional identities: if n < p, then for any I ⊆ {1, . . . , p} such that |I| ≥ n+1

one has:

(3.1)
∑

σ∈S|I|

(sgn σ) ωσ = 0

where σ ∈ S|I| is seen as an element of Sp by leaving the indices {1, . . . , p} \ I

intact.

In the applications, the following facts will also be relevant ([10]):

Proposition 3.3. Let E and F be (algebraic) linear representations of Sp(2n,R).

• There exists a linear isomorphism HomSp(2n,R)(E, F ) = HomSp(2n,R)(E ⊗ F ∗,R).

• If W ⊆ E is a sub-representation, then any equivariant linear map W → F is the

restriction of an equivariant linear map E → F .

3.3. On the Chern forms of symplectic connections. Due to the lack of a clear refer-

ence, let us include here a basic fact concerning the Chern forms of symplectic connections.

Lemma 3.4. For q odd, the Chern forms cq of a symplectic connection are null.

Proof: Observe that it is enough to check that R
aq
a1b1c1

Ra1
a2b2c2

. . . R
aq−1

aqbqcq
= 0, as all Chern

forms cq of degree 2q contain a factor R
aq′

a1b1c1
Ra1

a2b2c2
. . . R

aq′−1

aq′bq′cq′
, with q′ ≤ q odd.

Due to the symmetries of the curvature tensor of a symplectic connection, it holds that

R
aq
a1b1c1

Ra1
a2b2c2

. . . R
aq−1

aqbqcq
= ωaqdqRdqa1b1c1ω

a1d1Rd1a2b2c2 . . . ω
aq−1dq−1Rdq−1aqbqcq

= (−1)qωdqaqRdqa1b1c1ω
d1a1Rd1a2b2c2 . . . ω

dq−1aq−1Rdq−1aqbqcq

= (−1)qωd1a1Rdqa1b1c1ω
d2a2Rd1a2b2c2 . . . ω

dqaqRdq−1aqbqcq

= (−1)qRd1
dqb1c1

Rd2
d1b2c2

. . . R
dq
dq−1bqcq

.

As q is odd, (−1)q = −1. Reordering the factors,

(−1)qRd1
dqb1c1

Rd2
d1b2c2

. . . R
dq
dq−1bqcq

= −R
dq
dq−1bqcq

R
dq−1

dq−2bq−1cq−1
. . . Rd1

dqb1c1
.

Recall that the indices b and c are being alternated, so that we can permute them in the

following way:

−R
dq
dq−1bqcq

R
dq−1

dq−2bq−1cq−1
. . . Rd1

dqb1c1
= −R

dq
dq−1b1c1

R
dq−1

dq−2b2c2
. . . Rd1

dqbqcq
.

Renaming the indices d as a (di → aq−i for all i ∈ {1, . . . , q − 1}, dq → aq), we are left

with the original Chern form with opposite sign, and thus is null. �
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4. Proof of the general statement

Let us begin this section by proving that the dimensional reduction maps rn are surjective:

Proposition 4.1. The maps rn are surjective for all n ∈ N.

Proof: By Theorem 3.2, given any fixed non-singular 2-form ω at a point x0 ∈ R
2n, any

T2n ∈ Tp,δ[2n] can be expressed as a Sp-equivariant linear map t2n : Sd1N1 ⊗ . . .⊗ SdrNr →
⊗p

T ∗
x0
R

2n, where d1, . . . , dr are non-negative integers running over the solutions of Equation

3.2.

Due to Proposition 3.3 and using the polarity isomorphism of ω, t2n is the restriction to

Sd1N1 ⊗ . . .⊗ SdrNr

⊗p
T ∗
x0
R

2n of a Sp-equivariant map
⊗N

T ∗
x0
R

2n → R, where

N = 4d1 + . . .+ (3 + r)dr + p .

Applying the First Fundamental Theorem of Sp and restricting, t2n =
∑

σ∈SN
λσωσ, where

σ ∈ SN and λσ ∈ R for all σ ∈ SN
1.

Then, denoting by N̄1, . . . , N̄r the spaces of normal tensors in R
2(n+1) and defining the

Sp-equivariant map t2(n+1) : S
d1N̄1 ⊗ . . .⊗SdrN̄r

⊗p
T ∗
x0
R

2(n+1) as t2(n+1) :=
∑

σ∈SN
λσωσ, it

is easy to compute that rn(T2(n+1)) = T2n, where T2(n+1) ∈ Tp,δ[2(n+1)] is the natural tensor

that corresponds to t2(n+1) by Theorem 3.2 (fixing the non-singular 2-form ω + di(x0)xn+1 ∧

di(x0)yn+1 at i(x0) = (x0, 0, 0) ∈ R
2(n+1)). �

Let us observe that the notion of dimensional identity is closely related to the Second

Fundamental Theorem of Sp: let T = {T2m}m∈N be a dimensional curvature identity in

dimension 2n, for some n ∈ N (and so T2n = 0). By Theorem 3.2, given any fixed non-

singular 2-form ω, any T2m can be expressed as a Sp-equivariant linear map

t2m : Sd1N1 ⊗ . . .⊗ SdrNr →

p
⊗

T ∗
x0
X ,

where X denotes a smooth manifold of dimension 2m.

As T2n = 0, it must also hold that t2n = 0.

The key fact is that, due to Proposition 3.3 and using the polarity isomorphism of ω, t2n

is the restriction to Sd1N1 ⊗ . . .⊗ SdrNr

⊗p
T ∗
x0
X of a Sp-equivariant map

⊗N
T ∗
x0
X → R,

where

N = 4d1 + . . .+ (3 + r)dr + p .

Applying the First Fundamental Theorem of Sp, such a map is a linear combination
∑

σ∈SN

λσωσ

1Recall that if ω is a non-singular 2-form on a vector space V , then the Sp-equivariant linear maps
ωσ : V⊗ N. . . ⊗V → R are defined as

ωσ((e1, . . . , eN)) := ω(eσ(1), eσ(2)) . . . ω(eσ(N−1), eσ(N)) .
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of maps ωσ (defined in the First Fundamental Theorem of Sp), with σ ∈ SN , that is null

when restricted to Sd1N1 ⊗ . . .⊗ SdrNr.

As the symmetries of the spaces of normal tensors Ni do not depend on the dimension of

the base manifold, they cannot be the reason why t2n is null, as if that were the case then

t2m = 0 for all m ∈ N (as t2m =
∑

σ∈SN
λσωσ for all m ∈ N, see the proof of Proposition 4.1)

and T = 0, leading to a contradiction.

Therefore,
∑

σ∈SN
λσωσ = 0 before restricting to the spaces of normal tensors Ni. Thus

we can invoke the Second Fundamental Theorem of Sp, which says that
∑

σ∈SN
λσωσ (and

so any t2m) can be expressed as in Equation 3.1:

∑

σ∈S|I|

(sgn σ)ωσ ,

where I ⊆ {1, . . . , N} is a set such that |I| > 2n.

Let us compute the maximum amount of indices in Sd1N1 ⊗ . . . ⊗ SdrNr

⊗p
T ∗
x0
X that

can belong in the set I. Let s ∈ {1, . . . , r}, let Tijka1...as ∈ Ns be a normal tensor and suppose

that there are three of the indices i, j, k, a1, . . . , as in I, i.e. they are being alternated. As

the indices j and k and the last s indices are symmetric, we may suppose without loss of

generality that i, j and a1 are the alternated indices. However, the symmetry

Tijka1a2...as − Tjika1a2...as = Tija1ka2...as − Tjia1ka2...as

assures that this alternation is zero.

As only a maximum of two indices in each Ns factor can belong in I, the maximum total

amount of indices in Sd1N1 ⊗ . . .⊗ SdrNr

⊗p
T ∗
x0
X that can belong in I is

m = 2(d1 + . . .+ dr) + p .

Lemma 4.2. There are no dimensional identities of the curvature of p indices and weight δ

in dimension 2n ≥ 2p− δ.

Proof: The Second Fundamental Theorem of Sp assures that there are no dimensional

identities for 2n ≥ m. In our case,

m = 2(d1 + . . .+ dr) + p = 2p− δ − (d2 + . . .+ (r − 1)dr) ≤ 2p− δ ,

finishing the proof. �

Lemma 4.3. The dimensional identities of the curvature of p indices and weight δ in dimen-

sion 2n = 2p− δ − 2 are independent of derivatives of the curvature, that is, it corresponds

to an Sp-equivariant map Sd1N1 →
⊗p

T ∗
x0
X.

In particular, there are no dimensional identities in dimension 2n = 2p− δ−2 for p odd.
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Proof: For a dimensional identity to exist, it must hold that m ≥ 2n+ 1. It holds that

2(d1 + . . .+ dr) + p = m ≥ 2n+ 1

= 2p− δ − 1

= 2d1 + . . .+ (r + 1)dr + p− 1

= 2(d1 + . . .+ dr) + p+ (d2 + . . .+ (r − 1)dr)− 1 .

Therefore, either d2 = . . . = dr = 0 or possibly d2 = 1, d3 = . . . = dr = 0.

However, there are no dimensional identities in dimension 2n = 2p− δ− 2 if d2 = 1, d3 =

. . . = dr = 0: recall that a pair of indices in each Ns factor, plus p indices, belong in the set I

of indices being alternated, and that no more than two indices in each Ns factor can belong

in I. At least one index in the remaining 3 + 2d1 indices has to be contracted to an index

in I, as 3 + 2d1 is an odd amount. Thus, in some Ns factor there are three indices being

alternated, which is null, as explained above. �

Example. Let p = 1, δ = −4, d2 = d1 = 1. The tensor

Ti = Γ km
ij l Γ

jabl(ω ∧ ω)kmab

is not a dimensional identity in dimension 2n = 2p− δ − 2 = 4, and

T ′
i = Γc km

j l Γjabl(ω ∧ ω ∧ ω)kmabci = 0 .

Observe that if we denote by k = d1 the amount of curvature operators involved in the

dimensional identity, then δ = p− 2k and so we may rewrite 2n = 2p− δ − 2 = 2k + p− 2.

Proof of the Main Theorem. By the previous lemma and the observation above, any

dimensional identity T for 2n = 2k + p− 2 can be expressed as an Sp-invariant linear map

of the form

T : SkN1 ⊗

p
⊗

T ∗
x0
X −→ R

for a fixed x0 ∈ X and ω a non-singular 2-form at x0.

Let us replace the space N1 by applying the following Sp-equivariant linear isomorphism

([3], Equation 5.3)

N1 −→ R

Tijkl 7−→ Rijkl = Tijlk − Tijkl,

where R ⊂ S2T ∗
x0
X ⊗ Λ2T ∗

x0
X is the vector subspace of tensors R that satisfy the Bianchi

identity:

Rijkl +Riklj +Riljk = 0 .

As explained before, out of the 4k+p indices only a maximum of two indices per R factor

and the p free indices can belong in I, summing up to m = 2k + p = 2p − δ. It is also the

minimum, as m > 2n = 2p − δ − 2 due to the Second Fundamental Theorem of Sp and m

must be even due to the First Fundamental Theorem of Sp.
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As the symmetric pair of any R factor cannot belong in I, by applying the Bianchi

identity and re-ordaining indices we may suppose, without loss of generality, that the skew-

symmetric pair of each R factor belongs in I, along with the free p indices. This fills the

amount of indices needed in I.

The remaining indices (that is, the symmetric pairs of indices of the R factors) must be

contracted with indices of different symmetric pairs, since contracting a symmetric pair of

indices with the symplectic form would be null. Hence we obtain a Chern form ck, which is

non-zero only if k is even, due to Lemma 3.4.

All that is left is to express this map as an Sp-equivariant map

T : SkR −→

p
⊗

T ∗
x0
X ,

by invoking Proposition 3.3 and applying the polarity isomorphism given by the non-singular

2-form ω. This produces a p-form proportional to the one in the statement. �
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Departamento de Matemáticas, Universidad de Extremadura, E-06071 Badajoz, Spain

Email address : navarrogarmendia@unex.es


