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The synchronization of two fractional-order complex chaotic systems is discussed in this paper. The parameter uncertainty and
external disturbance are included in the system model, and the synchronization of the considered chaotic systems is implemented
based on the finite-time concept. First, a novel fractional-order nonsingular terminal sliding surface which is suitable for the
considered fractional-order systems is proposed. It is proven that once the state trajectories of the system reach the proposed
sliding surface they will converge to the origin within a given finite time. Second, in terms of the established nonsingular terminal
sliding surface, combining the fuzzy control and the slidingmode control schemes, a novel robust single fuzzy slidingmode control
law is introduced, which can force the closed-loop dynamic error system trajectories to reach the sliding surface over a finite time.
Finally, using the fractional Lyapunov stability theorem, the stability of the proposed method is proven. The proposed method is
implemented for synchronization of two fractional-order Genesio-Tesi chaotic systems with uncertain parameters and external
disturbances to verify the effectiveness of the proposed fractional-order nonsingular terminal fuzzy sliding mode controller.

1. Introduction

Fractional calculus has received an enormous amount of
research effort in recent years, because it allows one to
describe the behavior of a real system more accurately and
more adequately compared to the standard calculus [1–3].
Although fractional calculus is a more than 300-year-old
mathematical tool, its application in physics and engineering,
especially in modeling and control, began only recently;
for example, microelectromechanical systems [4] and
systems consisting of viscoelastic materials [5] can be de-
scribed more accurately using fractional calculus. Applica-
tions of fractional-order control techniques in chaotic sys-
tems have also been presented. It has been shown that several
fractional-order systems exhibit chaotic behavior, such as
Lorenz [6], Liu [7], and hyperchaotic system [8]. Due to the
ease of fractional chaotic systems’ electronics implementation
and the rapid development of the stability of fractional
differential equations, fractional chaotic systems have
attracted a great deal of attention [9]. Owing to the potential

applications of fractional-order chaotic systems in secure
communication and control processing [10], the study of
chaos synchronization in fractional-order dynamic systems
is receiving increasing attention [6, 11]. Therefore, the
analysis and control/synchronization of fractional-order
dynamical chaotic systems are important in both theory
and practice. Up till now, many control/synchronization
methods, such as active control [12], active sliding mode
control [13], adaptive-impulsive control [14], fuzzy adaptive
control [15], and generalized projective synchronization [16]
and the references therein, have been successfully applied
to control/synchronize the chaos of fractional-order chaotic
systems.

On the other hand, sliding mode control is well known
for its good robustness against disturbances and parameter
uncertainties [17]; therefore, it has been one of the most
interesting topics of research, and many researchers have
made great contributions to this field [18–20]. In recent
years, control and synchronization of fractional-order chaotic
systems using slidingmode control techniques have attracted
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the attention of many scholars. As a result, some sliding
mode control methods have been used to control and/or
synchronize fractional-order chaotic systems [21, 22]. In
[23], the sliding mode controller design for fractional-order
chaotic system is discussed, and the designed control scheme
ensures asymptotical stability of the uncertain fractional-
order chaotic systems with an external disturbance. A
fractional-order sliding mode controller is designed for a
novel fractional-order hyperchaotic system in [24]. Among
the sliding mode control community, nonsingular terminal
sliding mode control has been widely investigated, since it
can achieve finite-time convergence without causing any sin-
gularity problem in the process of traditional terminal sliding
mode control design [25]. References [26, 27] have developed
nonsingular terminal sliding mode control for fractional-
order chaotic systems, and to remove the chattering of the
designed method, a nonchatter sliding surface was proposed
in [28].

However, most of the works in the references toward
synchronization/control of fractional-order chaotic systems
have been performed in terms of the Lyapunov stability of
the closed-loop system. In practice, the finite-time stability
of fractional-order systems is an important issue. It has been
known that the finite-time control of nonlinear systems gives
rise to a high-precision performance as well as the finite-
time convergence to origin [27].Therefore, many researchers
have done valuable work on finite time stability analysis
and control for fractional-order systems [29, 30]; particularly
for fractional-order chaotic systems, solutions to finite-time
stabilizing and synchronization problems have been reported
in [31, 32] and [33], respectively.

Hence, the field that combines the finite-time stability
and the nonsingular terminal sliding mode control has
become very popular. Many researchers have made great
contributions; for example, for integer-order chaotic systems
with uncertain parameters or disturbances, the finite-time
nonsingular terminal sliding mode controller was designed
in [34, 35], and, furthermore, for fractional-order chaotic
systems, a novel fractional-order terminal sliding mode
controller was proposed in [27] based on finite-time scheme.
However, to the best of our knowledge, there is little work
in the literature on finite-time control for fractional-order
chaotic systems which combines the nonsingular terminal
sliding mode control and the fuzzy control theory, which has
remained as an open and challenging problem to be solved in
this paper.

Motivated by the above discussions, this paper proposes
a new fractional-order nonsingular fuzzy sliding mode con-
troller for robust synchronization of two fractional-order
chaotic systems with uncertain parameters and external dis-
turbances. After introducing a new fractional-order terminal
sliding surface, its finite-time stability is proven. Then, in
terms of fractional Lyapunov stability theory, a robust fuzzy
sliding mode control law is derived to ensure the occurrence
of the sliding motion in a finite time. Finally, an illustrative
example is given to demonstrate the effectiveness of the
proposed control technique.

The rest of this paper is organized as follows. In Section 2,
some preliminaries of fractional calculus are given. Section 3

details the problem formulation.The design procedure of the
proposed fractional-order nonsingular terminal fuzzy sliding
mode approach is discussed in Section 4. The effectiveness
of the proposed synchronization control method is demon-
strated via numerical simulation in Section 5, followed by the
conclusions in Section 6.

2. Preliminaries of Fractional Calculus

There are three commonly used definitions of the fractional-
order differential operator, namely, Riemann-Liouville,
Grünwald-Letnikov, and Caputo. In this paper, the Caputo
derivative is chosen, the definition of which is given in the
following.

Definition 1 (see [36]). The Caputo derivative of 𝑓(𝑡) with
order 𝛼,𝑚 − 1 < 𝛼 ≤ 𝑚, is given by

𝐶

0𝐷𝛼𝑡 𝑓 (𝑡) = 1
Γ (𝑚 − 𝛼) ∫𝑡

0

𝑓(𝑚) (𝜏)
(𝑡 − 𝜏)𝛼−𝑚+1 𝑑𝜏, (1)

where Γ is the Gamma function.

Some common properties that are used for the stability
analysis of fractional-order systems are listed below.

Property 1. The following equality holds for the Caputo
derivative:

𝐶

𝑡0
𝐷𝛼𝑡 (𝐶𝑡0𝐷𝑚𝑡 𝑓 (𝑡)) = 𝐶𝑡0𝐷𝛼+𝑚𝑡 𝑓 (𝑡) , (2)

where𝑚 = 0, 1, 2, . . .; 𝑛 − 1 < 𝛼 ≤ 𝑛; 𝑛 ≥ 1 is an integer.

Property 2. For the Caputo derivative, the following equality
holds:

𝐶

𝑡0
𝐷𝛼𝑡 𝐶𝑡0𝐷−𝛽𝑡 𝑓 (𝑡) = 𝐶𝑡0𝐷𝛼−𝛽𝑡 𝑓 (𝑡) , (3)

where 𝛼 ≥ 𝛽 ≥ 0.
3. Problem Statement

Consider the following uncertain nonautonomous fractional-
order chaotic system:

𝐷𝛼𝑥 (𝑡) = [[
[

𝐷𝛼𝑥1 (𝑡)
𝐷𝛼𝑥2 (𝑡)
𝐷𝛼𝑥3 (𝑡)

]]
]

= [[
[

𝑥2
𝑥3

𝑓 (𝑥) + Δ𝑓 (𝑥) + 𝑑𝑥 (𝑡) + 𝑢 (𝑡)
]]
]

,
(4)

where 𝛼 ∈ (0, 1) is the order of the system, 𝑥(𝑡) = [𝑥1,𝑥2, 𝑥3]𝑇 ∈ 𝑅3 is the state vector of the system, 𝑓(𝑥) is a given
nonlinear function, which is dependent on the state vector 𝑥
and the time 𝑡, Δ𝑓(𝑥) ∈ 𝑅 stands for the uncertain parameter
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term, 𝑑𝑥(𝑡) ∈ 𝑅 represents the external disturbance, and𝑢(𝑡) ∈ 𝑅 is the control input, which will be designed later.
Now, define the chaos synchronization problem as fol-

lows: design an appropriate controller for system (4) such that
the state trajectories of the above response system can track
the state trajectories of the following drive chaotic system:

𝐷𝛼𝑦 (𝑡) = [[[[
[

𝐷𝛼𝑦1 (𝑡)
𝐷𝛼𝑦2 (𝑡)
𝐷𝛼𝑦3 (𝑡)

]]]]
]

=
[[[[[
[

𝑦2
𝑦3

𝑔 (𝑦) + Δ𝑔 (𝑦) + 𝑑𝑦 (𝑡)

]]]]]
]

, (5)

where 𝑦(𝑡) = [𝑦1, 𝑦2, 𝑦3]𝑇 ∈ 𝑅3 is the state vector of the
system, 𝑔(𝑦) is a given nonlinear function of 𝑦 and 𝑡,Δ𝑔(𝑦) ∈𝑅 is an unknown model uncertainty term, and 𝑑𝑦(𝑡) ∈ 𝑅
stands for an external disturbance.

The error between the response system (4) and the drive
system (5) is 𝑒(𝑡) = 𝑦(𝑡) − 𝑥(𝑡), defined as

𝑒 (𝑡) =
{{{{{{{{{

𝑒1 (𝑡) = 𝑦1 (𝑡) − 𝑥1 (𝑡)
𝑒2 (𝑡) = 𝑦2 (𝑡) − 𝑥2 (𝑡)
𝑒3 (𝑡) = 𝑦3 (𝑡) − 𝑥3 (𝑡) ,

(6)

and its fractional-order dynamics are represented as

𝐷𝛼𝑒 (𝑡) =
{{{{{{{{{

𝐷𝛼𝑒1 (𝑡) = 𝑒2
𝐷𝛼𝑒2 (𝑡) = 𝑒3
𝐷𝛼𝑒3 (𝑡) = 𝑔 (𝑦) − 𝑓 (𝑥) + Δ𝑔 (𝑦) − Δ𝑓 (𝑥) + 𝑑𝑦 (𝑡) − 𝑑𝑥 (𝑡) − 𝑢 (𝑡) .

(7)

To design the following fuzzy sliding mode controller, we
should transfer systems (4), (5), and (7) into the correspond-
ing Takagi-Sugeno (T-S) fuzzy modes in terms of the T-S
fuzzy modeling theory. Now, we give the following T-S fuzzy
models, which are the reconstructed models of systems (4),
(5), and (7).

Plant Rule 𝑖. If 𝑧1(𝑡) is𝐹𝑖1 and 𝑧2(𝑡) is𝐹𝑖2 and 𝑧𝑁(𝑡) is𝐹𝑖𝑁, then
for the response system (4), the final output of the T-S fuzzy
system is inferred as follows:

𝐷𝛼𝑥 (𝑡) = 𝑁∑
𝑖=1

ℎ𝑖 (𝑧 (𝑡)) [𝐴 𝑖𝑥 (𝑡)] + Δ𝑓 (𝑥) + 𝑑𝑥 (𝑡)
+ 𝑈 (𝑡) ,

(8)

where

ℎ𝑖 (𝑧 (𝑡)) = 𝜛𝑖 (𝑧 (𝑡))
∑𝑁𝑖=1 𝜛𝑖 (𝑧 (𝑡)) ,

𝜛𝑖 (𝑧 (𝑡)) = 𝑝∏
𝑗=1

𝐹𝑖𝑗 (𝑧𝑗 (𝑡)) ,
𝜛𝑖 (𝑧 (𝑡)) ≥ 0,
𝑁∑
𝑖=1

𝜛𝑖 (𝑧 (𝑡)) > 0,
𝑖 = 1, 2, . . . , 𝑁,

ℎ𝑖 (𝑧 (𝑡)) ≥ 0,
𝑁∑
𝑖=1

ℎ𝑖 (𝑧 (𝑡)) = 1,
𝑖 = 1, 2, . . . , 𝑁.

(9)

𝑥(𝑡) ∈ 𝑅3 is the state vector of the system and 𝑧1(𝑡), . . . , 𝑧𝑁(𝑡)
are the premise variables. Throughout this paper, it is
assumed that the premise variables do not depend on control
variables and external disturbances, 𝐹𝑖𝑗(𝑧𝑗(𝑡)) is the grade of
membership of 𝑧𝑗(𝑡) in 𝐹𝑖𝑗, 𝐴 𝑖 ∈ 𝑅3×3 (𝑖 = 1, 2, . . . , 𝑁) are
known real constant matrices, 𝑁 is the number of IF-THEN
rules, and

Δ𝑓 (𝑥) = [[
[

0
0

Δ𝑓 (𝑥)
]]
]

,

𝑑𝑥 (𝑡) = [[
[

0
0

𝑑𝑥 (𝑡)
]]
]

,

𝑈 (𝑡) = [[
[

0
0

𝑢 (𝑡)
]]
]

.

(10)

Using a similar process, drive system (5) and the error
dynamic system (7) can be reconstructed to the following T-S
fuzzy models:

𝐷𝛼𝑦 (𝑡) = 𝑁∑
𝑖=1

ℎ𝑖 (𝑧 (𝑡)) [𝐴𝑖𝑦 (𝑡)] + Δ𝑔 (𝑦) + 𝑑𝑦 (𝑡) , (11)

𝐷𝛼𝑒 (𝑡) = 𝑁∑
𝑖=1

ℎ𝑖 (𝑧 (𝑡)) [𝐴 𝑖𝑒 (𝑡)] + Δ𝑓 (𝑥) − Δ𝑔 (𝑦)
+ 𝑑𝑥 (𝑡) − 𝑑𝑦 (𝑡) − 𝑈 (𝑡) ,

(12)
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where 𝐴𝑖 ∈ 𝑅3×3 and 𝐴 𝑖 ∈ 𝑅3×3 are known real constant
matrices and

Δ𝑔 (𝑦) = [[
[

0
0

Δ𝑔 (𝑦)
]]
]

,

𝑑𝑦 (𝑡) = [[[
[

0
0

𝑑𝑦 (𝑡)
]]]
]

.
(13)

For the above uncertain terms and external disturbances,
we give the following assumptions.

Assumption 2 (see [35]). It is assumed that the uncertain
terms Δ𝑓(𝑥) and Δ𝑔(𝑦) are bounded and the following
inequality is satisfied:

𝐷1−𝛼 (Δ𝑔 (𝑦) − Δ𝑓 (𝑥)) ≤ 𝐿1, (14)

where 𝐿1 is a known positive constant.

Assumption 3 (see [35]). It is assumed that the external
disturbances 𝑑𝑥(𝑡) and 𝑑𝑦(𝑡) are bounded, and the following
inequality is satisfied:

𝐷1−𝛼 (𝑑𝑦 (𝑡) − 𝑑𝑥 (𝑡)) ≤ 𝐿2, (15)

where 𝐿2 is a given positive constant.

Definition 4. Consider the error dynamic system (12); if there
exists a real number 𝑇 > 0, lim𝑡→𝑇‖𝑒(𝑡)‖ = 0 is satisfied;
meanwhile when 𝑡 > 𝑇, ‖𝑒(𝑡)‖ ≡ 0. Then the state trajectories
of the error dynamic system (12) will converge to zero in a
finite time 𝑇.

The aim of this paper is to design a fractional-order non-
singular terminal fuzzy sliding mode controller to stabilize
the error dynamic system (12). In other words, the goal of this
paper is to synchronize the response system (4) and the drive
system (5). In the next section, the controller design method
will be given in detail.

4. Fractional-Order Nonsingular Terminal
Fuzzy Sliding Mode Controller Design

In this section, firstly, a new fractional-order terminal sliding
surface is introduced; then we propose proper sliding mode
control laws to guarantee the existence of the sliding motion
in a finite time.

To accomplish the sliding mode controller design, firstly,
we propose a new fractional-order nonsingular terminal
sliding surface as follows:

𝑠 (𝑡)
= 𝑒2 + 𝑒3

+ 𝐷𝛼−1 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃) ,
(16)

where 0 < 𝜃 < 1 and 𝑘1, 𝑘2, and 𝑘3 are positive scalars.

Once the system operates on the sliding mode, it satisfies
the following equality:

𝑠 (𝑡) = 0. (17)

Using (16), the following slidingmode dynamics are obtained:

𝑒2 + 𝑒3
+ 𝐷𝛼−1 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)

= 0.
(18)

Using (7), it can be shown that (18) is equivalent to

𝐷𝛼𝑒1 + 𝐷𝛼𝑒2
= −𝐷𝛼−1 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃) . (19)

In the following theorem, the finite-time stability of the
sliding mode dynamics (19) is proven.

Theorem 5. The sliding mode dynamics (19) are stable and
their trajectories converge to the equilibrium point.

Proof. Select the following positive definite function as Lya-
punov function candidates:

𝑉1 (𝑡) = 𝑒1 (𝑡) + 𝑒2 (𝑡) . (20)

Taking the time derivative of 𝑉1(𝑡), one can obtain

�̇�1 (𝑡) = sgn (𝑒1 + 𝑒2) ( ̇𝑒1 (𝑡) + ̇𝑒2 (𝑡)) . (21)

Based on Properties 1 and 2 and (21), we have

�̇�1 (𝑡) = sgn (𝑒1 + 𝑒2) (𝐷1−𝛼 (𝐷𝛼𝑒1 + 𝐷𝛼𝑒2))
= − sgn (𝑒1 + 𝑒2)𝐷1−𝛼 (𝐷𝛼−1 (𝑘1𝑒1 + 𝑘2𝑒2
+ 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)) = − sgn (𝑒1 + 𝑒2)
⋅ (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃) .

(22)

For 𝑘1 = 𝑘2, the above equation gives

�̇�1 (𝑡) = − (𝑘1 𝑒1 + 𝑒2 + 𝑘3 𝑒1 + 𝑒2𝜃)
≤ −𝑘 (𝑒1 + 𝑒2 + 𝑒1 + 𝑒2𝜃) ≤ −𝑘 𝑒1 + 𝑒2 < 0,

(23)

where

𝑘 = min {𝑘1, 𝑘3} . (24)

From the above proof, we can conclude that the state
trajectories of error dynamic system (7) will asymptotically
converge to zero. Next, we prove that trajectories of error
dynamic system (7) converge to zero in a finite time.
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From inequality (23), one has

�̇�1 (𝑡) = 𝑑 𝑒1 + 𝑒2𝑑𝑡 ≤ −𝑘 (𝑒1 + 𝑒2 + 𝑒1 + 𝑒2𝜃) . (25)

After simple calculations, one gets

𝑑𝑡 ≤ − 𝑑 𝑒1 + 𝑒2
𝑘 (𝑒1 + 𝑒2 + 𝑒1 + 𝑒2𝜃)

= − 𝑑 𝑒1 + 𝑒21−𝜃
𝑘 (1 − 𝜃) (𝑒1 + 𝑒21−𝜃 + 1) .

(26)

Integrating both sides of (26) from 𝑡𝑟 to 𝑡𝑠 and knowing that𝑥(𝑡𝑠) = 0, one obtains
𝑡𝑠 − 𝑡𝑟 ≤ − 1

𝑘 (1 − 𝜃) ∫𝑥(𝑡𝑠)
𝑥(𝑡𝑟)

𝑑 𝑒1 + 𝑒21−𝜃
(𝑒1 + 𝑒21−𝜃 + 1)

= − 1
𝑘 (1 − 𝜃) ln (1 + 𝑒1 (𝑥 (𝑡𝑟)) + 𝑒2 (𝑥 (𝑡𝑟))1−𝜃) .

(27)

Therefore, one can conclude that the error dynamics will
converge to zero in a finite time 𝑇 ≤ −(1/𝑘(1 − 𝜃)) ln(1 +
|𝑒1(𝑥(𝑡𝑟)) + 𝑒2(𝑥(𝑡𝑟))|1−𝜃).

A suitable nonsingular terminal sliding surface has been
established in (16); the next step is to determine an input
signal 𝑢(𝑡) to guarantee that the error system trajectories
reach the sliding surface 𝑠(𝑡) = 0 and stay on it forever. When
the closed-loop system is moving on the sliding surface, it
satisfies the following equation:

̇𝑠 (𝑡) = 0. (28)

Using (16), it follows that

̇𝑠 (𝑡)
= ̇𝑒2 + ̇𝑒3

+ 𝐷𝛼 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃) .
(29)

Based on Properties 1 and 2, the following equation is
obtained:

̇𝑠 (𝑡) = 𝐷𝛼 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)
+ 𝐷1−𝛼 [𝐷𝛼𝑒2] + 𝐷1−𝛼 [𝐷𝛼𝑒3] = 𝐷𝛼 (𝑘1𝑒1 + 𝑘2𝑒2
+ 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)

+ 𝐷1−𝛼 [
[
2∑
𝑖=1

ℎ𝑖{{{
3∑
𝑗=1

𝐴3𝑗𝑒𝑗}}}
+ 𝑒3 + 𝑑𝑦 (𝑡) − 𝑑𝑥 (𝑡)

+ Δ𝑔 (𝑦) − Δ𝑓 (𝑥) − 𝑢 (𝑡)]
]

.

(30)

If ̇𝑠(𝑡) = 0, one has

𝑢eq = 2∑
𝑖=1

ℎ𝑖{{{
3∑
𝑗=1

𝐴3𝑗𝑒𝑗}}}
+ 𝑑𝑦 (𝑡) − 𝑑𝑥 (𝑡) + Δ𝑔 (𝑦)

− Δ𝑓 (𝑥) + 𝑒3
+ 𝐷2𝛼−1 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃) .

(31)

Then, select the following reaching law:

𝑢𝑟 = 𝐷𝛼−1 (𝜉1𝑠 + 𝜉2 |𝑠|𝛽 sgn (𝑠) + 𝜉3 |𝑠|𝛾 sgn (𝑠)) , (32)

where 𝜉1, 𝜉2, and 𝜉3 are the switching gains and positive
constant scalars and 𝛽, 𝛾 ∈ (0, 1) are positive constant scalars.

Based on (31) and (32), the overall control 𝑢(𝑡) in the
proposed control scheme is determined by

𝑈 (𝑡)

= 2∑
𝑖=1

ℎ𝑖{{{
3∑
𝑗=1

𝐴3𝑗𝑒𝑗}}}
+ 𝑑𝑦 (𝑡) − 𝑑𝑥 (𝑡) + Δ𝑔 (𝑦)

− Δ𝑓 (𝑥) + 𝑒3
+ 𝐷2𝛼−1 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)
+ 𝐷𝛼−1 (𝜉1𝑠 + 𝜉2 |𝑠|𝛽 sgn (𝑠) + 𝜉3 |𝑠|𝛾 sgn (𝑠)) .

(33)

Considering that the system uncertainties and external dis-
turbances are unknown and unmeasurable, the proposed
control input is modified as follows:

𝑢 (𝑡)

= 2∑
𝑖=1

ℎ𝑖{{{
3∑
𝑗=1

𝐴3𝑗𝑒𝑗}}}
+ 𝐷𝛼−1 [(𝐿1 + 𝐿2) sgn (𝑠)] + 𝑒3

+ 𝐷2𝛼−1 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)
+ 𝐷𝛼−1 (𝜉1𝑠 + 𝜉2 |𝑠|𝛽 sgn (𝑠) + 𝜉3 |𝑠|𝛾 sgn (𝑠)) .

(34)

The following theorem ensures that the error trajectories
will converge to the sliding surface.

Theorem 6. Considering the error dynamic system (12), if this
system is controlled by the control input (34), then the system
trajectories will converge to the sliding surface 𝑠(𝑡) = 0 in a
finite time.

Proof. Select a positive definite Lyapunov function as follows:

𝑉2 (𝑡) = |𝑠 (𝑡)| . (35)
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Taking its time derivative, one has

�̇�2 (𝑡) = sgn (𝑠) ̇𝑠 (𝑡) . (36)

Taking (30) into (36), one gets

�̇�2 (𝑡) = sgn (𝑠){{{
𝐷𝛼 (𝑘1𝑒1 + 𝑘2𝑒2

+ 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)

+ 𝐷1−𝛼 [
[
2∑
𝑖=1

ℎ𝑖{{{
3∑
𝑗=1

𝐴3𝑗𝑒𝑗}}}
+ 𝑒3 + 𝑑𝑦 (𝑡) − 𝑑𝑥 (𝑡)

+ Δ𝑔 (𝑦) − Δ𝑓 (𝑥) − 𝑢 (𝑡)]
]
}}}

.

(37)

Based on inequalities (14), (15), and (34), one has

�̇�2 (𝑡) ≤ 𝐿1 + 𝐿2 + sgn (𝑠)

⋅ {{{
𝐷𝛼 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)

+ 𝐷1−𝛼 [
[
2∑
𝑖=1

ℎ𝑖{{{
3∑
𝑗=1

𝐴3𝑗𝑒𝑗}}}
+ 𝑒3 − 𝑢 (𝑡)]

]
}}}

.

(38)

Using (34) and (38), it follows that

�̇�2 (𝑡) ≤ sgn (𝑠){{{
𝐷𝛼 (𝑘1𝑒1 + 𝑘2𝑒2 + 𝑘3 sgn (𝑒1 + 𝑒2)

⋅ 𝑒1 + 𝑒2𝜃) + 𝐷1−𝛼 [
[
2∑
𝑖=1

ℎ𝑖{{{
3∑
𝑗=1

𝐴3𝑗𝑒𝑗}}}
+ 𝑒3

− 2∑
𝑖=1

ℎ𝑖{{{
3∑
𝑗=1

𝐴3𝑗𝑒𝑗}}}
− 𝑒3 − 𝐷2𝛼−1 (𝑘1𝑒1 + 𝑘2𝑒2

+ 𝑘3 sgn (𝑒1 + 𝑒2) 𝑒1 + 𝑒2𝜃)]]
− (𝜉1𝑠 + 𝜉2 |𝑠|𝛽

⋅ sgn (𝑠) + 𝜉3 |𝑠|𝛾 sgn (𝑠))}}}
.

(39)

After some simple manipulations, one gets

�̇�2 (𝑡)
≤ sgn (𝑠) {− (𝜉1𝑠 + 𝜉2 |𝑠|𝛽 sgn (𝑠) + 𝜉3 |𝑠|𝛾 sgn (𝑠))} . (40)

Based on the equalities

sgn (𝑠) ⋅ 𝑠 = |𝑠|
sgn2 (𝑠) = 1, (41)

one gets

�̇�2 (𝑡)
≤ − sgn (𝑠) {𝜉1𝑠 + 𝜉2 |𝑠|𝛽 sgn (𝑠) + 𝜉3 |𝑠|𝛾 sgn (𝑠)}
≤ − {𝜉1 |𝑠| + 𝜉2 |𝑠|𝛽 + 𝜉3 |𝑠|𝛾} ≤ −𝜉 |𝑠| ,

(42)

where

𝜉 = min {𝜉1, 𝜉2, 𝜉3} . (43)

Therefore, based on Theorem 5, the state trajectories of
the error dynamic system will converge to the sliding surface𝑠(𝑡) = 0 in a finite time. To prove that the sliding motion
occurs in finite time, one can obtain the reaching time as
follows.

From inequalities (35) and (42), the following inequality
can be obtained:

�̇�2 (𝑡) = 𝑑 |𝑠|
𝑑𝑡 ≤ −𝜉 (|𝑠| + |𝑠|𝛽 + |𝑠|𝛾)

≤ −𝜉 (|𝑠| + |𝑠|𝛽) .
(44)

Setting 𝑠(𝑡𝑟) = 0 and integrating both sides of (44) from 0 to𝑡𝑟, one gets
𝑡𝑟 ≤ −∫𝑠(𝑡𝑟)

𝑠(0)

𝑑 |𝑠|
𝜉 (|𝑠| + |𝑠|𝛽)

= − 1
𝜉 (1 − 𝛽) ln (1 + |𝑠|1−𝛽)𝑠(𝑡𝑟)𝑠(𝑡0)

= − 1
𝜉 (1 − 𝛽) ln (1 + |𝑠 (0)|1−𝛽) .

(45)

Therefore, the state trajectories of the error system (12) will
converge to 𝑠(𝑡) = 0 in the finite time𝑇2 ≤ −(1/𝜍(1−𝛽)) ln(1+
|𝑠(0)|1−𝛽).
5. Numerical Example

In this section, an example is given to illustrate the effec-
tiveness of the proposed fractional nonsingular terminal
fuzzy sliding mode controller in solving the synchronization
problem between two fractional-order Genesio-Tesi chaotic
systems.
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Themathematical model of an uncertain fractional-order
Genesio-Tesi chaotic system, which is chosen as response

system with control input and external disturbance, is pre-
sented as follows:

𝐷𝛼𝑥 (𝑡) =
{{{{{{{{{

𝐷𝛼𝑥1 (𝑡) = 𝑥2
𝐷𝛼𝑥2 (𝑡) = 𝑥3
𝐷𝛼𝑥3 (𝑡) = −𝑎𝑥1 − 𝑏𝑥2 − 𝑐𝑥3 + 𝑥12 + Δ𝑓 (𝑥) + 𝑑𝑥 (𝑡) + 𝑢 (𝑡) ,

(46)

where

Δ𝑓 (𝑥) + 𝑑𝑥 (𝑡) = 0.2 cos (2𝑡) 𝑥3 − 0.3 sin (𝑡) . (47)

The driving system with an uncertain parameter and an
external disturbance is chosen as follows:

𝐷𝛼𝑦 (𝑡)

=
{{{{{{{{{

𝐷𝛼𝑦1 (𝑡) = 𝑦2
𝐷𝛼𝑦2 (𝑡) = 𝑦3
𝐷𝛼𝑦3 (𝑡) = −𝑎𝑦1 − 𝑏𝑦2 − 𝑐𝑦3 + 𝑦12 + Δ𝑔 (𝑦) + 𝑑𝑦 (𝑡) ,

(48)

where
Δ𝑔 (𝑦) + 𝑑𝑦 (𝑡) = 0.2 sin (3𝑡) 𝑦3 + 0.1 cos (2𝑡) . (49)

The above given uncertain parameters and external dis-
turbances Δ𝑔(𝑦), Δ𝑓(𝑥), 𝑑𝑦(𝑡), and 𝑑𝑥(𝑡) are supposed to
satisfy Assumptions 2 and 3. In other words, they are assumed
to be bounded; meanwhile inequalities (14) and (15) are
satisfied. In order to verify Assumptions 2 and 3, we give the
simulation results in Figure 1, which shows the boundedness
of

Δ𝑔 (𝑦) ,
Δ𝑓 (𝑥) ,
𝑑𝑦 (𝑡) ,
𝑑𝑥 (𝑡) ,

𝐷1−𝛼 (Δ𝑔 (𝑦) − Δ𝑓 (𝑥)) ,
𝐷1−𝛼 (𝑑𝑦 (𝑡) − 𝑑𝑥 (𝑡)) ,

𝐷1−𝛼 (Δ𝑔 (𝑦) + 𝑑𝑦 (𝑡) − Δ𝑓 (𝑥) − 𝑑𝑥 (𝑡)) .

(50)

Now, suppose that 𝑥1(𝑡) is in the domain of [−20, 20]; then
the T-S fuzzy model is constructed as follows:

Rule 1: if 𝑥1(𝑡) is𝑀1, then𝐷𝛼𝑥(𝑡) = 𝐴1𝑥(𝑡)
Rule 2: if 𝑥1(𝑡) is𝑀2, then𝐷𝛼𝑥(𝑡) = 𝐴2𝑥(𝑡)

We obtain the T-S fuzzy models of the reconstructed drive
system and the response system in the following:

𝐷𝛼𝑥 (𝑡) = 2∑
𝑖=1

ℎ𝑖 [𝐴 𝑖𝑥 (𝑡)] + Δ𝑓 (𝑥) + 𝑑𝑥 (𝑡) + 𝑈 (𝑡)

𝐷𝛼𝑦 (𝑡) = 2∑
𝑖=1

ℎ𝑖 [𝐴 𝑖𝑦 (𝑡)] + Δ𝑔 (𝑦) + 𝑑𝑦 (𝑡) ,
(51)

where

ℎ1 (𝑧 (𝑡)) = 𝑀2 − 𝑥1𝑀2 − 𝑀1 ,

ℎ2 (𝑧 (𝑡)) = 𝑥1 − 𝑀1𝑀2 − 𝑀1
(52)

and𝑀1 and𝑀2 are the fuzzy sets.
The error dynamic fuzzy system can be obtained from (51)

as follows:

𝐷𝛼𝑒 (𝑡) = 2∑
𝑖=1

ℎ𝑖 [𝐴 𝑖𝑒 (𝑡)] + Δ𝑔 (𝑦) + 𝑑𝑦 (𝑡) − Δ𝑓 (𝑥)
− 𝑑𝑥 (𝑡) − 𝑈 (𝑡) ,

(53)

where

𝐴1 = [[
[

0 1 0
0 0 1

𝑀1 − 𝑎 −𝑏 −𝑐
]]
]

,

𝐴2 = [[
[

0 1 0
0 0 1

𝑀2 − 𝑎 −𝑏 −𝑐
]]
]

.
(54)

Now, choose the related parameters as follows:

𝛼 = 0.95,
𝛽 = 0.15,
𝛾 = 0.5,

𝑀1 = −20,
𝑀2 = 20,
𝑎 = 1.2,
𝑏 = 2.92,
𝑐 = 6,

𝐿1 = 𝐿2 = 0.8,
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Figure 1: The simulation results for the boundedness of the given uncertain parameter and external disturbance.
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Figure 2: The phase trajectory of system (46).

𝜍1 = 2,
𝜍2 = 3,
𝜍3 = 5,
𝜃 = 0.9,
𝑘1 = 𝑘2 = 𝑘3 = 1

(55)

when the initial conditions are selected as (𝑥1(0), 𝑥2(0),𝑥3(0)) = (1, 2, 2) and (𝑦1(0), 𝑦2(0), 𝑦3(0)) = (−0.5, −0.5, 1).
Using the Matlab function about the fractional derivative,
fractional integral, and Simulink, we get the following results,
which are shown in Figures 2–10.

The phase trajectories of systems (46) and (48) are shown
in Figures 2 and 3; from the figures, we can see that there
exists chaotic phenomenon in systems (46) and (48) whenwe
set the corresponding parameters as above. Figure 4 shows
the uncontrolled state trajectories of systems (46) and (48),
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10

x
3

Figure 3: The phase trajectory of system (48).

from which we conclude that the uncontrolled systems have
chaotic phenomenon. The controlled state trajectories of the
drive system (48) and the response system (46) are depicted
in Figures 5–7. From the results, we can conclude that the
designed fractional-order nonsingular terminal fuzzy sliding
mode controller can ensure the asymptotic synchronization
between the drive system (48) and the response system
(46). The controlled state trajectories of error system 𝑒(𝑡)
are represented in Figure 8, which can illustrate that the
synchronization between systems (48) and (46) can be
accomplished in a finite time. Finally, the sliding surface 𝑠(𝑡)
and control input 𝑢(𝑡) are shown in Figures 9 and 10, which
verify the effectiveness of the proposed sliding surface and the
designed controller.

6. Conclusions

In this paper, the fractional-order nonsingular terminal
fuzzy sliding mode control scheme has been studied
for fractional-order chaotic systems in the presence of
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Figure 9: Sliding surface 𝑠(𝑡) response with time 𝑡.
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Figure 10: The controller 𝑢(𝑡) response with time 𝑡.

parameter uncertainty and external disturbances. First, we
reconstructed the fractional-order chaotic system based on
the T-S fuzzy model. Then, we proposed a new fractional-
order terminal sliding surface that has the finite-time sta-
bility characteristics. Based on the sliding mode control
theory and fractional Lyapunov stability theory, a fuzzy
sliding mode control law is designed to ensure the occur-
rence of the sliding motion in a finite time. The numer-
ical simulations show the effectiveness of the proposed
controller.
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